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Exercise  1. 

1.    Add    0a2  +  3a  +  4&  2.   Add    Tx^  —  2xy-\-      y^ 

2aS  — 4a  +  66  4xy—   2y^ 

—  6a«+6a  — 26  Sar^  — 9xy  +  12.y« 

6aa  +  4a+76  15x«- 7ary  +  lly^ 

8.   Add                   7a26+  9a69-13i» 

3a«              +  2a6a-   76' 

—  6a«—    a26+  aftS 

—  7a8             -  a62+    66» 

—  2a8+    a26  +    46» 


4.  Add 


-12a«+7a26+lla6a_ 

11 6» 

5ar* 

ar6+    ar*  — 
-4ar*  + 

+  2ara 

4a:«            + 

-    a:»  + 
aH»-    xa 
9aH»  +  9a:2_ 

-  7 
X-   9 

a:4-    1 

-  7 
12ar+10 

a*  +  2ar*  +  12aJ»  +  9a^»  -  lOar  -  12 

6.  Add  3m*  +   2mH-\-bmhi^  —  9n* 

-8ni2n2—   3mn8+7n* 
ewi'n  — 4m2n2  +  iiTOn« 
5m*  +   2m8n  —  ISmn'  — 7r»* 

8m*  +  10m8n  — 7m2n2—   7mn8  — 9n* 

6.   Add2a:«+    Zafiy—   4a:*y2 

-  10a*y«  +  4ar2y*  _  s^yft  +  2y« 

6a:8/  +  4j:V  —  9y8 

8x^y-    7x*y2+   6 xSj^^ _ g arV 

2a:6+lla:6^-llx*ya+       a:8y8  ^^xy^-lf 
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Exercise  2. 


1.  From  4a  +  65  — 3c 

take  2a +  95 -8c. 

4a4.66-3c 
2a  +  06  — 8c 

2a  — 464-6C 

8.  From  7a:»  — jf*  +  4x  — 2 

take2x»  +  8a;3  — 9x  +  8. 

7a*-    jf3+   4a:-   2 
2x»  +  8ar2—   9a?+   .8 

6a*  — 9a:3+18x  — 10 

8.   From  3a>  +  3a26  — 9a53+3&' 
take  2a«-6a«6  +  7a62-96«. 

3a»+3a96-   9afta+    36« 
2a8-6aa6+    Tafc^-   96» 

a8  +  8a26-16a6a+l26« 


4.   From  Ja6  +  4a2  — {62+ Jo 

takea2-.^62  +  Ja. 
4a«+Ja6-   {62+ j^ 
«'  "Aft'  +  ia 

3a2  +  Ja6-A62+ia 

6.  From  4a*  — 6a;3+8a:  — 7  take 
the  sum  of  8a*  +  7  —  8a:3  +  Tar 
and— 9a*— 8a*  +  4x  +  4. 

8a*-   8afa+    7x+    7 
-9a*-   8a*+    4x+    4 

-  a*-16a*+llar+ll 

4a*-   6a*+    8x—   7 

-  a*-16a*+llx+ll 

6a*+10x«-   3ar-18 


6.  Simplify  2-3ar-(4-6x)-{7-(9-2x)} 

=  2-3x-4  +  6ar-{7-9  +  2a^ 
=  2  — 3x  — 4  +  6x— 7  +  9  — 2x 

=  X. 

7.  Simplify  3a- (a-6-c)-2{a  +  c-2(6-c)} 

=:3a  — a  +  6  +  c  — 2{a  +  c  — 26  +  2c} 
=  3a  — a  +  6  +  c  — 2a  — 2c  +  46— 4c 
=  66  —6c. 

8.  Simplify  4a  -  [3a  -  {2a  -  (a  -  6)}  +  56] 

=  4a  — [3a  — {2a  — a  +  6}  +  56] 
=  4a— [3a  — 2a  +  a  — 6  +  66] 
=  4a  — 3a  +  2a  — a  +  6  — 56 
=  2a-46. 

9.  Simplify  [8a-3{a- (6-a)}]-4[a-2{a-2  (a-6)}  +  6] 

=  8a  — 3{a  — 6  +  a}— 4[a-2{a— 2a  +  26}  +  6] 
=  8a— 3{a— 6+a}— 4[a— 2a  +  4a— 46  +  6] 
=  8a—3a  +  36— 3a— 4a  + 8a— 16a+ 166-46 
=  -.10a  +  166. 
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10.   Simplify  a:  (y  +  2)  +  y  [ar  — 


/[a?— (y  +  «)]  — «[y  — x(«  — x)] 
_«^  T^»-  +  y  [x  — y  — 2]  — «[y  — j»  +  a:«] 

=  xy  +  X2  +  xy  —  yz  —  y*  —  y«  +  ^  —  «*■ 
=  2xy  +  xjs  —  2y«  —  y*  +  xa*  —  auc*, 

11.  Simplify  2x»(x-3a)-2[2x*-o«(x«-a«)] 

—  3a[x»  — 2x{a8  +  x  (a  — x)}+a«] 
=  2x*-6ax»-2[2x*-.a«x«  +  a*] 

—  3a[x»  — 2x{a«+ax  — xa}  +  a»] 
=  2x*--6ox»-2[2x*-a«x«  +  a*] 

—  8a[x<"— 2a3x-2ax«  +  2x»+«»] 

=  2x*  — 6ax»  — 4x*  +  2o«x«  — 2o*  — 8ax«+6a«x 

+  6cjax»  — 6ax»  — 3o* 
-=  —  2x*  —  16ax»  +  8a«x«  +  Oa»x  -  6a*. 


Exercise  3. 


1.  Find  the  fNToduct  of  3x+2y 
and  4x  —  5y. 

3x+2y 
4x  — 6y 


12x3+    Sxy 

—  15xy  — 10y« 

12x3—   7xy-10ya 


8.  Find  the  product  of  2xS  +  4x 
—  8  and  2x3+3x>4. 

2xS  +  4x  — 3 
2xa  +  3x  — 4 


4x*+   8x»—  6x« 

+   ex»+12a:3_  9j. 

-   8x3-16x+12 
4x*  +  14x»-  2xa-26x+12 


4.   Find  the  product  of  x*  +  2x3 


8. 

Find  the 
and  4x 

2x3.5 

product 
+  8. 

of 

2x3-5 

+  4  and  x*  — 

x*  +  2x3  +  4 
x*-2x3  +  4 

2x3  +  4. 

4x  +3 

8x» 

6x3 

-20x 

16 

x8+2x«  +  4x* 
-2x«-4x*-8x3 

+  4x*  +  8x3  +  16 

8x»  +  6x3  — 20x  — 15 


+  4x* 


+  16 
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6.  Find  the  product  of  x^-]'2xy  —  ^y^  and  x^ -^  6 xy  +  ^  tf^, 

3fl  —  6xy  +  4y^ 

—  6  jH»y  —  lOarV  +  l^xyS 
+    4x^y^+    Sxy^  —  l^y^ 

x^^Sx&y^   9a:2y2  +  23ary«-12y* 

6.  Find  the  product  of  9x^  +  Sxy  •\- y^  —  6x+2y  +  4  and  3ar— y  +  2. 

9  Jf*  +  3  xy  +  y  2  —  6  X  +  2  y  +  4 
3x—    y  +  2 

27x»  +  9x2y  +  3xy2  — 18a^»+    6xy  +  12x 

—  9x2y  — 3xy2-y8  +    6xy-2y2  -4y 
+18x2+    6xy  +  2y2  — 12x  +  4y  +  8 

27  x«  -y8  +18xy  +8 

7.  Find  the  product  of 

lla8  +  468-4a6(a-46)  and  a2(6  +  3a)-462(a  +  6), 

lla«  +  46«-4a6(a-.46)  a2(fe  + 3a) -462  («  + 6) 

=  lla8  +  468-4a26+16a62  =a%+Sa»-'4ab^-'4lfi 

=  Ila8-.4a26  +  16a62  +  468.  =  3a8  ^  a%  - 4aly^  —  4lfl. 

11-   4+16+    4 
3+    1-   4-   4 

33-12  +  48  +  12 
+  11-   4+16+    4 

^44  +  16-64-16 
-44+16-64-16 

33-   1+   0+   0-44-80-16 
33a«-a66-44a26*-80a66-1666. 

8.  Find  the  product  of  (a +  6)2+ (a -6)2  and  (a +  6)2 -(a -6)2. 

(a  +  6)2  +  (a  -  6)2 
=  a2+2a6  +  62  +  a2-2a6  +  62 
=  2a2  +  262. 

(a  +  6)2  -  (a  -  6)2 
=  a2  +  2a6  +  62  -  a2  +  2a6  -  62 
=  4  a6. 

4a6  X  (2aa  +  262)  =  8a86  +  8a68. 
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0.   Find  the  product  of  x^2y  +  Sz  and  x  —  2y-\-Zz, 

=  (ar-2y  +  3z)2 

=  a~»  +  4ya  +  9«a  — 4xy  +  6x«  -  12yz, 

10.  Find  the  product  of  a:»  +  2a:«— 4x  — 1  and  a:»  + 2jr«  — 4x  — 1. 

(a:«  +  2xa-4x-l)(i»  +  2ar2-4a:-l) 
=  (a:«  +  2j3-4ar-l)a 

=  a*  +  4ar*+16*a+l  +  4a:fi-8ar*-.2x»-16x»-4a:«  +  8* 
=  x«  +  4ar6 -.4ar*  -  18x»  +  12a:a  +  8ar  +  1. 

11.  Find  the  product  of  39rf*+i'-i-64rf»-*'+i+60rf»+«i'  and  30rf"-^«r. 

39  rf*+t-i  -  54  </«-^i  +  60  d*+^ 
30<i8-«+% 

1170  rfi+%  - 1620  d»  + 1800  d^+^f  • 

12.  Find  the  product  of  24a:«+*»-i  -  42x*"-*»+»  +  26a:2»+«-»-»   and 

26  ««-»-*•. 

24  a:«H-2»-i  _  42  x*"-3*+«  +  25  x**-*^'"-^ 
25x»-**-g'» 

600  X- 1050  a*-*»+*+ 625^ 

18.   Find   the  product  of   ai*  — 3aP-i +  4aP-»  — 6ai»-»  + 5ai»-*    and 
2a«  — a2  +  a. 

aP  —  3ai»-i  +  4ai'-«  —  6a*-«  +  5ai'-< 

2a8_o2^.a 

2-6  +  8-12  +  10 
-1  +  3-   4+   6-5 

+  1-  3+   4-6  +  5  

2aJH^  — 7ai'+a  +  12aiH-i  — 19a*  +  20ai»-i  — llaP-«+6ai»-» 
14.   Find  the  product  of  a*»+i  —  a*»+i  —  a«»  +  a«»-i  and  a*»+2  —  a2 — a  + 1. 

a»+9  —  o2  —  a  +  1 
a8"+«—  a2»+8_  a^+9+   o2»+i 

^    (jSn+S  p|.an+8+    an+2^a*+^ 

—  a*»+*  +   a*+*+a*»+^—  a" 

+   a*»+i  _an+i_  a**  +  a**~^ 

a*H-« — 2a**+« — 2a*»+s  +  2a2»+J  +  o*+«  +  2a'«+2 — o»+i  —  2a«*  +  a*-* 
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16.  Find  the  product  of  aP  +  Sai*-*  — 2ai»-i  and  2aiH-i+  ajH-S-^Sa*. 

aP^2aP-^  +  Saf-* 
aJH-8  +  2aiH-i  — 3aJ» 

1-2+3  ' 

+2-4+6 
-3+6-9 


a*+2  —  4  a%»  +  12  o%»-i  -  9  a^-* 


Exercise  4. 

1.  Divide  (6o26«c  X  36  aSft^c*)  by  (21  a86»c«  X  2  aSc*). 

(6  a^bf^c  X  35  a266c4)  ^  (21  a^b^(fi  X  2  o^ 

=  210  a*68c6^  42066V 
^    5 
a6c* 

2.  Divide  39  a^a^  +  24  a*aH»  +  42  a^i^  +  27  a*x2  by  6  a«j;«. 

39aV  ^  24a*jH»  +  42a^afi  +  27a*a:2  .5.  eo^a:* 
=  V«  +  4o2x+7:c  +  fo2. 

8.   Divide  35a:»+  94aa:2  +  52a2ar  +  8a«  by  5x  +  2a. 

35  +  94  +  62  +  8  16  +  2 
85+14  17+16  +  4 

7x2+16ox  +  4aa.  Ans. 


80  +  52 
80  +  32 

20  +  8 
20+8 

4.  Divide  x»  —  6ax  —  a2jr  +  14a8  by  a:2„3aar  —  7a«. 

1-3-7 


1-6-1  +  14 
1-3-7 


1-2 


—  2  +  6+14    a:  —  2a.  Ans, 
-2  +  6  +  14 
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6.   Divide  81  a:*  +  S6a^y^+  16 y*  by  Oa:* - 6xy  +  4y«. 


81a^  +  86a:2y2  4.i6y4 
81a*-64aJ»y  +86*2^2 


9j:«  — 6a:y  +  4.y« 


9jfa  +  6xy  +  4ya.  .4ii«. 


64ar8y  +  16y* 

64jH»y  —  36a:ay2  +  24xy« 

36a:V-24xy»+16y* 
36gay«  — 24xy«-f  16y* 

6.  Divide  ar*+ 6* -a2a:3  + 2  i^ara  by  ««  + 63  + ox. 

ar4  +  64«.a2ara  +  262a:a 
=  a:4  +  26aa:3+M-a2ara 
=  (a:3  +  62)2  _  (oa.)2. 

[(a:2  +  62)2  -  (aa:)2]  -^  (x2  +  62  +  aor) 
=  a:2  _|.  52  ^  ^3j^  ^g^ 

7.  Dividea2  — 262  — 3c2  +  a6  +  2ac  +  76c  by  a  — 6  + 3c. 


o2  +  06  +  2ac  —  262  +  7  6c  —  3c2 
a2  — 06  +  3ac 

2a6—    ac  — 262  +  76c-3c2 
2a6  -262  +  66C 


a  — 6  +  3c 


a4-26  — c.  Ans. 


+    6c  — 3c2 
+    6c-3c2 


Divide  4ar*-6x2y2_8x2-4y2  +  4+y*  by  y2 +  2x2-2 -3xy. 


4x*  — 6x2y2-.8a:2-4y2+y*  +  4 


2x2-3xy  +  y2-2 


2x2  +  3xy  +  y2  —  2.  ^,„. 


6x«y  -7x2y2  — 4x2-4y2  +  y*  +  4 
6x»y  —  9x2y2  +  3xy8  — 6xy 

2x2y2  -  3xy8  -  4x2  +  6xy  —  4y2  +  y*  +  4 
2x2y2  — 3xy8  +  y*  —  2y2 

—  4x2  +  6xy-2y2  +  4 

—  4x2  +  6xy  — 2y2  +  4 
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9.   Divide  2  a^+i  —  2  o'H-i  —  a»»+*  +  a2n  ^y  o«  —  2  a. 
a2» 


2a*H-i+2a"H-i 
+  2a"H-i 


a«  — 2tt 


a»  — a**,  ^w. 


10.  Divide  626x*- Sly*  by  5a:-3y. 

6a:  — 3y 


626  X*- Sly* 
626x*-376aJ»y 


126a:«  +  76x2y  +  453:^2  +  27 y«.  ^«. 


575a:8y_81y* 
376a:3.y-226^ 


226ar2^2_81y* 
226ar2j^g  — 136ary8 


11.  Divide  arS"  +  ySn  by  a:*  +  y*. 


135xy8-81y* 
135xy8-81y* 


a:**  +  .y* 


a:2n  —  a:»»y»  +  y2n^  ^s. 

—  a^  y**  +  y^ 
M»  —  a:**  y' 


_  ar^  1/"  —  a^**  "^*' 


a:»y2»4.^8n 


12.  Divide 


27a!_^  bv  §^-^. 
64     ^    6      4 


126 

27  a» 
126 

27  a8 
126 


64 

100 

9a^ 
100 

100 


3a 
6 


b 
4 


25       20       16 

"64 
3a62 

80 
3a6_2_  ^ 

80        64 
3aft^_68 

80       64 
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18.   Divide  (a  +  2 6)8  +  (6 -  3c)»  by  a  +  3  (6 - c). 

(a  +  26)8+(6-3c)8 
=  a«  +  6a26+12a62+86«+6«-962c  +  276c«-27c» 
=  a8  +  6o26+ 12a62  +  968_  952c  +  27e>c2-27c». 


• 


ii 


o»  +  6o26+12a62  +  96»-962c  +  276ca-27c« 

a+36  — 3c 

a»  +  3a26— 3a2c 

a2  +  3tt6  +  3ac 

+  36a  +  9c2. 

3a26  +  3a2c+12a6a  +  968-.962c  +  276c8-27c» 

Am, 

3a26              +    9a63-9a6c 

3o2c+   3a62+9a6c  +  96»-.962c  +  276ca-27c» 

3o2c               +9a6c  — 9ac2 

3a62+9ac2+968-962c  +  276c2-27c» 

3a62             +968-962C 

9ac2                      +276c2-27c» 

9ac2                      +276c2-27c» 

14.   Divide  a"»  -  a"»+i  +  37  a«»+«  —  55  0"*+*  +  60  a«+«  by  1  —  3  a  +  10  a«. 

1-3+10 


1-1+    0  +  37-66  +  50 
1-3+10 


2- 
2- 

10+37 
6  +  20 

4  +  17- 
4+12- 

-66 
-40 

6- 
6- 

-16  +  50 
-15  +  60 

1+2-4+6 

a"»  +  2  a"»+i  —  4  a"*+»  +  6  a"H-«.  ^«. 


15.   Divide  4  h'+^  -  30 A*  +  19  A«-i  +  6  A«-2  +  9  A*-* 


4-30+19+    6  +  0  +  9 
4-28+    8-12 


-  2+11  +  17  +  0 

-  2  +  14-  4  +  6 

-  3  +  21-6  +  9 

-  3  +  21-6  +  9 

by  A»-3-7A«-*+2A«-«  — 3A»-6. 
l_7+2-3 


4-2-3 
4A4-2A8-3A2.  Ans. 
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16.   Divide  6  x^-^  ^«  +  ar~-»+i  -  22  x-»-*  +  19*-*-i  -  4«-»-8 
by  3a:8-»  —  4ar2-»  +  x^-*. 


6  +  1-22  +  19-4 
6-8+    2 


9 
9 

-24  +  19 
-12+3 

1 

-12  +  16- 
- 12  +  16  - 

-4 
-4 

3-4+1 


2  +  3-4 

2x"»-i+3t~-*  — 4ar'»^.  Ans. 


Exercise  5. 


1.    9x*  +  6ar8  +  3a;3  +  2ar 

=  30:3(3x2  + 2x)+ 3x2+ 2a: 
=  (3x2+l)(3x2+2x) 
=  (3x2+l)(3x  +  2)x. 


2.   2o*-3o«6-14a2  +  21a6 

=  a2(2o2-3a6)-7  (2a2-3a6) 
=  (o2-7)(2a2-3afc) 
=  (a2-7)(2a-36)a. 


8.    6a:3+16x2y-4xy2«i2yS 

=  6x2(x  +  3y)-4y2(x  +  3y) 
=  (6x2-4y2)(a:+3y). 

4.    a2.T8  -  fc3a:^3  _  flSca^J  +  62cy2 

=  X  (a2x2  -  62^2)  _  c  (a2x2  -  62^2) 

=  (x  -  c)  (a2x2  -  b^f) 

=  (x  —  c)  (ax  +  by)(ax  —  6y). 


6.    x2  +  8x+7 

=  (ar+l)(x+7). 

6.  x2-17x+60 

=  (x-6)(x-12). 

7.  x2  +  7x-18 

=  (x-2)(x+9). 


8. 


rS  — 


2x-24 

=  (x+4)(x-6). 


9.    9x2  +  80x  +  26 
=:(3x  +  6)2. 

10.  16x2  — 56x+49 

=  (4x-7)2. 

11.  X2  +  X-72 

=  (x-8)(x  +  9). 

12.  x2-14x-176 

=  (a:  +  8)(x-22). 


13.   81x*-l96x2y2 

=  x2  (81x2- 196  y2) 

=  x2(9x-  14y)(9x  +  14y). 
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14.   729a6-a:« 

=  (27a8-aJ»)(27a8+jr«) 

=  (3a-ar)(9a2  +  3aar+a;a)(3a  +  x)(9a«-.3<w  +  ««). 

16.  64x7 +  xyi 

=  a:(64a:«  +  y«) 

=  ar  (4  a;a  +  y2)  (16  ^  .  4  j^^a  ^.  y4). 

16.  (a:2_y2)2«y4 

=  x2(a^»-.2y2). 

17.  (a2  +  2  62)2  -  o«62 

=  {(a2  +  2  62)  -  a6}  { (a2  +  2  62)  +  ab) 
=  (a2  -  a6  +  262)(a2  +  o6  +  262). 

18.  (2a:-3y)2-(x-2y)2 

=  {(2a:-3y)-(x-2y)}{(2x-3y)  +  (x-2y)} 
=  (x-y)(3x-5y). 

19.  (2a:2».4ar+7)2_aa(^^.4)i 

=  {(2x2-4x+7)-x(x  +  4)}{(2x2«4a:  +  7)+x(x  +  4)} 

=  (a:2_8x  +  7)(3x2  +  7) 
=  (x-.l)(x-7)(3x2+7). 

20.  x*-2(62-c2)x2  +  ^_262c2  +  c* 

=  X*-2(62-c2)x2+(62-c2)2 
=  {x2-(62-c2)}2 
=  (x«-62+c2)2. 

21.  l5x2-7x-2  23.    21a:24.26x-.15 

=  (5x+l)(3x-2).  =(3x  +  6)(7x-3) 

22.  llx2-64x  +  63  24.    70x2-27x-9 

=  (llx-21)(x-3).  =(14x  +  3)(6x-3). 

26.   x4-2a6x2-a*~a2ft2«54 

=  x*-2a6x2+o262-o*-2a262-6* 

=  (x2  -  o6)2  -  (o2  +  62)2 

=  {(x2  -  a6)  +  (a2  +  62)}  {(x2  -  ab)  -  (a2  +  62)} 
=  (a:2  ^.  a2  -  a6  +  62)  (x2  -  o2  -  a6  -  62) . 
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26.  5x*  +  4aH»-20a:-126 

=  6(a:2+6)(Ta-5)  +  4x(a:2_5) 
=  (a:2_5)(5a,2+4a,^25). 

27.  2j:*-5ar8-ara-2. 

Try  as  factors,  2x^-\-kx  +  l  and  x^  +  ifc'x  —  2. 
(2a^»  +  ifcar  +  l)(a:a  +  it'a:  -  2) 
=  4ar2  +  (2^'  +  ^)a:8+(^;t'-3)a:a+(jfc/_2;fc)ar-2. 
Thi8i8equalto2a:*  — 5a:»  — a^2  — 2  if  ;fc  =  — 1  and  ifc'  =  — 2. 
/.2a:*-6aH»-a:2-2  =  (2a:2-a:+l)(a:a-2x-2). 

28.  6a:*-aaH»-2a2a:2+3a8a:-2a*. 

Try  as  factors,  Sx^  +  kax  —  2  a^  and  2  x^  +  ifc'aa:  +  a*. 
(3a^»  +  ^aa:  —  2  ««)  (2  ^2  +  A:'aar  +  a^) 

=  6a:*  +  (3Jfc'  +  2 A;)  aaH»  +  {kk  - 1) aa^a  +  (Jfc  - 2k')  a^x - 4a*. 
This  is  equal  to  6  a:*  -  oaH»  -  2  a^a^*  +  3  a^a:  —  2  a* 

if  ^  =  1  and  A/  =  —  1. 

.-.  6a:r*  —  aar*  —  2 a2a^i  +  3a8a:  —  2a* 

=  (3a:2  +  ax  -  2a2)(2a^»  -  aar  +  a^) 
=  (3a:  — 2a)(x  +  a)(2a:2«.aaj^a2) 

29.  12ar6+10a:*.y  — 12a:83/2«6a;2y8_4^ 

=  12  (a:^  _  yAyT^  4.  i0ar4y  -  6a;V  —  4/ 
=  12x8  (a:a  -  y^)  ^  ^  (10 x*  -  6xV  -4y*) 

=  12x8  (x2  -  y2)  +  y  (10x2  4.  4y2)(a.2  _  ^2) 

=  (12  x8  +  10  x2y  +  4y8)  (a:2  _  ^2) 

=  2  (6x8  + 6x2j^  +  2y8)(a:  +  y)(x-y). 

Exercise  6. 

1.  Find  the  H. C.F.  of  12x2  - 17 x  +  6,  9x2  +  6x  -  g. 

12x2-17x  +  6=(4x-3)(3x-2); 
9x2+    6x  — 8  =  (3x  +  4)(3x-2). 

.'.  H.C.F.  is3x-2. 

2.  Find  the  H.C.F.  of  X*  — a*,  x2  +  3ax-.4a2,  x2  — 6ax  +  4a2. 

X*  —  o*  =  (x2  +  a2)(x  —  a)(x  +  a)  ; 
x2  +  3ax  — 4a2=(x-a)(x  +  4a); 
x2  —  6  ax  +  4  a2  =  (x  —  4"a)(x  —  a). 

/.  H.  C.  F.  is  X  —  a. 
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3.    FindtheH.C.F.  of 


a:4_6a:«  +  13a:3-12a:  +  4,  j:*-4jr«  + 8a«- 16x+ 16. 


1-  6+13-   12+     4 
2 

2-12  +  26-   24+     8 

2-  5-   4+    12 

-   7  +  30-   36+     8 
2 

-14  +  60-   72+    16 
-14  +  35+   28-   84 

25)26  -100+100 
1-     4+     4 

H.C.F.  is  a^»  — 4ar  +  4. 


1-4+   8-16+16 
1-6  +  13-12+   4 


2- 
2- 

5- 

8  + 

4+12 
8 

3- 
8- 

12+12 
12  +  12 

1-7 


2  +  3 


4.  FindtheH.C.F.  of 

3a4-jj8-2a;2  +  2a:-8,  6ar*  + 13jr«  +  3jc3  +  20ar. 
BemoTe  x  from  second  expression. 

1-5 


3-   1-  2+   2-     8 
2 

6  +  13  +  3  +  20 
6-  2  +  8 

6-  2-  4+   4-   16 
6  +  13+   3  +  20 

16-5  +  20 
16-5  +  20 

-16-   7-16-   16 
2 

-30-14-32-   32 
-30-66-15-100 

17)51-17+   68 
3-   1+     4 

2  +  5 


.-.  H.C.F.i8  3x3-x  +  4, 
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5.  Find  the  H.  C.  F.  of 

96x*+8aH»-2a:,  S2jfi^2^x^^Sx  +  S, 
Bemove  factor  2x  from  Ist  expression. 


48+   4+   0-   1 
2 

32-  24-     8+   3 
6 

96+   8+   0-  2 
96-72-24+   9 

160-120-   40+16 
160+    48-   22 

80  +  24-11 
80-20 

3)«168-   18  +  16 
-.   56-     6+    5 

44-11 

10 

44-11 

-660-  60+60 

-660-168  +  77 

27)108-27 
4-   1 

2-7 


20  +  11 


.-.  H.C.F.  is  4ar  — 1. 


6.  Find  the  H.C.F.  of 


j4  +  5a;8_73;2_9ar-l0,  2a:*-4aH»  + 4ar-8. 


2)2-   4+    0+    4-   8 


1- 

7 

2+   0+   2-   4 

7- 
7- 

14+    0+14-28 
7-11-   6 

... 

7  +  11  +  20-28 
7+    7  +  11+   6 

4+   9-34 
4-   8 

17-34 
17-34 

1  +  5-     7-     9-     10 
1-2+     0+     2-       4 


7- 
4 

-     7- 

-   11- 

6 

28- 
28  4 

.   28- 
63- 

■   44- 
-238 

24 

— 

•  91  +  194- 
4 

24 

^ 

•364+776-     96 
■  364  -  819  +  3094 

1696)1696- 

3190 

1-       2 


1 
1-1 


7-91 


4+17 


/.  H.C.F.  is  a: -2. 
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7.  Find  the  H.  C.  F.  of 

2a:«-16ar  +  6,  5a:«+ 15a*  + 6x+ 16. 

6a:«  +  16  a*  +  5x  +  16=  5(2:6  +  l)(x  +  3) 

=  5(a:+l)(a:  +  3)(a:*«x«  +  *a-.x+l); 
2a:8-16ar  +  6  =  2(a:a-3x  +  l)(x  +  3). 
/.  H.C.F.  =  x  +  3. 

8.  FindtheH.C.F.  of 

2a* +  3a8x- 902x2,  6a*x-3ax*-17a«x«+ 14a2x». 

2a*  +  3a»x  — 9a2x2  =  a2(2a2  + 3ax  — 9x«) 

=  a2(2a-3x)(a  +  3x); 

6a*x-3ax*-.17a8r2+17a2x«  =  ax(6a»-3x«-17a2x+14ax«) 

=  ax(3a2-4ax-xa)(2a-3x). 
.%  H.C.F.  =  a(2a-3x). 

9.  FindtheH.C.F.  of 

2a6-4a*  +  8a8-12a2  4.6a,  3a«-3a»-6a*  + 9a«-3a«. 

3a«  -  3a6  -  6a*  +  9a»  -  3c2=  3a2(o4  _  a8  _  2a2  +  3a  - 1) 

=  3a2{a«(a-l)-(2a-l)(a-l)} 
=  3a2(a-.l)(a8-2a+l) 
=  3a2(o-l)2(a2-a-l); 

2a6-4a*  +  8a8-12a2+6a  =  2a(a-l)(a8-a2  +  3a-3) 

=  2a(a-l)2(a2+3). 
.\  H.C.F.  =  a(a-l)2 

10.  Find  the  H.  C.  F.  of 
3x«-7x2y-y«  +  6xy2^  x2y  +  3 xy2 -  3 ^41 « yS,  3.T«+5x2y  +  xy2_y8. 

A  +  3xy2_3a:8_y8  =  y(a.2_y2)  ^Sx(y^-x^) 

=  (y-3x)(x+y)(x-y); 

3x8-7x2y-y8+5-ry2=(a,_y)(3a.2_4^y^ya) 

=  (x-y)2(3x-y),. 
3x«  +  5x2y  +  xt/^-^y9=(Sx^y)(x^+2xy  +  y2) 

=  (3x-y)(x+y)2. 
.-.  H.C.F.  =  3x  — y. 
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-16x2,    12a*-14a:*-20x«  +  10a;3  +  4r. 

+   4x  =2ar(6j:*-7aH»— 10a!3+5x  +  2); 
-16a!3  =  4a:a(9x6-7aH»  +  8xa  +  2x-4). 


0+    0—   7+     8+     2- 
2 


11.   Find  the  H.  C.  F.  of 

36a:"'-28x«  +  32a:*  +  8x«- 

12x6 -14** -20x8+ 10  a:> 
36x7 -28x6 +  32x*+   Sa* 

6-     7-10+    5+   2 
9 

64-  63-90  +  46  +  18 
64+   48-26-20 

-111-64  +  66  +  18 
-108-96  +  62  +  40 

-  3  +  32+13-22 
3-32-13  +  22 
3+    1-  2 

-  33-11  +  22 

-  33-11  +  22 


3+     1-     2 
/.  H.C.F.i8  (3x3  +  x-2)2x  =  6x«  +  2x2-4x. 

12.  Find  the  L. CM.  of 

a:2  — 3x  — 4,  x^- x  — 12,  x2  +  6x  +  4. 

x2-x-12  =  (x-4)(x  +  3); 
x2  +  6x  +  4  =  (x  +  4)(x  +  1). 

/.  L.C.M.  =  (x-4)(x  +  4)(x+l)(x  +  3) 
=  x*  +  4x«-13xa-64x-48. 


18+  0-14  + 
18-21-30  + 

16  + 
15  + 

4- 
6 

8 

21  +  16  + 

2 

1- 

2- 

8 

42  +  32  + 
42-49- 

2- 
70  + 

4- 
36  + 

16 
14 

3)87  + 

72- 

39- 

30 

27  + 

27-: 

24- 
288- 

13-  10 
117  + 198 

104)312  +  104  +  208 

3  +  7 


9 
2-4 


1-11 


18.  Find  the  L.  C.  M.  of 

6x3  — 13x+6,  6x3  +  6x  — 6,  9x2  —  4. 

6x2-13x  +  6  =  (2x-3)(3x-2); 

6x2+    6x-6  =  (2x  +  3)(3x-2); 

9x2-4  =  (3x-2)(3x  +  2). 

.-.  L.C.M.  =  (2x-3)(2x  +  3)(3x-2)(3x  +  2) 
=  36  X*- 97x2 +  36. 
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14.  Find  the  L.  C.  M.  of 

3a4_jf8«2ar2+2a:  — 8,  6a:«+ 13a^»  +  3ar  + 20. 


6+13  +  3  +  20 
6-   2  +  8 

15  _  5  +  20 
15-5  +  20 


3-   1-   2+    2-     8 
2 

6-2-4+4-16 
6+13+    3  +  20 

-15-   7-16-   16 
2 

-30-14-32-   32 
_30-66-16-100 


.-.  H.C.F.  is  Sofi^x-^-^, 


17)51-17+   68 
3-   1+     4 


1-6 


2  +  6 


f.  is  3a;»-ar  +  4. 

6ofi  +  13a^»  +  3a:  +  20  =  (Sx^  -  a:  +  4)(2ar  +  6)  ; 
3a:4-x«-2a:2  +  2ar-8=(3a:a-:P  +  4)(a4i-2). 
.-.  L.C.M.=  (2a:'+6)(a:2-2)(3a:a-a.  +  4). 

=  6a*+13ar*-0jr«-6x3-6x  — 40. 

16.  Find  the  L.  C.  M.  of 

16o2x*  +  10o*x8+  4a6a;a  +  6a«x-  3o^  12ar*  +  38ajr«  +  lea^ar*-  lOa'jt. 

12  a:*  +  38aa:8  +  lOa^x^  —  lOa^ar 

=  2a:(6a:«  +  19aa:2  +  8o2a:  — 5a«)  ; 

ISa^a:*  —  10a*a:«  +  4a6a:2  +  6a«a:  —  3a"' 

=  a»  (15a:*  +  lOaifi  +  4aaz8  +  Oo*  -  3a*). 


6+19+   8-5 
6+4-^2 

15  +  10-5 
15+10-5 


15+    10+  4+     6-     3 
2 

30+    20+  8+    12-     6 

30+    96+  40-   26 

-   76-  32+37-     6 
2 

-150-  64+    74-   12 
-150-476-200  +  126 


137)411  +  274  - 137 
3+2-     1 


6-26 


2  +  6 


.-.  H.C.F.  i8  3a~i  +  2ax  — a2 
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Ist  expression  =^2x(^x^  +  2ax  —  a^) (2 x  +  6 a). 

2d  expression  =  a»  (3  a^»  +  2  aa:  —  c^)  (6  a:*  +  3 o^). 
.-.  L.C.M.  =  2a8a:(3a:2  +  2aa:-a2)(2x+5a)(6x2  +  3o2) 

=  eOa^a^  +  190a*x6  +  116a«j:*  +  64a«aH»  +  48a7a:a  « 

16.  FindtheL.C.M.  of 

2a:4  +  a4»_8x2-ar  +  6,  4j:*+ 12x«-x2-27ar- 18, 
4x*  +  4aH»-17x2-9x+18. 


30a8a:. 


2+1-8-1-6 
2-1-7+6 

2-1-7-6 
2-1-7-6 


4  +  4-17-   9+18 
4  +  2-16  - 12 

2-    1-    7+    6 


1  +  1 


2x*  +  a:«  — 8x«  — 


.-.  H.C.F.=  x+1. 

ar  +  6  =  (2a:«-x«-7x  +  6)(r+l) 

=  {(2aH»-2x«)  +  (a?^-7r+6)}(x+l) 
-(2a:2  +  a,_6)(a:-l)(ar+l) 


=  (2ar-3)(a:  +  2)(x-l)(x+l); 

4x«  +  4a:«-17x2-9x+18  =  (2x-3)(x+2)(x-l)(2x  +  3); 
4x*  +  12aH»-a:a«.27x-18  =  (a:  +  2)(a:+l)(2a:  +  3)(2a:-3). 

/.  L.C.M.=  (2x-3)(a:  +  2)(a:-l)(x+l)(2a:+3) 
=  4x6  +  8x*  -  13a:8  -  26x2  +  9x  +  18. 


1.  Reduce  to  lowest  tenns 


Exercise  7. 


42a8  — 30a2x 
36ax2-26x»' 


42 gS  -  30fl2x^  6a2(7a  -  5x) 
35ax2-26x»     5x2(7o-6x) 

2.  Reduce  to  lowest  terms  2^  + 5a:^--12x^ 

7x«  +  26x3-12x 

2x»+5xg-12x  _x(2x-3)(x  +  4) 
7x8  + 25x2 -12x      x(7a:-3)(x  +  4) 


6^ 
6x3' 


2x-3 
7x-3 
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8.  Reduce  to  lowest  terms  6«^--2a4+ 18c^-6a«, 

ea^cg  —  2a*  +  18c2  —  Ogg  ^  2q2(3c2  —  gg)  +  6C3c»  —  g^) 

4a*  +  2a2c2  +  12aa  +  Oc^     2g2(2g«  +  c^)  +  6(2a«+  c^) 

_(2g2  +  6)(3cg-gg) 

(2ga  +  6)(2g«  +  c2) 

^3c«-gg 
2a2+ca" 


4.   Reduce  to  lowest  terms  ^  +  (^  ^,"  ""^^  +  ^. 

a:*  +  2ax»  +  a2a^*  — ft* 


ar4  4.  (2  fta  ,  a2)3^  ^.  fe4 
a^  +  2ax»+a2a:3  — 6* 


a^  +  26gga+ft*-ggarg 

ar3(ar«+2gx  +  g2)-M 
^  (arg  +  62)8  _  (flj.)a 

{xdx  +  a)}2  -  (62)2 
_  (ar2  +  62  +  gx)(ya  +  6a  — gj:) 

(a:2  +  ox  +  62)  (a:«  +  gx  -  62) 
^  x2  +  62  -  oa: 

ar2  +  aa:  —  62' 

-     ,5    ,         .     ,  .  .  6ar*-9jr*  +  lla:«  +  6ar2  — lOa- 

6.   Reduce  to  lowest  terms  — - — ^^  .      .^  ^^   « — ;r;r-;;' 

4a:«  +  lOar*  +  lOar*  +  4aH»  +  60x2 

2x2^4x«+10a^+103:*  +  4x8  +  60x2  x)6  3:^-93:*+ 11 3:«  + 6x2 

2x*+    6x8+   6x2  +  2x  +30  6x*-9x»+ 11x2  +  6 

6-   9+11+    6-   10 
6+16+16+    6+    90 


-lOx 


X  -10 


2+6+6+2+30 
3 

6+  15+16+   6+    90 
6+    1+    0  +  26 

14+16-19+    90 
3 

42  +  45-67  +  270 
42+    7+   0+176 

19)38-67+   95 
2-   3+      6 

./.  H.C.F.  is  (2x2-3x+6)x. 


4)-24- 

4  + 

0- 

100 

6  + 
B- 

1+   0  + 
9+15 

26 

10- 
10- 

16  + 
16  + 

26 
26 

1  +  7 


3  +  5 
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Hence, 

6x6-   0a^  + 11x8 ^.6^a_  10a:  =a:(2x2-.3a:+ 5)(3a^»-2); 

4x«  +  10a*  +  lOar*  +  4x«  +  60x3  =  2x2(2  xa-3x+ 5)(x«  +  4x  +  6). 

6xg-9x*4-lla^  +  6xg-10x   ^         8x2-2 
'*  4x«  +  10x6+10x*  +  4x«  +  00x2     2x(x2  +  4x  +  6)* 

6.  Simplify  3x-2y,4.y  +  2x     22y-9x, 

^■^         3  616 

L.  C.  D.  =  16. 
The  multipliers  are  6,  8,  and  1. 

16  X  — 10    =  first  numerator. 

—  6  X  — 12  y  =  second  numerator. 

—  9  X  +  22  y  =  third  numerator. 

0    =  sum  of  numerators. 
.•.  Sum  of  fractions  =  0. 

-    o-      T*      2        1      2a  +  3  ,     1     ,  3rt  — 26 

7.  SunpUfy----- ^^+— +-^^;^ 

L.C.D.  =  6a26x2. 

The  multipliers  are  2a6x2,  3a2x2,  6x2,  3^25,  and  ax^. 

4a6x2  =  first  numerator. 

—  3  a2x2  =  second  numerator. 

—  (2  a  +  3)  5x2  _  third  numerator. 

3a26  =  fourth  numerator. 
(3  a  —  2  6)  ax2  =  fifth  numerator. 

—  3  6x2  +  3  a26  =  gum  ^f  numerators 
=  36(o2-x2). 

.-.  Sum  of  fractions  =  3^(«^-^) 

6a26x2 

^a2_ya 
2a2x2* 

8.  Simplify  -A-+      4«  5«2 


X  —  o      (x  —  a)2      (x  —  a)' 

L.C.D.  =  (x  — a)«. 
The  multipliers  are  (x  —  a)2,  x  —  a,  and  1. 
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Sa^^Qax  +  Sa^  =  first  numerator. 
4  OX  —  4  a^  =  second  numerator. 
—  5a2  =  third  numerator. 

3a:*  —  2aa:  —  6a2=  sum  of  numerators. 

.-.  Sum  of  fractions  =  3^-2aa:-6aa^ 

(x  -  a)« 

9.   Simplify  ^+*         -  ^  +  ^  «-^ 


(6-c)(c-a)      (c-a)(a-6)      (a-6)(6-c) 

L.C.D.  =  (a-6)(6-c)(c-a). 
The  multipliers  are  a  —  6,  &  —  c,  and  c  —  a. 

0^  —  62  =  flpgt  numerator. 

6^  —  c^  =  second  numerator, 

o*         +  c*  —  2  ac  =  third  numerator. 

2  a^  —  2  oc  =  sum  of  numerators 

=  2a(o  — c). 

.'.  Sum  of  fractions  = ^fl^a  — cj ^ 

(a-6)(6-c)(c-a) 

^         -2a 
(a-6)(6-c)' 

10.  SimpHfj 


a(^a^b)(a''c)      6(6  -  c)  (6  -  a)      cCp-  a)  (c  -  6) 

L.  C.  D.  =  a6c(a  -  6)  (a  -  c)  (6  -  c). 

The  multipliers  are  6c(6  —  c),  ac(c  —  a),  and  a6(a  —  6). 

62c  —  6c*  =  first  numerator. 

ac^  —  a^c  =  second  numerator. 

a*6  —  a63  =  third  numerator. 

62c  —  6c2  +  ac2  —  a%  +  a*6  —  a6*  =  sum  of  numerators 

=  a26-a62+62c  — a2c  +  ac2-.6c« 
=  a6(a-6)+c(62-a2)+c2(a-6) 
=  (a6  —  c6  —  ca  +  c2)  (a  —  6^ 
=  (a-c)(6-c)(a-6). 

/.  Sum  of  fractions  =    («-c)(6-c)(a-6) 

a6c(a  —  6)  (o  —  c)  (6  —  c) 

=  -L. 
a6c 
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11.  Simplify 

6a:a->  17x4-12       27a:a-f  18j:-24      26irg-25g+6 

12xa-26a:+12       12ara  +  7a:~12      20z8-23ar  +  6 

^(3a:-4)(2a:~3)      3  (3a:  + 4)C3a:-2)      (6g->2)(6x-3) 

(3a:-4)(4a:~3)        (3x+ 4)(4a:-3)       (4ar-3)(6x-2) 

^  2x^3      3  (3a: -2)      5t-3 

4a:-3         4ar-3         4ar-3 

^16ir--12 

4a:-3 
=  4. 

12.  SimpUfy?^\^^X^^^^'      2^«*^ 


3&8        4c*x6       4a»a:       18a62c8 
160a^g67c2j.7       25  a*3r 
48a968c*a;7    *  18  a6*-^ 
25  gg  .    25a*g 
86c2    •  18a62c8 
25a8      18a^ 
Sbc^       25a*ar 
96c 
4a; 


13.  Simplify  fg^;^;ftiLUf^±J!!^^+JL>) 


a:  +  y              •  ar  +  y 

__  (ar^  +  .V^)(a:~.y)a:  J?  +  y 

^  +  y  yC^+y^) 
^  (^  -  y) 


,.  »»p«,  (-±i!-,)(^).(i.i) 


=  a^4-fe^-fl6  (a  +  6)(fl-6)         .  g-6 

6  (a  +  6)Ca2-a6  +  62)"^    a5 

_a  —  6  .  g  — 6 
""      b     "^    gft 
fl  — 6,^    gft 


6         g  —  6 
=  g. 
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15.  Simplify  ^-7x.f  12      x8+x.2       2x8+6x.8 

_(3r-8)(a:-4)      Cx-l)Cx  +  2)      (2ar~l)(3f  +  8) 
(x  +  3)(ar  +  2)      (x -  l)(x - 4)  ^  (8x  +  2)(x - 8) 

^2ar-l 

3x  +  2'  I 

16.  Simplify    ^^'-^-^       8a«-10a  +  8      12a«+17a-hO 

^(3a-2)(2a+l)w(2a-l)(4a-3)      C4a  +  8)(3a->-2) 
(4a-3)(2a+l)      (4a  +  3)(3a-2)      (3o  +  2)(2o-l) 

=  1. 


17.  Simplify 


2g  +  y  y  (2ar  +  y)a-y« 

y  2ar  +  y_     y(2g-|-y) 

X         X  +  y         jra  _  (jp  4.  y)a 


X  +  y  X  a:(x  +  y) 

_4x2  +  4xy^    x(x  +  y) 
y(2x+y)      -2xy-.ya 

_       4x(x  +  y)x(x-t- y) 

y(2^  +  y)y(2x  +  y) 

_     4xg(x  +  .y)a 

yH23?  +  y>i^* 


l  +  x      l->-x8      a  +  x)a  +  x8)-a->-!ea)a 
18.  Simplify  I±^..i+Z!= (1  +  ^)0  +  ^) 

l  +  x»     iH-x*  (1  +  x») (1  4- x*) 

l  +  ar  +  3^+a:*--l--2x2  — X* 

1  +  xa 

•"1  +  3:2  ^j44.ja_l_2x«--x» 
l  +  x* 

_x  — 2xa+xg  l  +  x* 

l  +  x2  xa-2x»  +  x* 

l  +  x* 
(1  +  x2)x* 
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19.  Simplify 


a 


o  +  6     o  — 6 

aa-6a  ,      o^  +  fia 


80.  Simplify 


64a8  — 06a2g->-3gtM:a 

36  ga- 729^3 
48  0^-27  gr^ 

8a2-72oa:+162a:3 

^  4o  (16og  -  24aar  +  9xa)      2 (4 oa~ 36 aar  +  Bigg) 
9(4a2-81a:2)  ^        3(16a2-9xa) 

y         2C2a~9T)a 


_         4o(4a--33:)« 

'"9(2a-9ar)(2a  +  9ar)      3(4o-.3x)(4o  + 3ar) 

_8aC4o--33:)C2q  — 9g) 
27(4a  +  3ar)(2a  +  9x)' 


Exercise  8. 


1.  Solye 


8(10-.x) 
80  — 8x 
-13x: 


ar  = 


5(ir  +  3). 
6x+15. 
-66. 
5. 


8.   Solve  2af-8(2x-8)  =  l-4(x-2). 

2x  — 6x  +  9=l  — 4x  +  8. 

—  4x  +  9  =  — 4x+9. 

True  for  all  values  of  x ;  the  given  equation  is  therefore  an  identical 
equation,  and  x  may  have  any  value  (§  79). 


8.  Solve 


(X- 

-5)(x 

+  6)  = 

=  (x- 

-l)(x. 

.2). 

X3 

-6j 

:+6x 

-30  = 

=  xa- 

.X-2X  +  2 

4x  = 

=^82. 

.*.  x  = 

=  8. 
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4.  Solve        (2x+^3)(3ar-.2)=xa  +  ar(5ir  +  3). 

2ar=6. 
.».  x  =  3. 

5.  Solve  j;x-3)(x  +  5)  =  (x+l)(2*-S)-A 

x3  +  2x-16  =  2a^»-a:-3-«a. 
3x=12. 
.*.  x  =  i, 

6.  Solve  (x  +  4)(x-2)  =  (x  +  3)(3x  +  4)-(2*  +  l)(x-6). 

x3+2x-8=3x3+13x+12-2xa+llx+6. 
-22x  =  26. 

...  x=-H  =  -iA- 

7.  Solve         (x - 3)(2x  +  5)  =  X (x  +  4)  +  (x  +^)(«  +  3). 

2xa-.x— 15  =  xa  +  4x  +  xa  +  4x+S. 
-9x  =  18. 
.'.  x  =  -2. 

8.  Solve  (x  +  2)2  +  3x=(x-2)«  +  5(16-x). 

x3  +  4x  +  4  +  3x=xa-4x  +  4  +  80  — 6x. 
16x=80. 
.*.  X  =  6. 

9.  Solve    (x-3)2  +  (x-4)a=(x-2)a  +  (x  +  3)a. 

x3  — 6x  +  9  +  x«-8x+16  =  xa  — 4x  +  4  +  x3+6x+9. 

-16x  =  -12. 
x=  |. 

lA     c  1        3x      X      26  11     a  i«^     ar  — 2        6 

10.   Solve  -- —  7:  =  T^-  11-   Solve =  — • 

5      6     15  3x-5     19 

Multiplj  by  30,  Multiply  by  19(3  x  -  5), 

18x-5x=52.  19x-38=18x-30. 

13x=52.  .-.  x=8. 

.*.  x  =  4. 
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3a:-.6 


14.  Solye 


6ar  —  6 


Multiply  by  20, 
20ir-.24-.16ar 


•   •     3y   — 


3£ 

4 

2x 

6. 

2. 


x  —  9 
10  * 

18. 


15.  Solve  ^^^.§^  =  1. 
4  3 

Multiply  by  12, 

36-0x-12x  +  44  =  12. 

-21x  =  -68. 


12.  Solye  ^  ^     ^ 

2x+10     3 

Multiply  by  3(2  x+ 10), 

9x-15  =  4ar+20. 

6x  =  36. 

/.  X  =  7. 

18.  Solve  ^(^^-^)  =  g. 
2(4x  +  3)      6 

Multiply  by  10  (4x  +  3), 

15(5x-.3)  =  12(4x  +  3). 

76x-46  =  48x  +  36. 

27x  =  81. 

.-.  X  =  3. 

16.  Solve  l£±l?  +  3X-10 ^  7 

a:  +  3  X  — 4 

Multiply  by  (x  +  3)  (x  -  4), 

(x-4)(4x+17)  +  (x  +  3)(3x-10)  =  7(x  +  3)(x-4). 
4xa+x-68  +  3x2-.x-30=7x3-7x-.84. 

7x=14. 
.-.  x  =  2. 

17.  Solve  ^^:i5-+i?i^^^=l. 

2x+l      (4x-3) 

Multiply  by  (4 X  -  3)  (2  X  +  1), 

(4x-.3)(x-3)  +  (2x-.l)(2x+l)  =  (4x-3)(2x+l). 
4x3-16x  +  0  +  4x2-l  =  8x2-.2x-.3. 

-.13x  =  -.ll. 

Ig.  Solve  i^-?^  =  -V 
3x  +  4     4X-.3     12 

Multiply  by  12  (3 x  +  4) (4 x  -  3), 

12(4x-3)(4x+3)-12(3x  +  4)(3x-4)  =  7(3x  +  4)(4x-3). 

102x2  - 108  -  108x8  +  192  =  84x2  +  49x  -  84. 

-.49x  =  -168. 

.-.  x  =  -^  =  3f. 
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19.  Solve  ^^--^=2x  +  l. 
3  x-\-2  2 

Multiply  bv  3,        6  x  +  7 —  =  6  x  +  ?. 

^^    ^    '  ^        x  +  2  2 


9 

x  +  2 

11 
2 

9 

11 

x  +  2 

2 

Multiply  by  2  (*  +  2), 

18  = 

:llx  +  22. 

llx  = 

:4. 

/.  x  = 

-A. 

20.  Solve  2^+1  +  2^ 
aH- 1         a 

:^-5. 

Multiply  by  (a  +  1)  a, 

2ax  +  a  +  2ax+2x  = 

6a3+6a. 

4ox  +  2x- 

6a3  +  4a. 

(4a  +  2)x  = 

6aa  +  4a. 

.'.  x  = 

6a3  +  4a 

4a  +  2 


21.  SoWe  H^::!-*  -  ^^±^  =  a6c. 

Multiply  by  oc, 

a%  —  aft  —  6cx  —  c*  =  a*fcc*. 

(a2  —  bc)x  =  a^fcc^  +  aft  +  c^. 

a^bc'^  -hab  +  c!^ 

•  •  *  = :; — ; • 

a2-.6c 


28    Solve     ^  +  ^    +     ^  +  ^    =  5. 

Multiply  by  6  (x  +  o)  (x  +  6), 

2(x  +  a)2  +  3(x  +  6)2  =  5(x  +  a)(x  +  ft). 
2x8  +  4ax  +  2a2  +  3x2  +  6ftx  +  3ft2  =  5x2  +  5ax  +  5ftx  +  Soft. 

(-.a  +  ft)x  =  6a6-2a2-3ft2. 
(a  -  ft)  X  =  2  o2  -  6  aft  +  8  ft2. 
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a-h 

a  — 6 
x  =  2a-.36. 

Multiply  by  0:3  _  9  o2^ 
(ar  - 8a)(x -  2a)  -  13a2  +  2x8  =  3^3 - 27oa. 
a^»-5ox  +  6a2-13a3  +  2ar«  =  3x3-27aa. 

-5ax  =  — 20aa. 
/.  X  =  4  a, 

84.  Solre      «  +  «  +  ?(£n^  _  £(£±£)  =  _5£ g. 

X     a      x(x+a)      a(x  — a)      a*  — a^ 

Rearrange.    -  +  °i^  +  £-5l^  =  ^^_2. 

x\        x  +  aj      a\        X  — a/      a^  —  x^ 
af  2x   \      x/    2a  \  ____£^____o 
x\x+a/      a\x-^a/      o*  — x^ 
2  a  2x  ax     « 


x  +  a      X  —  a      a^^x^ 
Multiply  by  x3  -.  a\ 

2ax  —  2aa  —  2xa-2ax=-.ax-2x2  +  2o» 

ax  =  4  a^, 
.*.  x  =  4a. 

Exercise  9. 

1.  The  difference  of  two  numbers  is  3 ;  and  three  times  the  greater 
number  exceeds  twice  the  less  by  18.    Find  the  numbers. 

Let  X  =  the  smaller  number. 

Then  a:  +  3  =  the  greater. 

3  X  +  9  =  three  times  the  greater. 
2x  =  twice  the  less. 
.-.  3x+9  — 2x=18. 
.'.  X  ^    v. 
X  4-  3  =  12. 
.*.  The  numbers  are  12  and  9. 
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8.  If  a  certain  number  be  increased  by  16,  t^e  result  is  seven  times 
the  third  part  of  the  number.    Find  the  giyen  number. 
Let  X  =  the  number, 

^hen  or  +  16  =  the  number  increased  hy  16. 

-  =  the  third  part  of  the  number. 

3  ^ 

7  X 

—  =  seven  times  the  third  part  of  the  number. 

3  ^ 

.-.  ar+16:^^. 

Multiply  by  3,    3j-  +  48  =  7ar. 

48=  4x. 

.-.  x=12. 
.*.  The  number  is  12. 

8.  A  boy  was  asked  how  many  marbles  he  had.  He  replied,  "If 
you  take  away  8  from  twice  the  number  I  have,  and  divide  the  remain- 
der by  3,  the  result  is  just  one-half  the  number."  How  many  marbles 
had  he  ? 

Let  X  =  the  number  of  marbles  he  had. 

Then  =  one-third  of  twice  the  number  less  8. 

3 

-  =  one-half  the  number. 
2 

.    2ar  — 8      x 

••"T-=2' 

Multiply  by  6,    4  a;  - 16  =  3  x. 

.-.  X  =  16. 
.*.  He  had  16  marbles. 

4.  The  sum  of  the  denominator  and  twice  the  numerator  of  a  certain 
fraction  is  26.  If  3  be  added  to  both  numerator  and  denominator,  the 
resulting  fraction  is  }.    Find  the  given  fraction. 

Let  X  =  the  numerator. 

Then  2x  =  twice  the  numerator. 

26  ~  2  X  =  the  denominator. 

=  the  fraction. 

26 -2a: 

— — —  =  the  fraction  after  3  is  added  to  both  num- 

29  —  2x 

erator  and  denominator. 

x  +  3       2 


29-2x     3 
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Clear  of  fractions,       3j:  +  9  =  68  —  4jr. 

7a:  =  49. 

26 -2a:  =12. 
.*.  The  fraction  is  ^^. 

5.  A  courier  sent  away  with  a  despatch  travels  uniformly  at  the 
rate  of  12  miles  per  hour ;  2  hours  after  his  departure  a  second  courier 
starts  to  overtake  the  first,  travelling  uniformly  at  the  rate  of  13J  miles 
per  hour.  In  how  many  hours  will  the  second  courier  overtake  the 
first? 

Let  X  ==.  the  number  of  hours  in  which  the  second  courier  will 

overtake  the  first. 
Then    x  +  2  =  the  number  of  hours  the  first  courier  will  have  trav- 
elled when  overtaken. 
12(a:  +  2)  =  the   number   of    miles    the   first   courier  will  have 
travelled. 
13^0:  =  the  number  of  miles  the  second  courier  will  have 
travelled. 
But  these  distances  are  equal. 

.-.  12(a:  +  2)  =  13}x. 
12  a: +  24  =13  J  a:. 
24  =  fx. 
.-.  x=16. 

.*.  The  second  courier  will  overtake  the  first  in  16  hours. 


6.  Solve  the  above  problem  when  the  respective  rates  of  the  first 
and  second  couriers  are  a  and  6  miles  per  hour,  and  the  interval 
between  their  departures  is  c  hours. 

Let  X  =  the  number  of  hours  in  which  the  second  courier  will 

overtake  the  first. 
Then     x  +  c  =  the  number  of  hours  the  first  courier  will  have  trav- 
elled. 
a(^x+c)  =  the  number  of  miles  the  first  courier  will  have  trav- 
elled. 
bx  =  the  number  of  miles  the  second  courier  will  have 
travelled. 
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Bat  these  distances  are  equal, 

/.  a(^x-\-  c)  =  bx. 
ax-^  ac  =  bx. 
(a  —  6)a:=  —ac, 
(b  —  d)x  =  ac,  . 
ac 
b~^ 


X  = 


.'.  The  second  courier  will  overtake  the  first  in  — ^—  hours. 

6  —  o 

7.  A  certain  railroad  train  travels  at  a  uniform  rate.  If  the  rate 
were  6  miles  per  hour  faster,  the  distance  travelled  in  8  hours  would 
exceed  by  50  miles  the  distance  travelled  in  11  hours  at  a  rate  7  miles 
per  hour  less  than  the  actual  rate.     Find  the  actual  rate  of  the  train. 

Let  X  =  the  rate  of  the  train  per  hour. 

Then     x  +  6  =  its  rate  if  it  went  6  miles  an  hour  faster. 

8(x  +  6)  =  the  number  of  miles  it  would  pass  over  at  the  in- 
creased rate  in  8  hours, 
a:  —  7  =  the  rate  if  it  went  7  miles  an  hour  slower. 
ll(x  —  7)  =  the  number  of  miles  it  would  pass  over  at  the  dimin- 
ished rate  in  11  hours. 

.-.  8(a:  +  6)  =  ll(ar-7)  +  50. 
8a: +  48  =  11  a: -77 +  60. 
-.3a:  =  -75. 
.-.  r  =  26. 
.*.  The  rate  of  the  train  is  25  miles  an  hour. 

8.  A  can  do  a  piece  of  work  in  10  days ;  A  and  B  together  can  do 
it  in  7  days.     In  how  many  days  can  B  do  it  alone  ? 

Let  X  —  the  number  of  days  in  which  B  can  do  it  alone. 

Then  _  =  the  part  B  can  do  in  one  day  alone. 

JC 

But  —  =  the  part  A  can  do  in  one  day  alone. 

10  ^ 

.'. 1-  -  =  the  part  A  and  B  can  do  in  one  day  together. 

10      X 

-= =  the  number  of  days  in  which  A  and  B  can  do  it  to- 

10  ■*■  i      s^'***'- 
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'      =7. 


10     X 


Keduce  the  complex  to  a  simple  fraction, 

lOx   ^y^ 
x+  10 

Clear  of  fractions, 

10a:  =  7ar+70. 

3ar=70. 

.'.  B  can  do  the  work  alone  in  23J  days. 


9.  A  can  do  a  piece  of  work  in  a  days ;  A  and  B  together  can  do  it 
in  b  days.    In  how  many  days  can  B  do  It  alone  ? 

Let  X  =  the  number  of  days  in  which  B  can  do  it  alone. 

Then  -  =:  the  part  B  can  do  in  one  day  alone. 

But  -  =  the  part  A  can  do  in  one  day  alone. 

+  -  =  the  part  A  and  B  can  do  in  one  day  together. 


X     a 
1 


=  the  number  of  days  in  which  A  and  B  can  do  it 


11 

-  +  -         together. 

X      a 

'     =6 


X     a 


Reduce  the  complex  to  a  simple  fraction. 


"^    =6. 


a-\-  X 

Clear  of  fractions, 

ax=  ab  ■{■  bx, 

(a  —  b^x  =  ab. 

ab 
.*.  X  = • 

a  —  b 

.*.  B  can  do  the  work  alone  in  days. 

a  —  6 
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10.  If  A  can  do  a  piece  of  work  in  2  m  days,  B  and  A  together  in  n 

days,  and  A  and  C  in  m  +  -  days,  how  long  will  it  take  them  to  do  the 

work  together  ? 

Let  X  —  the  number  of  days  in  which  A,  B,  and  C  can  do 

it  together. 

Then  -  =  the  part  they  can  do  in  one  day  together. 

But  —  =  the  part  A  can  do  alone  in  one  day. 

2m 

=  the  part  A  and  C  can  do  in  one  day  together. 


m  +  - 

2 


=  the  part  C  can  do  alone  in  one  day. 


^n     2^ 

m  +  - 

2 
Also  -  =  the  part  A, and  B  can  do  in  one  day  together. 

. ^^ — I-  -  =  the  part  A,  B,  and  C  can  do  in  one  day  together. 

,  n      2in      fi  *^  .^      o 

2 


1_ 

X 

1       V  +  1. 

,  It      2  7M      n 

1 

2            1,1 

X 

2m  +  n      2m      n 

1 

4  mn  —  2  mn  —  n2  +  4  m^ 

+  2 

mn 

X 

2mn(2m  +  n) 

1 

4  m^  +  4  mn  —  n* 

X 

2mn(2m  +  n) 

X  — 

2mn(2m  +  n) 
4m2  +  4mn  — n3 

1  thf 

«  work  toffAthAr  in     ^'"" 

;(2m 

+  n) 

11.  A  boatman  moyes  5  miles  in  f  of  an  hour,  rowing  with  the  tide ; 
to  return  it  takes  him  1}  hours,  rowing  against  a  tide  one-half  as  strong. 
What  is  the  velocity  of  the  stronger  tide  % 
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Let  X  =  the  yelocitj  of  the  stronger  tide  in  miles  per  hour. 

Then         - --  =  the  number  of  miles  the  boat  is  carried  by  the  stronger 

tide  in  f  of  an  hour. 

6 ^  =  the  number  of  miles  the  man  himself  rows  in  }  of  an 

hour. 

f  (  5  _  _^  =  the  number  of  miles  lie  rows  in  one  hour. 

=  the  Telocity  of  the  weaker  tide  in  miles  per  hour. 


3(-¥) 


2 

-  X  -  =  the  number  of  miles  the  boat  is  carried  backward  by 

2     2 

this  tide  in  |  hours. 

5  +  -  X  -  =  the  number  of  miles  the  man  rows  in  1^  hours, 
the  number  of  miles  he  rows  in  one  hour. 


10  ,  x^20_^ 
3      2      3 
35^10 
2        3* 

.'.  The  Telocity  of  the  stronger  tide  is  25  miles  per  hour. 

12.  A  boatman,  rowing  with  the  tide,  moTes  a  miles  in  6  hours. 
Returning,  it  takes  him  c  hours  to  accomplish  the  same  distance,  row- 
ing  against  a  tide  m  times  as  strong  as  the  first.  What  is  the  Telocity 
of  the  stronger  tide  ? 

Let  X  —  the  Telocity  of  the  weaker  tide  in  miles  per  hour. 

Then  6a:  =  the  number  of  miles  the  boat  is  carried  by  the  tide  in 

h  hours. 
a^hx=  the  number  of  miles  the  man  himself  rows  in  h  hours. 

=  the  number  of  miles  he  rows  an  hour. 

h 

mx  =  the  Telocity  of  the  stronger  tide  in  miles  per  hour. 

cmx  =  the  number  of  miles  the  boat  is  carried  backward  by 

this  tide  in  c  hours. 

a  +  cmx  =  the  number  of  miles  the  man  rows  in  c  hours. 


■ 
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=  the  number  of  miles  he  rows  in  one  hour. 

c 

a  +  cmx      a  —  bx 

•'■— — -b- 

Clear  of  f  ractionsy 

ab  +  bcmx  =.ac  —  bcx. 

6c  (in  +  1)  X  =  a  (c  —  6). 

a(c-b) 

6c(mi  4- 1) 

ma  (c  —  6) 
mx  = ^ -' 

be  (w  +  1) 


ma 


(c-b) 


.*.  The  velocity  of  the  stronger  tide  is  — ^^ ^  miles  on  hour. 

^  ^  bc(m  +  1) 

18.  If  A,  who  is  trayelling,  makes  }  of  a  mile  more  per  hour,  he  will 
be  on  the  road  only  |  of  the  time ;  but  if  he  makes  J  of  a  mile  less  per 
hour,  he  will  be  on  the  road  2  J  hours  more.  Find  the  distance  and  the 
rate. 

Let  X  =  his  rate  in  miles  per  hour. 

Then,    x  +  J  =  his  rate  if  he  travelled  J  a  mile  per  hour  faster. 
But,  since  he  will  be  on  the  road  only  |  as  long  at  the  second  rate  as 
at  the  first,  he  must  travel  I  as  fast. 
.-.  x+ J=  Jar. 

2      4* 

X=r2. 

.*.  His  rate  is  2  miles  an  hour. 

Now  let       y  =  the  distance  in  miles. 

Then  §  =  the  number  of  hours  it  will  take  at  2  miles  an  hour, 

V 

I  =  the  number  of  hours  it  will  take  at  }  miles  an  hour. 

'2' 

3      2  "^2* 
y_6 

.*.  y  =  15. 
.'.  The  distance  is  16  miles. 
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14.  The  circumf erenoe  of  a  fore  wheel  of  a  carriage  is  a  feet ;  that 
of  a  hind  wheel,  b  feet.  What  distance  will  the  carriage  haye  passed 
oyer,  when  a  fore  wheel  has  made  n  more  reyohttions  than  a  hind 
wheel? 

Let  X  =  the  number  of  feet  in  the  required  distance. 

Then  -  =  the  number  of  reyolutions  the  fore  wheel  will  haye 

a 

made. 

mm 

-  =  the  number  of  reyolutions  the  hind  wheel  will  haye 

b 


made. 


.    x_x__ 
"a      6"" 

n. 

ab 

n. 

.*.  x  = 

nab 

6  — a 

.*.  The  carriage  will  haye  gone   ^^     feet. 

6  — o 

15.  A  wine  merchant  has  two  kinds  of  wine  which  he  sells,  one  at  a 
dollars,  and  the  other  at  b  dollars  per  gallon.  He  wishes  to  make  a 
mixture  of  /  gallons,  which  shall  cost  him  on  the  average  m  dollars  a 
gallon.    How  many  gallons  must  he  take  of  each  ?  , 

Discuss  the  question  (i.)  when  a=b;  (ii.)  when  a  or  b=m;  (iii.) 
when  a  =  6  =  m ;  (iv.)  when  a  —  b  and  <  in ;  (v.)  when  a  >  6  and 
b>  m. 

Let  X  =  the  number  of  gallons  of  the  first  kind. 

Then     /  ^  x  =  the  number  of  gallons  of  the  second  kind. 
ax  =  the  price  of  the  x  gallons  of  the  first  kind. 
&(/  —  2-)  =  the  price  of  the  l  —  x  gallons  of  the  second  kind. 
aa:  +  6(/  —  a:)  =  the  price  of  the  whole  mixture. 

"^"^    ^  -•^)  —  the  price  of  the  mixture  per  gallon 

ax  -f  b(l  —  x^ 
.'.  — -^-— J '  =  m, 

ax  -^  bl-^bx=  ml. 

(a  —  b)x=  l(m  —  6). 

*       a-b 
i_     _la  —  lb  —  Im •\- lb _ l(a  —  m) 
a  — 6  o  — 6 
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/.  He  must  take  K^"^)  gaUons  of  the  first  kind,  and  ^(""'f) 

a—b  a^b 

gallons  of  the  second  kind. 

(i.)  If  a  =  5,  and  a  and  b  are  not  equal  to  m,  the  two  kinds  of  wine 
cost  the  same  price  per  gallon,  namely,  a  dollars,  and  anif  mixture  of  the 
two  kinds  will  cost  a  dollars  a  gallon,  and  no  mixture  can  he  made  to  cost 
m  dollars  a  gallon,  since  m  is  not  equal  to  a.  The  yalues  of  x  and  /  —  x 
in  this  case  are  each  =  *  ^^^  quantity^  ^j^.^^^  ^  ^^^^^  ^  algehraic 

statement  that  the  prohlem  is  impossible. 

(ii )  If  a  =  m,  X  3s  /,  t^.  all  the  wine  must  be  of  the  first  kind,  since 
any  admixture  with  the  second  kind  would  change  the  price.  Simi- 
larly, if  6  =  m,  the  wine  must  all  be  of  the  second  kind. 

(iii.)  If  a  =  6  =  »n,  the  equation 

or  a  =  m,  and  x  is  not  determined.  In  this  case  he  can  evidently  take 
any  part  from  the  one  kind,  and  the  rest  from  the  other,  since  the 
prices  of  both,  and  that  of  any  mixture,  are  the  same  per  gallon. 

(iv.)  a  >  6  and  <  w.  The  price  per  gallon  of  any  mixture  must 
evidently  lie  between  a  and  h.    But  in  this  case  m  is  greater  than  either 

a  or  6.    Hence  no  solution  is  possible.    Algebraically,  /  —  r  or   \^'~''^) 

a^b 

is  negative,  since  a  —  m  is  negative.     2-  is  therefore  greater  than  /> 

which  cannot  be,  since  the  part  must  be  less  than  the  whole. 

(v.)  a>b  and  6  >  m.    Here  m  is  less  than  a  or  6,  which  cannot  be. 

Algebraically,  x  or  ^"*  ""   "^  is  negative,  since  wi  —  6  is  negatiye,  so  that 

a  — 6 

/— :r  is  greater  than  /,  which  is  impossible. 
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Exercise  10. 


1.  Solve  6x+5y  =  46.  (1) 

10x  +  3y  =  66.  (2) 

Multiply  (1)  by  6  and  (2)  by  3, 
30x+26y  =  230 
30x+    9y=198 

Subtract,  16  y=   32 

••  y  =  2. 
Substitute  yalue  of  y  in  (1), 
6x+10  =  46. 
.'.  X  =  6. 

2.  Solve  2x+7y  =  62.  (1) 

3x-6y  =  16.  (2) 

Multiply  (1)  by  3  and  (2)  by  2, 
6x  +  21y=166 
6x-10y=   32 

Subtract,  31y=124 

.-.  y  =  4. 
Substitute  value  of  y  in  (1), 
2x+28  =  62. 

.-.  X  ==  12. 

8.   Solve  4x+   9y  =  79.  (1) 

7x-17y  =  40.  (2) 

Multiply  (1)  by  7  and  (2)  by  4. 
28x+63j^  =  653 
28x-68y  =  160 


Subtract,          131  y  =  393 

/.  y  =  3. 

Substitute  value  of  y  in  (1). 

4x  +  27  =  79. 

/.  X  =  13. 

4.  Solve   2x-7y=   8. 

(1) 

4y  — 9x=19. 

(2) 

Multiply  (1)  by  4  and  (2)  by  7, 
8x-28y=   32 
-63x  +  28y=133 

Add,    -66x  =165 

.•.  x  =  — 3. 
Substitute  value  of  x  in  (1), 
-6-7y  =  8. 

.-.  y  =  -2. 

6.  Solve      x=16-4y.  (1) 

y  =  34-4x.  (2) 

Substitute  value  of  y  from  (2)  in 
(1),  x=16-4(34-4x). 

x  =  16-136+16x. 
-15x  =  -120. 
.*.  X  =  8. 

Substitute  value  of  x  in  (2), 
y  =  34  -  32. 

/.  y  =  2. 

6.  5x  =  2y+    78. 

3y=    x+104. 
Transpose  104  in  (2), 

3y  — 104=x. 
Substitute  value  of  x  in  (1), 
5(3y-l()4)  =  2y  +  78. 
15y-620  =  2y  +  78. 
13y  =  598. 
.-.  y  =  46. 
Substitute  value  of  y  in  (1), 
5x  =  92  +  78. 
.*.  X  =  34. 


(1) 
(2) 


7.  Solve 


2£  +  a^=io. 

3       2 


I 
4 


5x  —  7 


19 


(1) 
(2) 
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Multiply  (2)  by  2. 

y_10x  — 14 
2  19 

Substitute  yalue  of  ^  in  (1), 

2x  ,  10x-14_,^ 
3  ■*■        19       ~  ^"• 
Simplify, 

38  a:  +  30  a:  — 42  =  570. 

•*.     X  ^   €7, 

Substitute  yalue  of  x  in  (2), 

y_46-7 
4         19 
.-.  y  =  8. 


8.  Solye    4  +  y  =  ?^. 
^       4 

a:-8  =  ii/. 
5 

Transpose  8  in  (2), 

a:=8  +  ii?. 
5 

Substitute  value  of  x  in  (1), 

4  +  y  =  6  +  ^. 
5 

Simplify, 

20+5y  =  30  +  3y. 
.*.  y  =  5. 
Substitute  yalue  of  y  in  (2), 
ar=12. 


0) 

(2) 


9.  Solve       £±i?  + 
3     ^ 


a:  = 


X  — 


^  +  y  = 


Simplify  (1)  and  (2)^ 
ar  +  y  +  3ar 
4a:  +  y 
^-y  +  5y 


16.     (1) 
6.     (2) 

45. 

45.     (3) 
30. 


a:+4y=   30    (4) 
4x(3)is        16x  +  4y=180 

Subtract,    —  16x  =  —  150 

.-.  X  =  10. 
Substitute  yalue  of  x  in  (3), 

y  =  6. 


10.  Solye 


8^5 
2x     2y-6_q 
7  +21—^- 


0) 
(2) 


Simplify  (1)  and  (2), 

5x-5  +  8y-16  =  80. 

5x  +  8y  =  101.  (3) 
ex+2y-6  =  63. 

6x  +  2y  =  68.     (4) 
(3)  is  5x+8y  =  101 

4x(4)is       24x  +  8y  =  272 

Subtract,    —  19x  =_171 

. .  X  i^  w. 
Substitute  yalue  of  x  in  (4)» 

y=   7. 


11.  Solve 


X  y 
16_4 
X       y~ 

30      8        „ 
r=    8 

?  +  ?=   3 

^-5   =11 

X 

•  *.    X  =r  o. 

Substitute  ralue  of  x  in  (1), 


(1) 
(2) 


2  X  (2)  U 

a)i« 

Add, 
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W.  Solve  ±  +  A  =  §?.  (I) 


4x     5if     20 

Multiply  (1)  by  fwd  (2)  by  |,      -  +  ^  =  ^ 

j;     24y      12 

1  _  16  ^11 

X     25 y     26 


(2) 


0) 
(2) 


Subtract,  1009=2018 

600y      dOO 

•••  y  =  i- 

Sttbstitute  ralne  of  ^  ia  (2),  x  =  |. 

18.  Solve  x:^.10-x^£-10. 

6  3  4 

3  8 

Simplify  (1),  32 X  -  15y  =  74.  (3) 

Simplify  (2),  12  x  -  13  y  =  -  7.  (4) 

3x(3)i8  96x-  46y=   222 

8x(4)i8  96x-104y  =  -56 

Subtract,  69  y=   278 

/.  y  =  4^. 
Substitute  value  of  y  Id  (4), 

12x-l^X278^_7 
59 
12x  =  J4Ji. 
•'•  *  =^  4  j|  |. 

14.  Solve  x-^iLl£  =  20  +  2£z:^.  .^^ 

23-x  ^       2  '^  ^ 

(1)  may  be  written,  x-?^^^-?  =  20  +  x-— . 

23  —  X  2 

Transpose  and  combine,  —  ^y"^  =  —  1?. 

23-x  2 

Simplify,  4y-2x  =  437- 19x. 

17x  +  4y  =  437.  /  (3) 
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(2)  may  be  Written,  y-X=:A  =  SO-^  +  y. 

X  ^  lo  o 

Transpose  and  comlnBe,  —  ^"^     =  — - 

X  — 18       3 

Simplify,  — 3y  +  9=  17x  — 306. 

17x  +  3y  =  816.  (4) 

Subtract  (4)  from  (3),  y  =  122. 

Substitute  yaloe  of  y  in  (4),    17  ar  +  866  =  31 6. 

/,  X  =  —  3. 

15.  Solve  2x-3y  =  6a-6.  (1) 

3x  — 2y  =  6a  +  6.  (2) 

8X(1)  is  6x-9y=15a-36 

2x(2)i8  6x-4y=10a  +  26 

Subtract,  — 5y=    6a  —  66 

Sabstitute  value  of  y  in  (2), 

8x  — 2a  — 26=5a+6. 
3x  =  3a  +  36. 
,',  X  =  a  +  6. 

18.  Solve  f+|^l_l  n\ 

ah  c  ^  ^ 

?  +  ?=l  +  l  (2) 

Simplify  (1),  6cx  +  acy  =  abc  —  a6x. 

Transpose  and  combine,  (6c  -I-  a6)x  +  cu:if  =  a6c.  (3) 

Simplify  (2),  ticx  +  bey  =  abc  +  a6y. 

Transpose  and  combine,  acx  +  (6c  —  ab)y  =  abc.  (4) 

ac  X  (3)  is  ac(6c  +  a6)x  +  a^c^y  =  a^bc^ 

{he  +  a6)  X (4)  is  ac(6c  +  a6)x  +  jb^c^  —  fl'6^y  =  ab^c^  +  fl^6gc 
Subtract,  (aV  -  62c2  +  a262)^  =  a26c2  -  o62c2  —  a262c 

.       _  a%c^  —  alr^c^  -  a^lyh  _  abc(bc  -f  a6  —  ac) 
•  •  ^        a2c2  «  62c2  ^  am    ~  b^c^  -  a26a  -  a2ca ' 
Substitute  value  of  y  in  (3), 

aS6c3  -  a262e8  ,  a852e2  ^  ^^ 

^  ^  02c2  -  62c2  +  a262 

^  ^  a2c2  -  62c2  +  a262 
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rbc  +  a6)x  =  «^^^(^  +  «fr)-«fte(fc^c2-a262) 
^  ^  a2c2  -  62c2  +  a262 

.    ^  _  flgftcg  —  a&c(6c  •-  ab) 
a^c^  -  62c2  +  a252 

^  _  ggfec^  —  gfeV  4-  ggfcgc  _  a6c(6c  —  a&  -  ac) 

17.  Solye  ?L±I  =  -9l..  (1) 

a:  — ^      6  — c 

ar  +  c      a  H-  6 

y+6     a+c 

SimpUfy  (1), 

(b  —  c)  X  -\-  (6  —  c)  y  =  ao*  —  ay. 

(6  —  c  —  a>a:  +  (6  —  c  +  a)  y  =  0.  (3) 

Simplify  (2),     (a  +  c)  x  +  ac  +  c^  =  (a  +  6)  y  +  62  +  aft. 

(a  +  c)  x  —  (a  +  6)  y  =  62  +  aft  —  ac  —  c2.  (4) 

Add  (3)  and  (4),  6x  —  cy  =  62  +  a6  —  ac  —  cK  (6) 

From  (3),  (6  —  c  —  a)  jp  =  (c  —  6  —  a)  y. 

c  — 6  — a 


(2) 


x  = 


b  —  c  —  a 
Substitute  value  of  x  in  (5), 

^   '" — — — -  y  —  cy  =  b^  ■{■  ab  —  ac-^  c^, 
b  —  c  —  a 

b(c  —  6  —  a)y  —  c(6  —  c  —  a)y  =  (6  —  c  —a)  (62  +  a6  —  ac  —  c2). 

(6c  —  62  _  a6  —  6c  +  c^  +  ac)y  ==  (6  — c  — a)(62  +  a6  — ac  — c2). 

(-  62  _  a6  ^_  ac  +  c2)y  =  (6  -  c  —  a)(62  +  a6  -  ac  -  c2). 

.'.  y  =  —  (6  —  c  —  a)  =  a  —  6  +  c. 

Substitute  value  of  y  in  (3), 

(6  — c  — a)a:+  (6  — c— a)(a  +  c  — 6)  =  0. 

.'.  x  =  6~c  +  a  =  a  +  6  —  c. 


18.    Solve  ^Lz:£  =  ^^,  (1) 

y  —  a      a  +  6 

X      a^  —  6' 

y      a*  +  6^ 

Simplify  (1),         (o  +  6)x  — a2  — aft    =  (a  — 6)y  —  a2-|- a6. 

(a  +  6)a:-(a-6)y=2a6.  (3) 
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Simplify  (2), 

(a»  +  6»)a:-(a«-6»)y  =  0  (4) 

(a2  -  aft  +  62)  X  (3)  is 

(o»  +  68)  a-  _  (a8  _  2a%  +  2  a62  -  6«)  y  =  2  a6(a«  -  a6  +  6^ 

Subtract,  (2  a26  -  2  a62)  y  =  2  a6(a«  -  ab  ±  60 

2a6  (o  -  6)  y  =  2a6(a2  -  a6  +  n. 

.    „_a2-a6  +  62 

c«  — 6 
Substitute  yalue  of  y  in  (3), 

(a  +  6)x-o2  +  a6-6»  =  2a6. 

(a  +  6)x  =  a«  +  a6  +  6«. 

a2  +  a6  +  6> 


/.  x  = 


a  +  6 


6x- 

■6y         =■ 

-16 

x-y  =  . 

-  3. 

4ar- 

5y  +  4«  = 

8 

4x+  12^  — 4z  = 

28 

8x  + 

7y 

36 

7x- 

7.y 

-21 

19.  Solye  8x  +  4i/  — 32  =  6.  (1) 

x  +  3y-    «=7.  (2) 

4x  — 5.y  +  4ar=r8.  (3) 

(l)i8  8x  +  4y  — 3«=       6 

3x(2)i8  3x  +  9y-3«=     21 

Subtract, 

Divide  by  5,  x  —  y  =  —  3.  (4) 

(3)18 

4x(2)is 

Add,  8x+    7y  =36  (5) 

7  X  (4)  is 

Add,  16  X  =16 

•  •    X  ^—    X. 

Substitute  yalue  of  x  in  (4),        1  —  y  =  —  3. 

/.  y  =  4. 
Substitute  yalues  of  x  and  y  in  (2), 

l  +  12-z=7. 
.-.  «  =  6. 

80.  Solve  3x-|  +  2    =7 J.  (I) 

2x-^^=6J.  (2) 

2x-|  +  42=ll.  (3) 
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(2)i. 
(1)U 

Subtract, 
(3)U 

Subtract, 

6  X  (4)  is 
Add, 


3x  — 1  +  «  =  7} 

ar+JL     =2i 
12  ^ 

2x-|  +  4z=ll 
12x  — y  +  4z  =  30 


lOx-l 
6x  +  | 


=  19 
=  13 


16  X 


Substitute  value  of  x  iu  (5), 


=  32 
/.  x  =  2. 

20-^  =  19. 


2 

/.  y  =  2. 

Substitute  values  of  x  and  y  in  (1), 

6-}  +  z=7J. 


W 


(5) 


/.    2  =  2. 


81.  Solye        ^^ 

32-7 

52  — X 


23^-32 

y— 22  _ 
3y  — 2x 

Simplify  (1), 

4x  — 6y +  32 
Simplify  (2), 

x  +  2y-82 

Simplify  (3), 

X  — y  — 2 


1 
2 

1. 
1. 


=  7. 

=  0 
=  0. 


(1) 
(2) 
(3) 


(4) 
(6) 
(6) 


(4)  is       4x-6y  +  32=7 
4x(6)i8  4x  — 4y  — 42  =  0 

Subtract,      — 2y  +  72=7        (7) 

(6)  is 

(6)  is         

Subtract,  3  y  -  7  2  =  0       (8) 

(7)  is  

Add,  y  =7 

Substitute  value  of  y  in  (8), 

2  =  3. 

Substitute  value  of  y  and  2  in  (6), 
a:-3-7  =  0. 
.-.  X  =  10. 


,      -2y  +  72  = 

x  +  2y  — 82  = 
ar—     y—    2  = 

:7 

:0 
:0 

3y-72  = 
-2y  +  72  = 

:0 

:7 
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a      b      c 

-  +  -  +  -=3.       (1) 
X     y      z  ^  ' 

a      b      c 

-+ =1.       (2) 

X      y      z  ^  ' 

?f  =  *  +  l(3) 
X       y     z 

Sabstitute  ralue  of  -  +  £  from  (3) 

in(i),  y   ' 

X  X 

—  =3. 

X 

.*.  x  =  a. 
Subtract  (2)  from  (1), 

z 
•  •  *  ^n  c 

Substitute  values  of  x  and  « in  (1), 


^+P 

+  1  =  3. 

y 

,'.  y  =  b. 

88. 

=  a. 

(1) 

xz 
X  ■\-  z 

=  6. 

(2) 

y^ 
y  -\-z 

=  c. 

(3) 

The 

reciprocals  of  these  equations 

are: 

^ 

x-\-y 

xy 

1 
=  -» 
a 

or 


X'\-Z        1 

XZ        b 

y  +  «_i 

yz       c 

*     y     a 

W 

i  +  i_i 

(6) 

(6) 

Add  (4),  (5),  and  (6)  together. 

?  +  ?  +  ?  =  l+l  +  l(7) 
x     y      z     a     b     c      ^ 

2x(4)is?  +  ?        =? 
'     y  a 


Subtract, 


2^1  1_1 
z  b  c  a 
2  _  oc  +  aft  —  6c 

r 


«  = 


a&c 
2abc 


ac  +  aft  —  6c 
Subtract  2  x  (6)  from  (7), 

?  =  1+1-1. 
y     a     c     b 

2_ftc  +  a6  — ac 

y  aftc 

aft  +  ftc  —  ac 
Subtract  2  X  (6)  from  (7), 

?=1  +  1-1. 
X      a      b      c 

2  _  ftc  +  ac  —  oft 

X  abc 

'  2^ftc 

oc  +  ftc  —  aft 
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Exercise  11. 

1.  Three  times  the  greater  of  two  numbers  exceeds  twice  the  less  by 
27 ;  and  the  sum  of  twice  the  greater  and  fire  times  the  less  is  94.  Find 
the  numbers. 

Let  X  =  the  greater  number, 

and  y  =  the  lee^. 

Then  3x-2y  =  27.  (1) 

2a:+5y  =  »4.  (2) 

Multiply  (1)  by  2,  and  (2)  by  3, 

6j:—   4y=    54 

6x4- 15  .y  =  282 

Subtract,  19y  =  228 

.-.  y  =  12. 
Substitute  value  of  y  in  (1) ,       3  x  —  24  =  27. 

.•.  x=  17. 
.*.  The  numbers  are  17  and  12. 


8.  A  fraction  is  such  that  if  3  be  added  to  each  of  its  terms,  the  re- 
sulting fraction  is  equal  to  f ;  and  if  3  be  subtracted  from  each  of  its 
terms,  the  result  is  equal  to  \.    Find  the  fraction. 


Let 
and 

Then 


Simplify  (1), 

Simplify  (2), 

(3)  is 
4  X  (4)  is 
Subtract, 

Substitute  value  of  x  in  (4), 

.*.  The  fraction  is  ^. 


X  =  the  numerator, 
y  =  the  denominator. 

X 

-  =  the  fraction. 

y 

y  +  3    5 

£-3^1 

y-3    2* 

6a:  +  15  =4y  +  12. 
5ar  — 4y  =  -3. 

2a:  — 6  =  y  — 3. 

2a:  — y  =  3. 

5a:-4y  =  — 3 

8a:-4.y=    12 

3a:  =    16 

.'.  X  =  6. 

10-y  =  3. 

.-.  y  =  7. 


(1) 
'2) 

(3) 
(4) 
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Substitute  yalue  of  y  in  (3), 

—  5a: +  36  =  0. 
5j:  =  36. 
/.  ar  =  7. 
.*.  The  number  is  75. 


7.  A  number  is  formed  by  two  digits  of  which  the  sum  is  8.  If  the 
digits  be  interchanged,  4  times  the  new  number  exceeds  the  original 
number  by  2  more  than  5  times  the  sum  of  the  digits.  Find  the 
original  number. 

Let  X  ■=  the  first  digit, 

and  y  =  the  second. 

Then  lOir  +  y  =  the  number, 

and  lOy  +  x=  the  number  after  the  digits  are  interchanged. 

/.  T+y  =  8.  (1) 

4(10y  +  x)  =  lOar  +  y  +  5(x  +  y)  +  2.  (2) 

Substitute  yalue  of  x  +  y  from  (1)  in  (2), 

4(10y  +  ar)  =  lOx  +  y  +  40  +  2. 
Transpose  and  combine, 
—  6a:  +  89y  =  42 

-2x+13y=14  (8) 

2X(1)  is  2x+   2y  =  16 

Add,  16y  =  30 

.-.  y  =  2. 

1^1  '  -*•'-"-  "3r  =  iflJnMtJft  iVaoiiars  tne  tirst  has,  ~ 

^^^  y  =  number  of  dollars  the  second  has. 

Then  ^  +  iy  =  1200.  (1) 

ftx  +  y=1200.  (2) 

Multiply  (1)  by  4,  and  (2)  by  3,  ^  ^ 

4x+3y  =  4800 
|x4-3y  =  3600 

Subtract,  |x  ==  1200 

.-.  x=   900. 
Substitute  yalue  of  x  in  (2),       800  +  y  =  1200. 

.-.  y=   400. 
.'.  The  first  has  $000,  the  second  $400. 

y  =  number  ot  dollars  15  has, 
and  z  =  number  of  dollars  C  has. 
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Exercise  11. 

1.  Three  times  the  greater  of  two  numbers  exceeds  twice  the  less  by 
27 ;  and  the  sum  of  twice  the  greater  and  fiye  times  the  less  is  94.  Find 
tlie  numbers. 

Let  X  =  the  greater  number, 

and  y  =  the  lee^. 

Then  3x -2^  =  27.  (1) 

2ar  +  5y  =  »4.  (2) 

Multiply  (1)  by  2,  and  (2)  by  3, 

6x—   4y=   54 

63r+15y  =  282 

Subtract,  19y  =  228 

.-.  y  =  12. 
Substitute  value  of  y  in  (1) ,       3  x  —  24  =  27. 

.-.  x=  17. 
.'.  The  numbers  are  17  and  \%, 

8.  A  fraction  is  such  that  if  3  be  added  to  each  of  its  terms,  the  re- 
sulting fraction  is  equal  to  | ;  and  if  3  be  subtracted  from  each  of  its 
terms,  the  result  is  equal  to  J.    Find  the  fraction. 

Let  X  =  the  numerator, 

and  y  =  the  denominator. 

Then  -  =  the  fraction. 

y 

«    A  number  is  formed  by  two"  digits.    The  sum  of  the  digits  is  6 
tiltherrtLence.    The  number  itself  exceeds  6  tunes  the  sum  of 

its  digits  by  3.    Find  the  number. 

j^^  x  =  the  first  digit, 

A  V  =  the  second, 

and  ^       ,  , 

Then  10  X  +  y  =  the  number. 

...  :r  +  y  =  6(x-y).  W 

10x  +  y-6(x  +  y)  =  3.  y 

From(l),  -.5x  +  7y  =  0.  ^^ 

From  (2),  4x-6y  =  3. 

4x(3)is        -20x  +  28y=   0 

Kv/'A^^fl  20x-26v  =  15        -      ^ 

/.  y  =  7. 

.*.  The  fraction  is  ^. 
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Substitute  value  of  y  in  (3), 

—  5x  +  36  =  0. 
6x=36. 
/.  ar  =  7. 
.*.  The  number  is  76. 


7.  A  number  is  formed  bj  two  digits  of  which  the  sum  is  8.  If  the 
digits  be  interchanged,  4  times  the  new  number  exceeds  the  original 
number  by  2  more  than  5  times  the  sum  of  the  digits.  Find  the 
original  number. 

Let  X  =  the  first  digit, 

and  y  =  the  second. 

Then  10  x  +  y  =  the  number, 

and  lOy  +  ^  =  the  number  after  the  digits  are  iQterchanged. 

.-.  x+y  =  8.  (1) 

4(10y  +  X)  =  lOx  +  y  +  6(x  +  y)  +  2.  (2) 

Substitute  value  of  x  +  y  ^^om  (1)  in  (2), 

4(10y  +  x)  =  lOx  +  y  +  40  +  2. 
Transpose  and  combine, 

—  6x  +  89y  =  42 

—  2x+13y=14  (8) 
2x(l)  is  2x+   2y  =  16 

Add,  16y=r30 

/.  y  =  2. 
Substitute  value  of  y  in  (1), 

x  +  2  =  8. 
/.  X  =  6. 
.*.  The  original  number  is  62. 


8.  Three  brothers,  A,  B,  C,  have  together  bought  a  house  for 
132,000.  A  could  paj  the  whole  sum  if  B  would  give  him  f  of  what 
he  has ;  B  could  pay  it  if  C  would  give  him  %  of  what  he  has ;  and  C 
could  pay  the  whole  sum  if  he  had  \  of  what  A  has  together  with 
A  of  what  B  has.    How  much  does  each  have  ? 

Let  X  =  number  of  dollars  A  has, 

y  =  number  of  dollars  B  has, 
and  z  =  number  of  dollars  C  has. 
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Then  x+fy  =  82000.  (1) 

y+ 4^  =  32000.  (2) 

«+!*  + Ay  =  32000.  (8) 

Simplify,  8x  +  6y  =  266000.  (4) 

9y  +  8«  =  288000.  <5) 

8ar  +  3y  +  16«=  512000.  (6) 

Subtract  (4)  from  (6), 

-2y  +  16«=  260000. 

-    3(+   82=128000  (7) 

(5)h  9.y+    8z  =  288000 

Subtract,  10  y  =  160000 

.-.  y  =  16000. 
Substitute  yalue  of  y  in  (7), 

-  16000  +  8  «  =  128000. 
8^=144000. 
.-.  z  =  18000. 
Substitute  yalue  of  y  in  (4), 

8x4-80000  =  266000. 
8  X  =  176000. 
.-.  x  =  22000. 
.*.  A  has  $22,000,  B  has  $16,000,  and  C  has  $18,000. 


9.  A  and  B  entered  into  partnership  with  a  joint  capital  of  $3400. 
A  put  in  his  money  for  12  months ;  B  put  in  his  money  for  16  months. 
In  closing  the  business,  B's  share  of  the  profits  was  greater  than  A's  by 
-fg  of  the  total  profit.    Find  the  sum  put  in  by  each. 

Let  X  =  number  of  dollars  A  put  in, 

y  =  number  of  dollars  B  put  in, 
and  z  =  number  of  dollars  profit  on  one  dollar  in 

one  month. 
Then  12  xz  =  number  of  dollars  in  A*8  share  of  proAt. 

lQyz=  number  of  dollars  in  B's  share  of  profit. 
X  +  y  =  3400.  (1) 

16  yz  - 12  x«  =  nft  (12  xz  +  16  yz).  (2) 

Simplify  (2),   54  X  16yz  =  64  X  12  xz. 
Divide  by  162,  9y  =  8x. 

y  =  y-  (3) 
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Substitute  yalue  of  y  in  (1), 

x  +  §^  =  3400. 
9 

^  =  3400. 
9 

/.  ar=l800. 

Substitute  yalue  of  x  in  (3), 

y  =  ieoo. 

.'.  A  put  in  $1800,  B  put  in  $1600. 

10.  A  capitalist  makes  two  investments ;  the  first  at  3  per  cent,  the 
second  at  3}  i>er  cent.  His  total  income  from  the  two  investments  is 
$427.  If  $1400  were  taken  from  the  second  investment  and  added  to 
the  first,  the  incomes  from  the  two  investments  would  be  equal.  Find 
the  amount  of  each  investment. 

Let  X  =  number  of  dollars  in  first  investment, 

and  y  =  number  of  dollars  in  second  investment. 

Then  T*7*+irfTry  =  427.  (1) 

tJ^  (X  +  1400)  =  rfff  (y  - 1400).  (2) 

Simplify  (1),     6  a:  +  7  y  =  86400.  (3) 

Simplify  (2),  6 x  +  8400  =  7  y  -  9800. 

6x-7y  =  - 18200.  (4) 

Add  (3)  and  (4),       12  x  =  67200. 

.'.  X  =  6600. 
Substitute  value  of  x  in  (3), 

33600  +  7  y  =  85400. 
7y=  61800. 
.-.  y  =  7400. 
.*.  The  investments  were  $5600  and  $7400. 

11.  A  cask  contains  12  gallons  of  wine  land  18  gallons  of  water;  a 
second  cask  contains  9  gallons  of  wine  and  3  gallons  of  water.  How 
many  gallons  must  be  taken  from  each  cask,  so  that,  when  mixed,  there 
may  be  14  gallons  consisting  half  of  water  and  half  of  wine  ? 

Let  X  =  number  of  gallons  to  be  tak^n  from  first  cask, 

and  .y  =  number  of  gallons  to  be  taken  from  second  cask. 

12  X 
Then, =  number  of  gallons  of  wine  taken  from  first  cask. 

30 

18x 

-— -  =  number  of  gallons  of  water  taken  from  first  cask. 
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— ^  =  number  of  gallons  of  wine  taken  from  second  cask. 
12  * 

-^  =  number  of  gallons  of  water  taken  from  second  cask. 
12 

Now  ar  +  y  =  14.  (1) 

12£     9^^18x     Sj^.  (2) 

30       12       30       12  ^  "^ 

Simplify  (2),     24ar  +  45y  =  36ar  +  16y. 

-12jr  + 30^  =  0. 

—  2x  +  5y  =  0  (4) 

2  X  (1)  is  2ar  +  2y  =  28 '  (5) 

Add,  7y  =  28 

.-.  y  =  4. 
Substitute  value  of  y  in  (1), 

ar=10. 
.\  10  gallons  must  be  taken  from  the  first  cask,  and  4  gallons  from 
the  second. 


12.  A  and  B  ran  a  race  to  a  post  and  back.  A  returning  meets  B 
30  yards  from  the  post  and  beats  him  by  1  minute.  If  on  arriving  at 
the  starting-place  A  had  immediately  returned  to  meet  B,  he  would 
have  run  ^  the  distance  to  the  post  before  meeting  him.  Find  the 
distance  run,  and  the  time  A  and  B  each  makes. 

Let  X  =  number  of  yards  A  runs  in  one  minute, 

y  =  number  of  yards  B  runs  in  one  minute, 
and  z  =  number  of  yards  to  the  post. 

Then    «  +  30  =  number  of  yards  A  runs  before  he  meets  B. 
2  —  30  =  number  of  yards  B  runs  before  he  meets  A. 

^^ —  =  number  of  minutes  before  A  meets  B. 

X 

2-30 


=  number  of  minutes  before  B  meets  A. 


2  +  30     «  — 30 


(1) 


2z 

—  =  number  of  minutes  it  takes  A  to  run  to  the  post 

and  back. 

2z 

—  =  number  of  minutes  it  takes  B  to  run  to  the  post 

^  and  back. 
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y       X 

=  number  of  minutes  it  would  take  A  to  run  to  the 

X 

post  and  back  and  return  \  of  the  distance. 
6 


o  2 

2z  —  - 


=  number  of  minutes  it  would  take  B  to  reach  the 
same  point  on  his  return. 


22  +  ^     2z-^ 


6  6  (3) 


X  y 

Simplify  (1),  y«  +  SOy  =  X2  -  20x. 

(y  -  a:)2  +  SO  y  +  30  x  =  0.  (4) 

Simplify  (2),  2(a:  — y)«  =  a:y.  (6) 

Simplify  (3),  13  «y  =  11  zx.  (6) 

IMvide  (6)  bj  z,  13  y  =  11  x. 

Substitute  value  of  y  in  (4), 

—  ^a»  +  ^x  +  30x  =  0. 

—  2a»  +  330x  +  390x  =  0. 

—  2a:«  +  720x  =  0. 
Divide  by  x,  -  2  2  +  720  =  0. 

.-.  2  =  360. 
Substitute  values  of  y  and  z  in  (5), 

^X360x  =  xy. 
Divide  by  x,  J^|^  =  y. 

Substitute  value  of  y  in  (7),  x  =  ^f^. 

22=720. 

22^720xll_11^5i. 
X         1440         2        ^' 

22^720xl3^13^gt 
y  1440         2        *' 

.*.  The  distance  run  is  720  yards.  A  runs  it  in  5}  minutes,  B  in  6} 
minutes. 

18.  A  and  B  together  can  do  a  piece  of  work  in  16  days.  After 
working  together  for  6  days,  A  leaves  off,  and  B  finishes  the  work  in 
30  days  more.    In  how  many  days  can  each  do  the  work  ? 
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Let 
and 


Then, 


i*\ 

.   1 

6 

X 

.!.? 

From  (1), 

From  (2), 

6  X  (3)  is 

Subtract, 

X  =  number  of  days  in  which  A  can  do  the  work, 
y  =  number  of  daja  in  which  B  can  do  it 

-  =  part  A  can  do  in  one  day. 

X 

-  =  part  B  eui  do  in  one  ^j. 

-  +  -  =  part  both  can  do  together  in  oile  daj. 

9 


=  number  of  days  in  which  both  together  can 
doit. 


=  15. 


1. 


Substitute  value  of  y  in  (8), 


^    y 

1 
15 

6     36_. 

^     y 

1 

^    y 

2 

5 

30 

y 

.3 
5 

.-.  y  = 

:50. 

X     60 

1 
15 

(1) 

(2) 
(3) 

(4) 


(6) 


X      160* 
/.  x=^^  =  21f 
.*.  A  can  do  the  work  in  21  f  days;  B  can  do  it  in  50  days. 

14.  A  and  B  together  can  do  a  piece  of  work  in  12  days.  After 
working  together  9  days,  however,  they  call  in  C  to  aid  them,  and  the 
three  finish  the  work  in  2  days.  C  finds  that  he  can  do  as  much  work 
in  5  days  as  A  does  in  6  days.  In  how  many  days  can  each  do  the 
work  ?  * 
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Let 

and 
Then, 


X  =  number  of  days  in  which  A  can  do  the  work, 
y  =  number  ol  days  in  which  B  can  do  the  workt 
z  =  number  of  daja  in  which  C  can  do  the  work. 

-  =  part  A  can  do  in  one  daj. 


-  =  part  B  can  do  in  one  daj. 

-  =:  part  C  can  do  in  one  day. 


.  1+1-1. 

X      y      X      y      z 

66 

Z       X 

From  (2),             ^^+^^  +  2=   1 

*     y     «. 

11  X  (1)  is             ^^  +  ^^        =  J^ 

X       y             12 

Subtract,                               ?  =  i- 

z     12 

.-.  z  =  24. 

Substitute  value  of  2  in  (3), 

6      6 

24     X 

,'.  x=4A= 

=  28*. 

Substitute  value  of  x  in  (1), 

144     y     12 

1       7 

(1) 

(2) 
(3) 


y     144 

y  =  J^=:20f 

.*.  A  can  do  the  work  in  28|  days,  B  in  20f  days,  and  C  in  24  days. 

15.  A  pedestrian  has  a  certain  distance  to  walk.  After  haying 
passed  over  20  miles,  he  increases  his  speed  by  1  mile  per  hour.  If  he 
had  walked  the  entire  journey  with  this  speed,  he  would  have  accom- 
plished his  walk  in  40  minutes  less  time ;  but,  by  keeping  his  first  pace, 
he  would  have  arrived  20  minutes  later  than  he  did.  What  distance 
had  he  to  walk  ? 
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Let  X  =  number  of  miles  he  has  to  walk, 

and  y  =  number  of  miles  he  walks  an  hour. 

20 
Then       —  =  number  of  hours  it  takes  him  to  walk  the  first  20  miles. 

X  — 20 

— —  =  number  of  hours  it  takes  him  to  walk  the  remaining 

^  "*"  distance. 

X 


=  number  of  hours  it  would  take  him  to  make  the  whole 
^  "^  distance  at  the  increased  rate  of  speed. 

40  minutes  =  j  hour,  20  minutes  =  \  hour. 

y      y  +  i     y    3  ^^^ 

Subtract,  0  =    ^     ^  £  +  i 

y  +  1    y 

In  (1)  transpose     ^    , 

y  +  1 

20.  ar-20-ar      2 

y        y+1        3 

y     y  + 1     3' 

fl— i-UJL 
Vy    y  +  iy    30 

Substitute  value  of  f —\  in  (S), 

.-.  X  =  30. 
.*.  He  had  30  miles  to  walk. 

Exercise  12. 
Perform  the  indicated  operation  in  : 

1.    (2a8)*  =  2*a8x4  2.   (3a2x8)8  =  SSa^xSa^Sxs 

=  16ai2.  =27a6x». 


TEACHEBS     EDinON. 


57 


8       /2a*62\6^  25a*x552xs 

\Z(*x^)      3Sc8x6x*x6 

^  320^0610 
243ci6^ao 

4.    (-462c)8=-4862x8c« 
=  -6468c8. 

6.    (— a268c)*=o25<4j8x4^ 


6. 


(3a*62)4^34a4x4yix4 
(9oS6»)»     9«a6x868x« 

^  81ai6fe8 
729ai66» 

__  a 

~9b 


7.    (-6a«62a4)S 

=  _  58^8x852x834x8 

=  -125a966xM 


8.    (6aa68c*)* 


-=64  02X4^8X4^4X4 

=  1296a86i2cW. 


3     (~3a8ir8)» 


-3608x6^ 

■(J8  36X858^X8 

~243a«jrio 
216aW6»x« 

86»' 


10     (3aM)«(46«x)* 
*     (668a4>)2(a36)a 

3gq2x2aJixax  4*68x434 

0258x23^x2  xa^x^ 
^  9afx»X_2666^ 

366eariOXa*6a 
=  64. 

(9xV)*  •    (8y)« 

_     48j4x8y8  31^X2^X2 

"~94;p2x4y8x4"*'       35^6 

^  >64glV     .    ar*.yiQ 
6661x8yi2  •  243  y» 

""  6661  y^  "^  243 
^64j^x243 

6661  x*yi* 

64 


27  yi* 


12.   (x  +  3)8  =  (a:)8  +  3  Cx)2(3)  +  3  (x)  (3)2  +  (3)8 
=  a:8^.93;2^.27x+27. 

18.    (1  -  2x)*  =  1  +  4  (-  2x)  +  6  (-  2a:)2  +  4  (-  2ar)8  +  (-2a:)* 
=  1  -  8a:  +  24a:2  -  32x8  ^.  I6a:4. 

14.    (3  -  x^y  =  (3)6  +  5  (3)*(-  ar2)  +  10  (3)8(_  a^)2  +  10  (3)2(-  ar2)8 

+  6(3)(-a-2)4+(-a:2)5 

=  243  -  405x2  +  270  a:*  -  90x6  +  15x8  -  3.10. 

16.  (1  -  4  x)6  =  1  +  6  (-  4  x)  +  16  (-  4  x)2  +  20  (-  4  x)8  +  15  (-  4  x)* 

+  6(-4x)6+ (-4x)6 
=  1  -24x  +  240x2-  1280x8  +  3840  X*- 6144x6  +  4096  x«. 
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I..  (,_^^y=,.5(-V').io(-^)%io(-V')- 

3         9         27         81         243 

32a^      8x«       X       3         27  243     * 

19.    (1  +  32-)T  =  1  +  7(3x)  +  21  (Sxy  +  35(3ar)»  +  36(3ar)*  +  21(3x)6 

+  7(3ar)6+(3a:)7 
=  1 +  21T  + 189«a  +  ©46jc»+2835x*+5103x5  +  5103a:«  +  2187a:^ 

^64      144      135      135      1215^^     729^      729^ 
x^       X*        x^        264*       256         4096 

21.    /2a26»-^y 

=  (2  a^b^y  +  5(2  a%^y(  -  ^\  +  10(2  a^b^yf^  — V 
+  10(2a26»)Y-  £!!^\%  6(2a26~)/-  —  Y 

*(-t)' 

=  32  ai066»  —  40  a«+86*"H-2  4.  20  a2m+668m+4  ».  5  a8«.-i-462"»+« 
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-4\4 


23.   (H-3x-xa)*  =  {l  +  (3ar-a;3)j4 

=  l  +  12x-4x3  +  54a.2_36a4j^_6^^.108jc«-.108z*  +  86a*-4a« 

+  81  a:*  -  108a:6  +  64i«  -  12  JtT  +  x«. 
=  l  +  12ar  +  50*3  +  72jc«-21a:*-72a*  +  60a«-12*T  +  a«. 

-(•-|-t)-{'-(H)}' 


2        8         32         64 


16         32 


64 


Simplif J : 
1.   Vl6a86*=±4a«6a. 


8. 


v^27  a»66      3a86a 


V81a* 


=  ± 


a62 


8.    v^81a86i2=:±3aW 


Exercise  13. 


4 

6.    \^1024ai066  =  4a«6. 


6. 


v^216a6ar8^  6  gag 

^3^ 

ox 
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Extract  the  square  root  of : 
7.   l  +  4a:+10x3  +  12a:«  +  9a:*. 


1 


2  +  2x 

4x+10x3 
4a:+    4:ra 

2  +  4x 

+  3x3  6x3+12x«  +  9x4 
6xa+12x«+9ar* 

8.  9-24x-68xa+112x«+196x*. 

9-24x-68xa+112x«+196x*|3-4x-14^ 


9 


6  — 4x 


-24x-68x3 
—  24x+16x2 


6-8x-14x2 


-  84x2 +  112x«+ 196  X* 
-84x3+ 112  x»+ 196  X* 


9.  4-12x+5xa  +  26x«-29x*-10x»  +  26x». 


4-12x+5xa  +  26x«-29x*- 
4 


10x«  +  26x«l2-3x-xa  +  5x« 


4-3 


-12x  +  6xa 
-12x  +  9x3 
4-6x- 


x2  -4x2  +  26x8  — 29x* 
—  4x2+    ex8+      X* 


4  — 6x  — 2x2  +  5x« 


20x8-30x* 
20x8-30x* 


10x6  + 25  x» 
10x6  + 25  x« 


10.   36  x2  -  120  a2x  -  12  a*x  +  100  a*  +  20  a«  +  a^, 

86x2  -  120a2x  -  12a*x  +  lOOo*  +  20  a^  +  a^  |6x-10o2-a* 


36x2 


12x2- 10a2 


-  120a2x  -  12a*x  +  100  o* 
-120a2a:  +  100  a* 


12x-20a2-o* 


- 12  a*x 
-12a4x 


+  20  a«  +  a8 
+  20  a*^  +  o8 
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11.   4  +  9y«  — 20ar  +  25x34.80xy  — 12y. 

26a;a+30gy  +  9y«-203f  — 12.y  +  4|6x  +  3.y 
26x3 

30xy  +  9y« 

30a?y  +  9ya 


10ar  +  3y 


10jr  +  6y— 2 


-20x  — 12y  +  4 
—  20x  — 12y  +  4 


12.  4ar*  +  9y»  -  12*3^8+16x3 +  16- 24 y«. 

4  J*  -  12a;3y«  +  9/  +  16a;3-.24y3  +  16|2£^ 
4x* 


-3y3  +  4 


4*3 -3y» 


—  12ar3y8  +  9y« 

—  12x3y«  +  9.y« 


4jc3-6y«  +  4 


16«3«.24y«  +  16 
16x3-24y»+16 


18.  £^  +  ^  +  ^-f^  +  ^- 


9 


16 


6 


a:3- 


a:*  g3y8  y6  ^ 

4         3        9       4 
4 


£! 


x»  +  l 

6      16 


2       3      4 


^4.2! 

3+9 
8       9 

8       4 

4      6      16 

x»_2_»      1. 
4      6      16 
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Extract  to  four  places 

of  decima 

Is  the  square  root  of : 

U.  326. 

16.  3.666. 

S26  (18.0664..... 

3.6660(1.9146..... 

29)266 
261 

28)226 
224 

3606)20000 
18026 

881)560 
381 

86106)197600 
180626 

3824)17900 
16296 

361104)1697500 
1444416 

38286)260400 
229716 

253084 

30694 

To  four  placet  the  root  ii 

1 18.0664. 

To  four  places  the  root  is  1.9146. 

16.  1020. 

•      • 

17.  1.31213. 

1020(31.9374..... 

!.     _  •        •        • 

9 

1.312130(1.1464..... 

61)120 

1 

61 

21)31 

629)5900 

21 

6661 

224)1021 

6383)23900 

896 

19149 

2286)12530 

63867)476100 

11426 

447069 

22904)110500 

638744)2803100 

91616 

2564976 

18884 

248124 

To  four  places  the  root  is  1.1464. 

ro  four  places  the  root  is 

31.9374. 

J 

Exercise  14. 

Extract  the  cube  root  of  : 

1.   27-108a:+144a:«- 

64x8. 

27 

-108ar  +  144xS 

'-64aH»  3-4ar 

27 

3aa  =  27 

-108a 

:.f  144ara 

'-64a:« 

Sab=      -36  a? 

62=                  +4 

x^ 

-108a 

:+144arS 

27-36X+4 

ar2 

'-64  0:8 
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8.  Extract  to  three  placet  of  decimalB  the  cube  root  of  617. 


8X802 

3x8002 

8x800x2 

22 


8x(8020)«: 
8  X  8020  X  6 
52 


19200 
1920000 
4800 


51718.025 
512 
6000000 


II 


1924804 
4804  J 

192961200 
120300 

26 

193081625 


3849608 


1150392000 


965407625 


184984375 


To  three  places  =  8.026. 


9.  Extract  to  A^ree  places  of  decimals  the  cube  root  of  1637. 


1637111.785 
1 


3x102 
3  X  10  X  1 

12 


3X1102 
3x110x7 

72; 


3x11702 

8xll7ax8 

82 


8x117802 
3x11780x5  = 
52 


300 
:  30 

331  I 

31  J 

36300 

:  2310 

: 49^ 

88659  1 

2359  J 
4106700 
28080 

64^ 

4134844  I 
28144  J 
416305200 
176700 

25 

416481925 


637 


331 


306000 


270613 


36387000 


33078752 


2308248000 


2082409625 


25838375 


To  three  places  =  11.786, 
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10.  Extract  to  three  places  of  decimals  the  cube  root  of  3.26. 

3.250 1 1.481 


3x102 
3x10X4 

42 


3X140* 

3X140X8 

83 


3X14808 
3  X  1480  X  1 

12 


1 

300 

2.250 

120 

16  ^ 

436  [ 

1744 

136) 

506000 

68800 

3360 

64^ 

62224 

497792 

3424. 

8208000 

6671200 

4440 

1 

6576641 

6575641 

To  three  places  =  1.481. 


163259 


11.  Extract  to  three  places  of  decimals  the  cube  root  of  20.911. 

20.91112.766 


8 


3X20«=1200 

3x20x7=    420 

72=     49 

1669 

469 


{ 


3  X  2703  =  218700 

3x270x5=     4060 

52=         26 


222776  V 
4075) 
3  X  27602  =  22687500 
3  X  2750  X  6  =   41260 

52= 25 

22728775 

To  three  places  =  2.765. 


12911 


11683 


1228000 


1113875 


114126000 


113643875 


481126 
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Exercise  15. 


1.  Express  with  radical  signs  : 

X    °  =  —  ^  — • 


8.  Express  with  positire  expo- 
nents. 

(a-»)»;  -J/J^;  (v^)-^  (-^V- 

(a-»)»  =  o-«  =  — 
.J/6=«  =  6-^  =  1. 


(y^-*= 


2.  Express  with  fractional  ex- 
ponents : 


4.  Express  with  negative  expo- 
nents and  without  denominators : 


Vc*      '^pf     Vy 


(4^)*'  V6^'  3y-2'    3^ 


v^  =  a* 


a 


2 


12 


J_  =  l  =  c-? 

11-* 


(4x) 


> 


=  4-«a«. 


i 


1^=3-1x4.-3,^. 

2l^=2x3-Mx-i 
3v/x6 


6.   Simplify  a*  X  a"^  X  a"* ;  6*  X  h^VF^\   ( v^)8 

a*  X  a"*  X  a~*  =  a^"^*  =  o"^*. 

6*  X  6*  v^Fs  =  5?  X  6*  X  6~^  =  6^"*"^"*  =  fcR 
(  \/c)8  v^  =  c*  X  c"^  =  c^*  =  c*. 
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6.  Simplify  a^Xa^X\^;b  v^-j-  (ex)* ;  (a*  v^)* 
a*  X  a^  X  v^*  =  a*  X  a^  X  a*  =  <i*^^"'"^  =  aW 
hy/c-i-  (cxy  =  6c'  -s-  c*x*  =  bc^"*!"*  = • 

(a*  v^)*  =  (a^aM  )*  =  (ai^x*)*  =  a^^x^. 

'•  "^^  <->'^35o.,  (S)-».  (^)-i,  (^)-». 

(3a)*V(16x)«  =  3*a*  X  4«x*  =  64  X  8*aM. 

16  a"*\-t  ^  16"^a«  ^  81*a«x^  ^  27  a«x^ 
Sl^i         81-*x-i         16*  8 

/  Oo*  yi^9"*a"»^    16*    ^     64 
Vl6x^;         16-J^i     Qia^J     27aex« 


( 


/  27  a«  \Ht  ^  27"*a-^  ^  (3  xa)t  ^  S^x*  ^  3  X  sM  ^  8^x* 
VV9^y  (3x8)-*      27*a4      ®1«*        ®1^*        27a4* 


(3x8)- 

8.  Multiply  x*-x*  +  l  by  x*+l. 

X*  — x'  +  l 
x'  +  l 


x^  — x*  +  x' 

+  x*  — x^  +  1 
xa  +1 

9.  Multiply  x*  +  xPyP  +  y%'  by  x^-^xPyP  +  y^, 

x%»  +  xPyP  +  y^ 
a?P  —  a^yP  +  y^ 

x^  +  x^'yi'  +  x%'y%» 

—  jfiPyP  —  x^y^  —  xPy^ 

+  3?Py^  +  3ffy^  -f-  y^ 

x^  +  a:*'^*'  +  y^ 
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10.  Multiply  8  a^  +  4  ah"^  +  6  ah"^  +  »  &"*  by  2  a^  -  6"^. 

2a* -6~^ 


16  a  +  8aV^  +  10  ah~^  +  18  a  V^ 

-8a*6"^-4a*6"*-.5aV*-96-i 

16  a  +  8  ah"^  +  10  a  V^  +  18  ah~^  -  8  a  V*  -  4  a^fi"^  -  6  a  V^  -  9  6-1 


11.  Divide  afi^  +  y**  by  ar»  +  y". 


a?**  4"  x^y*    ic***  —  a^w**  -!■  x^'*w^  —  x* w**  +  y^ 


—  x^^y*  +  y** 


12 


.  Divide  x  -  y"^  by  x*  —  x^y-i  +  x^y-a  —  y*. 

x-y-*  Ix^-xVl  +  JT^y^-y-^ 

X  —  x*y-i  +  x*y"3  —  x*y~8  x*  +  y~^ 

x*y~i  —  x^y"^  +  *  y~^  — ■  y"^ 
art y-l  _  ar*y-2  +  3:^^-8  _|.  ^-4 
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18.  DiTide  a^+ 6  + c'i-SaMc"*  by  0^6*  + c"*. 


-  a*6*  -  ah"^  +  6  +  c" *  -  3  a*6*c"^ 


Exercise  16. 

1.  Express  as  entire  surds  3V5;  5  V22;  aV)Vbc;  Zy^  v^;  a*y/cfi^, 
SV6=  V6X(3)2=  Vi5. 
6  V^=  V32x(5)a=r  \/800. 
a26  V6c  =  V6c  X  (a^ft)^  =  V^^. 

oS  v^SfiS  =  v^a86a  X  («»)*  =  v^^^^P. 
8.  Express  as  entire  surds 

'  o  ^a:2  +  2a:y  +  y 
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'>^-/jx(f)-A^-Ai 

8.  Express  as  mixed  snrds 

v^l60ar*y7;  ^^54pp;  v-^SIxV;  v^l372a«6». 

v^6i^=  v^27y»x2za  =  8yv^2^. 
y/Q^jfitf^  =  V^16x*y*x4zy«  =  2xy  v^¥ry«. 
v^l372  aW6i«  =  ^343  ai«6i»  X  4  6  =  7  o^ft*  v^. 

4.  Simplify  ^____ 

2v^80a662c«;  7  V896i;  VIS;  V3j;  a/^t^ 

1  4cy' 

2  v^80a662c«  =  2  v^l6a*c*  X  6aW»  =  4oc  ^J'So^. 
7  Vmi  =  7  V36xllx  =  42  VUx. 

v^iH=  Vh=  ^^^A3<3  =  J  VS. 

V3J=  VV=  \/}fx2  =  {v^. 
^  4cy»        ^4y"      cy       2y  ^  cy 


I 


(2  a26*)  x  (62a^)*  =  2  a^b^bh  =  2  a^M^p  ^. 


<^i     '     "^'^ 
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6.  Show  that  V20,  Vi6,  -W-  are  similar  surds. 

V20=  V4x^=2V6. 
V46=\/9x6  =  3V6. 

Since  thej  all  haye  the  same  snrd  factor  they  are  similar  surds. 

s  r-j 

7.  Show  that  2  y/am,  y/W,  }  -^-  are  similar  surds. 

2v^^=2av^. 

Since  they  all  have  the  same  surd  factor  they  are  similar  surds. 

8.  Arrange  in  order  of  magnitude  9  VS,  6  V7,  6  VlO. 

9V3   =  V^i3. 
6V7    =  V'262. 


5VlO=\/260. 
Therefore  the  descending  order  of  magnitude  is  6  V7,  5Vl0,  OVS. 

9.  Arrange  in  order  of  magnitude  4  Vi,  3V6,  6\/3. 

4v^4=  ^^66. 

3v^5=  v/135. 

5v^=  v/376. 
Therefore  the  descending  order  of  magnitude  is  5>/3, 4  Vl,  3  V6. 

10.  Multiply  3V2hy4V6;  Jv^4hy2v^. 

3  v^  X  4V6  =  12  Vl2  =  12  V4x3  =  24\/3; 

iv^X2v/2=  v^  =  2. 
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11.  Divide  2 V6  by  8Vl6;  |V21by^-x/^ 

^  8  16  \20 

8V3X6     3V3        » 
8  16^20      8x9>7  8  3 

12.  Simplify  ?^xl^-.i^. 

3V27      6Vl4     16v^ 

2Vi0^7V48  .   4VT6  ^2VlOx7\/48xl6V21 
3v^     6>/ii      15V2i      3>/27x6VTix4\/l6 

^  2  X  7  X  15  X  VlO  X  V48  X  v^ 
3x6x4x>/27X  Vl4  X  ViS 
^  7  X  V23r6  X  v^*l<3  X  V3  X 7 

2  X  V3«  X  V2x7  X  V3x5 
^7x2gx3xV2x6x7 

2  X  82  X  V2  X  5  X  7 
^7X2 

3 
=  4f 

18.  Arrange  in  order  of  magnitude  2\/3,  8V2,  {v^. 

2v^=  v^=  v^(24)2=  v^^. 
3\/2=  \/l8=  v^(l8)8=  v^6832. 

Therefore  the  descending  order  of  magnitude  is  3v^,  f  \^,  2\/3. 

14.  Arrange  in  order  of  magnitude  8\/T9,  5>/2,  3V3. 

3Vl9=  vT7l=  v^(17l)*=  v/6000211. 
6\/2=  v/260=  v^(260)2=  -^62600. 
8v^3=  \/81=  v^(8l)2=  v/666l. 

Therefore  the  descending  order  of  magnitude  is  3Vl9,  hyJ%  3  V^. 


TEACHEBS'  EDITION.  75 


16.   SimpUfy  Vc^xfx  Vc^\  Zy/i^ -i- y/lM, 

=3;/M^=3^ii=?^ii 

16.   Simi^y  V(^y^  Vfiy '  (  ^"^^'  ^  \/(^?6n?. 

>'V26J^>V64J~\,26j  >26^V64J"64»^6     4ax6"80 

Exercise  17. 

1.  Simplify  v^  +  2Vi8  +  3Vi08;  7v^  +  8v^+  V^, 

v^  +  2  Vis  +  3V108  =  3  V3  +  8  V3  +  18  V3  =  29V3. 
7v^  +  3v^  +  ^432  =  21  v^  +  6v^  +  6v^  =  33v^. 

2.  Simplify2V3  +  3>/IJ- V5J;  2-^+ \/60-\/i6— ^. 

2  VS  +  3  VlJ  -  V6J  =  2  V3  + -^  - — 

\/3      V3 

=  2  V3  +  2  V3  -  \y/l  =  f  VS. 
2^5+ V60-_Vl6--^?==fVl6  +  2Vl6- Vl6-iVl6==f}Vl6. 

^  l^^^bcP^^  bm^  ~  b^b      d^b      m^S 

^62      bd      bin) 
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^6        ^10        ^40        ^10        ^10        ^flO 


4.   Simplify  2v^+8v^lC«+^&'560-v'^-2^M372. 

2'M0  +  3v^l08+  v'^SOO- v^^-2v^l372 

=  4v^  +  9v^  +  6v^-4v^6-14v^4  =  0. 


6.  SimpUfy  (\^)*;  (^)*;  (v^)«;  (v^)«. 

(v^)*  =  (^)*  =  (v^)*  =  2v^; 
(v/27)*  =  (\^)*  =  (  v^)*  =  3\/3  ; 
(V^)8=(^)«  =  (\^)«  =  4v^; 
(  V^)2  =  (  ^2)2  =  ^2*  =  2  v^. 


6.  Simplify  (av^)-«;  (arv^a:)"*;  0>«v^)*;  (cT^V^)'^. 

(a  v^)-«  =  (a*)-«  =  a-*  =  i ; 

(a:  v^)"*  =  (ar*)"*  =  x~*  =  i ; 


7.  Find  the  square  root  of  ar**  +  Qx^y^  +  11  s^y^  +  Oa*^  +  y*». 
a:*«  +  e^c'^y*  +  11  a:2"»ya»»  +  6a*»y*»  +  y**  [  g^^St^y^  +  y^ 

^  6x**y*+llx2*y3i» 

g^^yn^     9x^y3» 


2a:*»  +  3a*«y 


2af*»  +  6ar»y«  +  y2n 
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8.  Find  the  square  root  of 

1  +  4x"*  -  2x~*  -  4x-i  +  26«~*  -  24  jr"*  +  16x-«. 

I  l+2g"^-8g">  +  4g-i 
l  +  4:p^-2:p■♦-  4:r-i  +  26x"i -24r~*+ 16x-« 


2+2x 


ri 


2  +  4x~i— Sx"* 


4x'^-2x~* 
4x~i  +  4x"^ 

-6x~*-  4jri  +  25x"^ 
-^6x^-.12x-i+   9x"* 

8x-i  +  16x"*  -  24x"*  +  16x^ 
8x-^.f  lgx">-24x"^+16x-« 


2^.4x^  — 6x~^  +  4x- 


9.  Simplify  (''\|(tf/)* 


(A 


(-♦^'(lT)*=('•^i) 

=  (x*  V^)/ff  =  (:cJ  X  xT*^  A 
=  (x^5)A  =  x^*  =  x'. 


10.  Simplify  i^^^^]  X  (a  ^J^). 


ah^ 


U.    Simplify  f  v^L^Y^^y 


y/a^W\f     26* 


U 


fy/a^<m\f     26^     \  ^  0^6^  ^ 


26 


262 


,u 


5  c*      6a6^c*     26o*c2 
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Ijt  Simplify  /lOi^YN^V 


«.  Simplify  (^)'(^)'-. 

14.  Simplify  — — — — ^  ,    ,' 

g»(g-H)  ^  y»(i>-l)  _  (jP(f4-l)  4.  yg(j>-l))  (jP(g+l)  —  yff(l>-l)) 

15.  Find  equivalent  fractions  with  rational  denominators  for  the 
following,  and  find  their  approximate  values. 

3  7  4-v^.  6 

Vt+VS'  2V6-V6'  1+v^'  6-2V6 

8        ^  3(V7-V6) 

^'^VT+V?      (V7+ V6)(V7- VS) 

7-6 

V7  =  2.6467.        V6  =  2.2861. 
.  3        ^8  (2.6467  -  2.2361) 

■'V7+v^  2 

=  »Xi5??=.614.^. 
2 

(2)  7         _  7C2V6+V6) 

2V6-V6     (2V6-.  V6)(2V6+  V6) 

^7(2>/6+  V6)^2>/6+  V6. 
20-6  2 

V6  =  2.2361         V6  =  2.4496. 

...  1 ^4.4722 +  2.4496^  3  ^^^    j^ 

2V6-\/6  2 


J 
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(8)  ii^v^^iinvlKlriVl} 

l+\^      (l+V2)(l-V^) 

-1 
V2  =  1.4142.  by/2  -  6  =  1.071.  Ant. 

(4)  _«_=_2Ii+2v^)_=30  +  12V6. 
6-2V6      (6-2V6)(6l+2\/6) 

Ve  =  2.4495.  do  +  12  V6  =  59.304.  Am. 

16.  Find  equiyalent  fractions  with  rational  denominators  for  the 
following,  and  find  their  approximate  ralues  : 

2   .         1  7V5      .  7-2V8  +  8v^^ 

VS'  V6-v^'  V7+ Va' 3  +  3\/3-2v^ 

(1)  A  =  2V|.  V8=  1.7320. 

V3        8 

2       3^^1.154.^^. 


W 


V3         3 

1  V5+V^ 


V6-V5     (\/6-.v^)(V5  +  v^) 

V5+  V2 
3 

V6  =  2.2361.  V2=  1.4142. 

1  3.6503 


V5-V2         3 


=  1.216.  Am. 


(8)       7\/5      ^        7V5(V7--V3) 
\/7+>/3     (V7+ V3)(V7-.V3) 

_(7V35-Vl6) 
7-3 

V^  =  5.9161.  Vl5  =  3.8729. 

...      7V5      ^7(5.9161 -3.8729)^ 3, yg  ^ 

\/7+ V3  4 
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7-,2V3  +  3V2 

^  (7  -  2V3  -I-  3V2)(3  4-  3V3  +  2\^) 
(3  +  3  V3  -  2  V2)(8  +  8V3  +  2  v^) 

^21  +  2lV3  +  14V2-6V3--18-4V5  +  9V2  +  9V6  +  12 

9+18V3  +  27-8 
_16+16V3  +  23V2  +  6V5 
28+18V3 

^  (16  +  16 V3  +  23 \^  +  6V6)(28 - 18 V3) 
(28+18V3)(28-18V3) 

_  420  +  420V3  +  644  v^  +  140V6  -  270  V3  -  870  -  414  V6  -  270\^ 

784  -  972 

_  .390  +  160  V3  -274^6  4-  374  \^ 

-188 

_  196  -  76V3  +  137  Ve  - 187  \/2 

94 

VS  =  1.732  Ve  =  2.449  V2  =  1.414. 
.  7-2>/3  +  3v^ 
*   8  +  3\/3-.2V2 
^  196  -  76  X  1.732  +  137  X  2.449-187  X  1.414 

94 
136.196 


94 


=  1.449.  Ans. 


Exercise  18. 


1.  Solve  8.  Solve 

^-5.2x2+1     1  3,3ft 

— - —  + =  ~*  ■  +  ■  =  o. 

3  6  2  1  +  a:      1-x 

Simplify,  Simplify, 

2x8-10  +  20:2+1  =  3.  8-3x  + 3  + 3r  =  8-8x« 

4x2=12.  8x2  =  2 

.-.  x2  =  3.  x2=J. 

.-.  X  =  ±VS,  .•.  x=±  J. 
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,    CI        3         1        7  4.   Solve  6aa--9  =  2aa+24. 

8.    Solve  T— ;;  — ^— s=r 

Simplify,  x«=ll. 

;r3  =  J. 
.•.  x  =  ±  i. 

5.   Solve j^-7 ^^. 

Simplify,  ISar^  -  Sa:^  +  60  =  526  -  160  -  8**. 

13xa=326. 
a:«  =  26. 
.".  X  =  ±  5. 

^    ei  8aa--27  ,  ?0  +  4^_.y 

Simplify, 
(3x3-27)(x«  +  9)  +  (x«  +  8)(90  +  4x3)  =  7(x«+  3)(xa  +  9). 
8x*  -  243  +  4x*  + 102x3  + 270  =  7x*  + 84  xa+ 189. 

18x2=162. 

xa  =  9. 
.•.  X  =  ±  3. 


7.  Solve 
Simplify, 


4x«+6     2xg-6_7xa-26 
10  15  20 

24x3  +  30  -  8x3  +  20  =  21x3- 75. 

5x3=126. 
x3  =  25. 

/.   X  =  i:  6. 


.    oi                   10x3+17      12x2  +  2_5x3-4 
8.  Solve  -^g ___^-__. 

Transpose  the  3d  term  and  combine  with  Ist. 
10x3+17-10x3  +  8     12x3  + 2  _^^ 
18  11x3-8 

25     12x3+ 2  _^^ 
18     11x3-8 
Simplify,     276x3  -  200  -  216x3  -  36  =  o. 

59x3  =  236. 

x3  =  4. 
/.  X  =  ±  2. 
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9.  Solve 

a:a  +  6*+o  =  fcx(l— fcar). 

11.  Solve 

X*  —  ox  +  6  =  ax  (x  —  1). 

x«  +  &c  +  o=6x  — 62a^. 
Transpose  and  combine, 
(l  +  62)xa=-a. 

x^  —  ax  +  6  —  ax^  —  ox. 
Transpose  and  combine, 
(l-a)xa  =  -.6. 

1  +  68 

x«=-*. 
1-a 

x«-     *    . 

••'"^>l  +  6« 

a-1 

/.  x  =  ±a/-^. 
^a  — 1 

10.  Solve  ox*  +  6  =  c. 

18.  Solve 

ox*  =  c  —  6. 
a 

...  x-±V— 

'    a 

a6  —  X     6  —  ex 
6  —  ax     6c  —  X 
Simplify, 
afc^c  —  a6x  —  6cx  +  x* 

—  62  —  a6x  —  6cx  +  CKa^. 
(1 -.ac)xa=  62(1 -ac). 
x8  =  62. 

/.  x  =  ±6. 

18.   Solve                8(x  +  a]i^ 

2x  +  a__i 

4x  — a        2a  +  x 

Simplify, 

3 (x  +  a)(2a  +  x)  -  (4x  —  a)(2x  +  a)  =  (4x  —  a)(2a  +  x). 
6a2  +  9ax  +  3x2+o2  — 2ax  — 8x2  =  — 2a2+7ax+4x2. 

-9x2=r-9a2. 

x2  =  a2. 

.•.  X  =  ±  a. 

14.  Solve  -«g-4.^L±ig=    7a«  +  2ar-»»  . 

X  — 6a     x  +  3a      (x  — 6a)(x  +  3a) 
Simplify, 

3  ax  +  9  a2  +  x2  —  ax  —  20  a2  =  7  a2  +  2  ox  —  x2. 

2x2=18a2. 

x2=9a2. 

.'.  x  =  ±3a, 
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16.  Solve  2^0  +  261     a-2x 

a-\-2x         a-\-b 
Simplify, 

2a2  +  6a6  +  462  +  a2  -  4a:a 

x2 


6* 


/.  x=± 


(a  +  6)(a  +  2x) 

62. 

3(a2  +  2a6  +  62). 

i  (a  +  6)2. 


Exercise  19. 


1.   Solye  0:2  —  2  ar  =  16. 
Complete  the  square, 

^a  — 2a:  +  l  =  16. 
Extract  the  root, 

X  —  1  =  ±  4. 
/.  X  =  5,  or 


-3. 


2.   Solve x2-14x  =  - 48. 
Complete  the  square, 
xa-14x  +  49=l. 
Extract  the  root, 

x-7  =  ±l. 
/.  X  =  6,  or  8. 


8.  Solve     x2-x  =  12. 
Complete  the  square. 

Extract  the  root, 

x-}  =  ±}. 
.'.  x  =  4,  or  — 3. 


4.  Solve  x2-.3x  =  28. 
Complete  the  square, 

x2-3x  +  f  =  30J. 
Extract  the  root, 

X  — f=db5}. 
.'.  X  =  7,  or  —  4. 


5.  Solve 

x2  — 13x  +  42  =  0. 
x2-13x  =  -42. 
Complete  the  square, 
x2-13x  +  42J  =  J. 
Extract  the  root, 

x-6i  =  ±i. 
.'.  X  =  7,  or  6. 

6.  Solve 
x2-21x+ 108  =  0. 

x2-21x  =  -108. 
Multiply  by  4, 

4x2-84x  =  -432. 
Complete  the  square, 
4x2-.84x  +  441  =  9. 
Extract  the  root, 

2x-21  =  ±3. 

2  X  =  24,  or  18. 
.*.  X  =  12,  or  9. 

7.  Solve  2x2  + x  =  6. 
Multiply  by  8, 

16x2+8x  =  48. 
Complete  the  square, 

16x2  + 8x  + 1  =  49. 
Extract  the  root, 

4x+l  =  ±7. 

4x  =  6,  or-8. 
.•.  X  =  1  J,  or  —  2. 
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8.  Solve 

4a:a+7a:=16. 
Multiply  bj  16, 

64x«  +  112x  =  240. 
Complete  the  square, 
640:^+112x4-49  =  289. 
Extract  the  root, 

8x  +  7  =  ±17. 

8a:  =10,  or -24. 
/.  X  =  1  J,  or  —  3. 

9.  Solve 

8x2  _  19a.  ^28  =  0. 
Multiply  by  12,  and  transpose, 

36x3 -228x  =  - 336. 
Complete  the  square, 
36x3  —  228x4-361  =  26. 
Extract  the  root, 

6x-19=±5. 

6x  =  24,  orl4. 
.•.  X  =  4,  or  2  J. 

10.  Solve 
4x3+17x-15  =  0. 

Multiply  by  16,  and  transpose, 

64x2 +  272x  =  240. 
Complete  the  square, 
64x9  4-272x4-289  =  529. 
Extract  the  root, 

8x4- 17  =  ±23. 

8x  =  6,  or— 40. 
/.  X  =  },  or  —  6. 

11.  Solve 

6x3-x=12 
Multiply  by  6, 

36xa-6x  =  72. 
Complete  the  square, 
36xa-.6x4-i=72i. 
6x-J=±8J. 
6x=9,or  — 8. 
.'.  X  =  IJ,  or  —  1  J. 


12.   Solve 

5j^-ya:  4-4  =  0. 
Multiply  by  5, 

25xa-4^x  =  -20. 
Complete  the  square, 

25xa-i|Ax4-H*^  =  V. 
Extract  the  root, 

5x  =  6,  or^* 
.-.  x=l^,  orf. 


18.  Solve 

6x2-7x4.f  =  0. 
Multiply  by  6, 

36x2-42x  =  -10. 
Complete  the  square, 
36x2-42x  +  ^=f. 
Extract  the  root, 

6x-}=±f. 
6x  =  5,  or2. 
.-.  x={,  or  J. 


14.  Solve 
^  +  (x4-l)(x4-2)=0. 

Simplify, 

x3  4- 1  4- 1 7  x3  4- 61 X  4- 34  =  0. 

18x3  4.51x  =  -36. 
Multiply  by  8, 

144x9  4-408x  =  -280. 
Complete  the  square, 
144x3+408x  +  289  =  9. 
Extract  the  root, 

12x4- 17=  ±3. 

12x  =  -14, 

or  — 20. 

.-.  x  =  -lt, 

or  - 1}. 
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15.  Solve 

(r-5)2  +  ara-5=16(ar  +  3). 
j4_  lOa;  +  26  +  ar2-5:=^16x+ 48. 
2a^»  — 26a:  =  28. 
Multiply  by  2, 

4x2  — 62ar  =  66. 
Complete  the  square, 
4a:a  -  52  ar+ 169  =  225. 
Extract  the  root, 

2a:-13=±16. 

2ar  =  28,  or  — 2. 
.*.  X  =  14,  or  —  1. 


16.    Solve 

ar2  ,  3ar  — 19      11  +  ar 
6  3  3 

Simplify, 

a:a  +  6a:-88  =  22  +  2x. 
a:a  +  4ar  =  60. 
Complete  the  square, 

a:«  +  4x  +  4  =  64. 
Extract  the  root, 

ar  +  2=db8. 
,%  a:  =  6,  or  — 10. 


17.  Solve 

2ja-ll^x4-l 
2x  +  3  2 

Simplify, 

4x2  —  22  =  2x3  4.6x4.3. 
2x3  — 5x  =  25. 
Multiply  by  8, 

16xa-40x  =  200. 
Complete  the  square, 

16x3-40x4-25=226. 
Extract  the  root, 

4  X  —  5  =  :!:  15. 

4x=20,  or  — 10. 
/.  x  =  5,  or —2). 

18.  Solve 

X4-1      x_ll 
X        6     2x 
Simplify, 

6x4-6  +  a:*=33. 
x«4-6x  =  27. 
Complete  the  square, 

x^ 4.  6x4-9  =  36. 
Extract  the  root, 

x4-3  =  ±6. 
.♦.  X  =  3,  or  —  9. 


19.  Solve 
Simplify, 

Multiply  by  8, 
Complete  the  square. 
Extract  the  root. 


x3-4     2x 

3x         5 

5x3-20  4-6x3 

2x3  — 3x 

16x3-24x 

16x3-24x4-9 

4x-3 

4x 


.  l-2i 
=  '+-6- 
15x3  4- 3x -6x3, 
20. 
160. 
169. 
±13. 

16,  or  — 10. 
4,  or  — 2}. 


80.  Solve 


Transpose  and  combine. 


x  + 


x  +  6_ 
x-6 

x  +  6 


2(x-2). 


x-6 


=  X  — 4. 
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Simplify,  x  +  6  =  a:a-10x  +  24. 

a:a-llar  =  -18. 
Complete  the  square,  x^  — 11  x  +  ^^  =  ^. 

Extract  the  root,  x  —  J^  =  ±  j. 

/,  X  =  9,  or  2. 


ai.  Solve  _?_  +  _£—  =  §. 

2x  — 6     3  — X     X 

6  X         8 


2(x-3)      x-3     X 
Simplify,  6x-2xa=  16x-48. 

Transpose  and  combine,     2  x^  +  10  x  —  48  =  0. 

xa  +  6x  =  24. 
Complete  the  square,  x^  +  5  x  +  ^  =  ^f^. 

Extract  the  root,  x-\-  i=±^, 

.'.  X  =  3,  or  —  8. 

32.  Solve  £±l«i^=7. 

x-1        2x        3 

Simplify,        6x(x  +  2)  +  3(x- l)(x-4)=  7(x-l)2x. 
6x3+12x+3xa-16x+12  =  14xa-14x. 

6xa-llx=12. 
Multiply  by  6,  25x3 -  55x  =  60. 

Complete  the  square,      26  x^  —  66  x  +  J^  =  ^fA. 
Extract  the  root,  6x  — J^  =  ±^. 

6x=16,  or— 4. 
/.  X  =  8,  or  —  |. 

28.  Solve  £r:^4..£±A=l. 

x-2     2x+l 

Simplify,       2x2- llx-6  +  xa  + 3x- 10  =  2xa-3x-2. 

x2-.6x  =  14. 

Complete  the  square,  x*  —  6x  +  y  =  ^. 

Extract  the  root,  x  —  )  =  i:  f . 

/.  X  =  7,  or  —  2. 

24.  Solve  £1=44.  _£=!-.=  1. 

x  +  4     2(x-l)      2 

Simplify,  2x3-8x  + 6  + x^- 16  =  x3  + 3x  — 4. 

2x»-llx  =  6. 

Multiply  by  8,  16  x«  -  88  x  =  48. 
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Complete  the  square,       16  x^  «  gg  ^^  4. 121  =  169. 
Extract  the  root,  4  or  —  11  =  ±  13. 

4x=24,  or— 2. 
/.  X  =  6,  or  —  J. 


26.  Solre  iL±i  +  l-* 


xa-.4     x+2      5(x-2) 

Simplify,  5x+ 5  +  5(x-2)(l-x)  =2(x  +  2). 

6x+6  +  6x  — 6x2  — 10+10x=2x  +  4. 

5x3  — 18x  =  -9. 
Multiply  by  6,  25x3  -  90x  =  -  46. 

Complete  the  square,        26x3-.g0x  +  81  =  36. 
Extract  the  root,  5x  — 9  =  i:6. 

6x=  16,  or  3. 
/.  X  =  8,  or  {. 

8e.  SolTe  £:i|  +  £:^=    80        1. 

x+3     x-3     xa-9     2 
Simplify, 

2(x-6)(x-8)  +  2(x-8)(x+3)  =  160  +  xa-9. 
2x«-16x  +  30  +  2x2-10x-48=160  +  x«-9. 

3xa-26x=169. 
Multiply  by  3,  9x3 -  78x  =  607. 

Complete  the  square,        9  x^  —  78  x  +  169  =  676. 
Extract  the  root,  Sx  — 13  =  db26. 

3x  =  39,  or  — 13. 
/.  X  =  13,  or  —  4J. 


OH    o«i««  1      •      7  14        X  — 4 

27.  Solve H =  -r — r* 

x-3     x  +  3     x3-9     x  +  3 

Transpose  the  4th  term,  and  combine  with  the  2d, 

1  +1=  14 


a:-.3  x3-9 

Simplify,  x  +  3  +  x3-9=14. 

x3  +  x  =  20. 
Complete  the  square,  x^  +  x  +  J  =  20J. 

Extract  the  root,  x  +  i  =  ±^i, 

,\  X  =  4,  or  —  5. 
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x  +  3       x-3      ar2-9 

Simplify,  (3x  +  5)(x  -  3)  +  (x  +  3)«  =  x  - 1. 

8**  — 4x  — 16+««  +  6x+9  =  x  — 1. 

4x3  +  *  =  6. 
Multiplj  by  16,  64  x^  +  16  x  =  80. 

Ck>mplete  the  square,  64  x^  +  16  x  +  1  =  81. 

Extract  the  root,  8x  +  l  =  :i:9. 

8x  =  8,  or  — 10. 
.'.  X  =  1,  or  —  1  J. 

89.   Solve  x+1     x  +  2^2x  +  13 

X  — 1      X  — 2        x+1 

This  may  be  written,         1  +  — ?— +  1+— ^  =  2+    ^^ 


X— 1  X  — 2  x+1 

x  —  l      jf  — 2      x+1 
SimpUfy,      2(x-2)(x+ l)  +  4(x-.l)(x  + l)  =  ll(x-l)(x-2). 

2xa-2x-4  +  4x«-4=llxa-83x  +  22. 
5xa-31x  =  -30. 
Multiply  by  20,  100  x*  -  620  x  =  -  600. 

Complete  the  square,  100  x^  —  620  x  +  961  =  361. 

Extract  the  root,  10  x  —  31  =  d:  19. 

10x  =  50,  orl2. 
.*.  X  =   6,  or  1|. 

80.  Solve  2x-l     8x-l     7-x ^ ^ 

x+1        x  +  2       X— 1 
This  may  be  written, 

2 ^  +  3 I.^-l  +  _?_  =  4. 

x+1  x+2  X— 1 

-?_+-I «_=a 

X+1      x+2      x—1 
Simplify, 

3(x  +  2)(x-.l)+7(x+l)(x-l)-.6(x+l)(x+2)=0. 

3xa  +  3x-6  +  7xa— 7-6x3 -.18x- 12  =  0. 

4x3-15x  =  25. 

Multiply  by  16,  64  x^  -  240  x  =  400. 

Complete  the  square,  64  x^  —  240  x  +  226  =  625. 

Extract  the  root,  8  x  — 16  =  it  25. 

8x  =  40,  or  —  lO. 

.-.  X  =    6,  or  —  1  J. 
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31.  Solve 

3^  +  2       x^7      6(^~x+l)      g^Q 

l-5a:      l  +  5x  26*2-1 

Simplify^ 
(l  +  6x)(3x  +  2)  +  (l-5a:)(a:-7)-6(a:3_;P4.1)4.5(l 

16xa+13»  +  2-.6jc3  +  36ar-7-6*a  +  6x-6  +  6 

121ara-65x  +  6  =  0. 
121a:3-66x  =  -6. 
Complete  the  square,       121  jc^  —  66  x  +  ^  =  i* 
Extract  the  root,  11  x  —  }  =  ±  }. 

llx  =  3,  or2. 
,-.  x=T^,  or^^. 


26xa)  =  0. 
126x^  =  0. 


SS.  Solve 
Simplify, 


Multiply  by  2, 
Complete  the  square, 
Extract  the  root. 


x+7 


1-x 


9-4x3     2x  +  3 

a:+7-.(l-ar)(31.2x) 

a:+7-3  +  6x  — 2x2 

2xa-14x 

4x3-28x 

4x«-28x  +  49 

2x-7 

2x 


X  = 


2x-3 
-4(3  +  2  x). 
-12-8x. 
16. 
32. 
81. 
±9. 

16,  or  —  2. 
8,  or  —  1. 


SS.  Solve 


2x  +  l      2(x+l)_o, 

TT3"*""xT2    ~   *• 
Simplify, 

12  (x  +  2)  (2  X  +  1)  +  24  (x  +  3)  (x  +  1) 
24xa  +  60x  +  24  +  24x2  +  96x  +  72 

23x2+31x 
Multiply  by  4  X  23, 

4x232x2 +  4  X23x81x  =  4968. 

Complete  the  square, 

22x232x2  + 4  X23x31x+ 961 

Extract  the  root,  2x23x  +  31 

46x 


25(x  +  3)(x  +  2). 
26x2  4.126X+ 160. 
64. 


.\  x  = 


6929. 

±77. 

46,  or  — 108. 

1,  or  -  2  A. 
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Exercise  20. 


1.  Solve  a:3  — 2ox  =  3a«. 
Complete  the  square. 

Extract  the  root, 

X  — a  =  ±2a. 
.',  x=3a,  or  —a. 

2.  Solve  x«+7a«=8ox. 

:t3-8ajr  =  -7aa. 
Complete  the  square, 
x3-8aT  +  16aa  =  9aa. 

Extract  the  root, 

X  — 4a=  :1:3a. 
.*.  X  =  7  a,  or  a. 


8. 

Solve 

4x(x 

^a)'^a^  = 

fca. 

4x3- 

■4ax  +  a2  = 

62. 

Eictract  the  root. 

2x  — a  = 

±6. 

2x  = 

a  ltd. 

.*.  x  = 

2 

4. 

Solve 

2"3-^ 

a(x  +  2a). 

3x2  — 2ax=12ax  +  24aa. 
3x2-14ax  =  24aa. 
9x2  — 42  ax  =72  gS. 
Complete  the  square, 
9x2-42ax  +  49a2=121a2. 
Extract  the  root, 

3x  — 7g  =  ±llg. 

3x=  18a,  or  — 4a. 
4a 


.-.  x=  6g,  or  — 


5.  Solve  x2  =  ax+6. 

x^  —  ox  =  6. 
4x2  — 4ax=  45. 
Complete  the  square, 
4x2-4ax  +  a2  =  o24.46. 

Extract  the  root,  

2x  — a=db  Va2+46. 


2x  =  a±Va«  +  46. 
o±Va2  +  4Z> 


6.  Solve 


(x  +  a)2_(x-a)2 
a2  62 

x+  g       .  X  — g 


(I) 


x+  g  _  ,  X  —  g 


g 

'  b 

6x  +  g6  = 

ax  —  a^. 

(6-a)x  = 

^a^^ab. 

*.  x  = 

g(g  +  6) 

g  — 6 


(8) 

X  -^a 
a 
6x  +  ab 
(a  +  6)  X 


X  —  a 


8 


x  = 


—  ax  +  fl*. 
a2  — a6. 
g  (g  —  6) 
g  +  6 
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7.  Solve   x^     "*"=    ^„- 
a     4a2 

8.  Solve 

a:2--(a4.6)a:  =  — a6. 

4aaxa-4ar-3. 

4a:2_4(a  +  j)a;  =  _4a6^ 

Complete  the  square, 

Complete  the  square, 

4a2x2  — 4ax+l  =  4. 

4jc2-4(a  +  6)ar+(a+6)2 

Extract  the  root. 

=  a2-2a6+62. 

2aar  — 1  =  ±2. 

Extract  the  root. 

2ax-3,  or  — 1. 

2x-(a  +  6)  =  ±  (a-6). 

/.  X  =  — ,  or . 

2a            2a 

2a:  =  2a,  or26. 
.*.  X  =  a,  or  6, 

0.  Solve                                   jfi 

-'"*+"%  +  l  =  0. 

mn 

x«- "•'  +  »%=      1. 

mn 

^     m2  +  n2^      (nfi  +  n2)2_  «*  +  2»i2n2  +  n*      ^  _  Cm2  -  n2)2 

mn     ^         4in2n2 

4»l2„2                                   4„i%2 

in2  +  n2          m2  -  «« 
2  mn.              2  mn 

m         n 
.*.  X  =  — ,  or  — 

n         m 

10.  Solve 

iear2-8(a  +  6)x=-4a6. 

2x(a  — ar)  _  a 

16x2-8(a  +  6)x  +  (a  +  6)2 

3a-2a:       4 

=  a2-2a6  +  6*. 

8aa:  — 8j:2-3a2-2aa:. 

4x-(a  +  6)  =  ±(a-6). 

8x2-_i0aj:  =  -3a2. 

4ar  =  2a,  or26. 

16ar2«20ax.=  -6a2. 
16a:2-20ax+5;^a2=^. 

a        b 
.'.  x=  -,  or  — 

2        2 
12.  Solve 

A         6a       .  o 

%x =  ±  — 

(x+m)2  +  (x— m)2=6mx. 

2           2 

x2  +  2  mx  +  m2  +  x2  —  2  mx  +  m2 

4  a;  =  3  a,  or  2  a. 

=  5mx. 

3a        a 

2x2  — 6mx=— 2m2. 

4         2 

16x2  — 40/»x=-16m2. 

11.  Solve 

16x2— 40mx+25m2=  9  w2. 

2x2  +  ^  =  (a  +  6)a:. 

4x  — 5m=  ±  3m. 

4a:  =  8m,  or  2  m. 

a            m 
X  =  2  m,  or  — 

2 
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U.   Solve  aj:«  +  6a»r  +  ?^  =  0. 

4 

4a«x»  +  20a»*  =  -9a». 
4a«x«  +  20  a»r  +  26  a*  =  26  a*  -  Oa». 


2ax  +  6a>=i:aV25a*  — 9a. 

2ax  =  — 6aS±aV25aS-.9a. 

__— 6a±V26a«  — 9a 

"^-                 2 

14.  Solre 

6(a-x)«=(6-l)jr*. 

Expand, 

6a«-2a6x  +  6x«  =  6x«-.jr*. 

X*  — 2aAx  =  — a*6. 

jr*-2a&c  + a«6«- aV-a«6. 

X  ^  a6  =  ±  a  V6*  —  6. 

.-.  x  =  a(6±Vft^-6). 

15.  Solve 

X      , a+5         a 

a  — X         X         a  — X 
X*  +  (a  +  6)  (a  —  x)  =  ox. 

x2  — (2o+6)x  =  — a«  — a*. 


^-()  + 


/2a  +  6Y^^ 
I     2      j       4 

2a +  6^      6, 
2  2 


.-.  X  =  a  +  6,  or  a, 

16.  Solre  __=^-. 

2x3  — 2ai  =  x2  +  (a  — 6)x  — a6. 
x^  —  (a  —  6)x  =  oft. 
4x3-4(a  — 6)x  =  4a6. 

4x«-4(a-6)x  +  (a-6)a  =  a«  +  2a6  +  6*. 
2x-(a-6)=db(a  +  6). 

2x  =  2a,  or  — 26. 

/.  X  =  o,  OP  —  6. 
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17.  SoWe  -E+l-+2o  +  6^x 

X  — 2a  a  a 

a2  +  a6  +  2a  +  6j:  -  4oa-  2a6  =  x^  -  2ax. 

jra  -  (4  o  +  6)  ar  =  -  a6  -  3  o*. 
4x2  -  4  (4a  +  6)  ar  =  -  4a6 -  12 o^. 
4a^»-4(4a+6)x+(4o  +  6)2=  4a2  +  4a6  +  6a. 

2ar  — 4a  — 6=±(2a  +  6). 

2x  =  2a,  op6a  +  26. 
/.  X  =  a,  or  3  a  4-  6. 

18.  SolTe  ox     a+£^5a  +  x. 

b^         X  26 

2aa:2  +  2o62  +  262  +  262x  =  5o6x  +  6x2. 
(2a  -  6)x2  +  (262  -  5a6)x  =  «  2a62. 
Multiply  by  4(2a- 6), 

4(2a- 6)2x2  + 4(2a-6)(262- 5a6)x=  -  160262  + 8a6». 

4(2a - 6)2x2  +  (  )  +  (262 - 5a6)2  =  46* - i2a68  +  9a262. 

2(2a-.6)x  +  262-6o6  =  db(262-3a6). 

2(2a  -  6)x  =  2a6,  OP  -  462  +  8a6. 

a6  o , 

/.  X  = ,  or  2  6. 

2a -6 

19.  Solve  _if5_  =  a  +  6-(a-.6)x. 

ax  —  6x 

a6  =  (a2  -  62)x  -  (a  -  6)2x2. 
(a  -  6)2x2  -  (a2  -  62)x  =  -  a6. 
4(o  -  6)2x2  -  4(a2  -  62)x  =  -  4  a6. 
4(a  -  6)2x2  -  4(a2  -  62)x  +  (a  +  6)2  =  a2  «  2a6  +  62, 

2(a-6)x-(a  +  6)  =  ±(a-6). 
2(a  — 6)x  =  2a,  or  26. 

20.  Solve  5a6-362~ax^ 

2a  — X  3 

15a6-962  — 3ax  =  4a2-x2. 

x2-3ax=4a2-16a6  +  962. 
4x2  -  12ax  =  16a2  -  60a6  +  3662. 
4x2 «.  i2ax  +  9a2  =  26a2  -  60a6  +  3662. 
2x  — 3a=±(5a-66). 

2x  =  8a-66,  or66-2a. 
.*.  X  =  4  a  —  3  6,  or  3  6  —  a. 


a 

a 
-6' 

or 

a 

± 

~b 

2 

a  + 

X 
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81.  Solre  ^  _„  =  130^2^  ^  3(^±^. 

4  a:«  -  4  o*  =  6  oft  +  4  6ir  +  3  a2  +  3  6*. 
4a:a-4(a  +  6)x=  3oa  +  6a6  +  362. 

4  x9  -  4  (o  +  6)  X  +  (o  +  6)2  =  4  oS  +  8  a6  +  4  62. 
2a;-(a  +  6)  =  ±2(o  +  6). 

2x  =  3(o  +  6),  or  —  (a  +  6). 
/.  X  =  }  (a  +  6),  or  —  J(a  +  6). 


o  ,                                  3a     ,      2a         4a  ,       a 
.  Solve  1 -—  =  —  + 


x-^a     x  +  2a       x       x  +  3a 
Divide  by  a  and  simplify, 
3(x  +  2o)x(x  +  3a)  +  2(x  +  a)T{x  +  3a) 

=  4(x  +  a)(x  +  2a)(x  +  3a)  +  x(x  +  a)(x  +  2a). 
3x«  +  16ax2  +  18a2x  +  2x8  +  8ax2  +  6a2x 

=  4x»  +  24ax2  +  44a2x  +  24a3  +  x»  +  3^^  ^  ^a^x. 
-4ax2-22o2x  =  24a». 
4x2  +  22  ax  =  -24a2. 
4x2  +  22ax  +  ifAa2  =  Jyia2. 
2x  + J^a  =  ±}a. 

2x  =  — 3a,  OP  — 8a. 

3a  ^ 

/.  x= ,  or— 4a. 

2 


23.   Solve  5L=4±^  +  ^  =  2. 

a+6+x      x+o 

ox  —  6x  +  x2  +  a6  —  62  +  6x  +  a2  +  2a6  +  62  +  ax  +  6x 

=  2ax  +  26x  +  2x2  +  2a6  +  262  +  26x. 

x2  +  36x  =  a6  — 262  +  a2. 

xa  +  3  6x  +  }  62  =  a2  +  a6  +  ^. 

4 


x+f6  =  ±/'a  +  |y 

/.  X  =  a  —  6,  or  —  (a  +  2 6). 
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24.    Solve  a-^ib_a^4b^U 

x+2b     X  — 26       a 
a«a:-.2a26  +  4a6*-8a6a-a2a:-2a26  +  4a6ar+8aia 

=  46xa-166«. 
46ar3  -  8a6x  =  -  4aa6  +  16fc». 
4j^-.8aar  +  4a«=166a. 
2x  — 2a  =  i:46. 
.*.  X  =  a  ±  2  6. 

86.   Scire  4(x  +  a)  _3^a  +  t)  ^  ^ 

a  +  b  x+  o 

4x3  +  8ax  +  4oa  — 3a2  — 6a6-36»=4ax  +  46x  +  4a«  +  4a6, 

4x2  +  4(a  „  5)a,  =  Sa*  +  10a6  +  362. 

4xa  +  4(a-6)x  +  (a-6)a=,4aa+8a6  +  46a. 

2x  +  o  — 6  =  ±(2a  +  26). 

2x  =  a  +  36,  or  -  (3a  +  6). 

a  +  36           3a  +  6 
X  =  — - — ,  or ^—* 

2  2 


•  • 


26.  SolTe  (i£i^»^K4+n  =  2x. 

4aa  +  962 

(4a»-962)xa-2(4aa  +  962)x  =  96a-4a«. 
Multiply  by  4  aS- 9  63, 

(4a2-963)2x«-2(4a2-962)(4aa4.962)  =  72a26a-816*-16a*. 
(4a2 - 962)2x2 - (  )+  (4a2  +  962)2  =  I44a26a. 

(4a«-962)x-(4a2+962)  =  ±12o6. 

(4a2- 962)x=  (2a  ±  36)2,  OP  (2a-36)2. 

2a  +  36  _2a-36 
.*.  X  =  — — — ,  or -— 

2a-36        2a-|-36 

27.  Solve  (3a«  +  62)(x2-.x+l)  =  (a2  +  362)(x2  +  x+l). 

2(a2  ^  62)x2  -  4(a2  +  62)x  =  2  62  -  2  a2. 

Multiply  by  "  ~    , 

(a2  -  62)2x2  -  2(a2  -  62)  (a2  +  62)x=  -  a*  +  2a262  -  6*. 

(a2  -  62)2x2  -  (  )  +  (a2  +  62)2  =  4  a262. 

(a2  —  62)x  -  (a2  +  62)  =  ±  2  a6. 

(a2  -  62)x  =  (a  +  6)2,  op  (a  -  6)2. 

a  4-  6        a  —  6 
•    X  =     ^    ,  OP 


•  • 


a  — 6        a  +  6 
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28.  Solre 


x  +  2      x-2     x(4-x2) 
4a«r(x  -  2)  -  62x(x  +  2)  =  ft^  -  4o2. 
(4a3  -  62)a^  -  2(4  a«  +  62)ar  =  62  -  4  a2. 

Multiply  by  4  a2- 62, 
(4aa-.  6»)«ia-2(4a«-  6a)(4a«  +  6a)x=  -  (4a2-  62)«. 
(4a« -  62)2^41  _ (  )  4.  (4aa  +  62)2  =  I6a262. 
(4a2  -  b^)x  -  (4a«  +  6«)  =  db  4o6. 

(4a«-6«)ar=  (2a  +  6)2,  or  (2a  —  6)«. 
2a  +  6  ^^2a  — 6 
2a  — 6       2a  +  6 


i^    c  1  a  +  26  ga  46^ 

89.  Solve  ^.  =  7 TTT ::5- 

a  — 26      (a  — 26)ar      a^ 

(a  +  26)a:2  =  a2^_4a6a  + 86». 

(a  +  26)ar2- a2x  = -4a62  + 86». 

Multiply  by  a +  26, 

(a  +  26)8*2- a2(a  +  26)x  =  -4a262+  166*. 

(a  +  26)2x2  -  a2(a  +  26)x  +  ^  =  ^  -  4a262  +  166*. 


(a  +  26)x-|  =  i(|-462y 

(a  +  26)x  =  a2-462,  op462. 

462 


X  =  a  —  2  6,  or 


a  +  26 


CA    o  1  X  + 1      2        x  +  2 

80.   Solve  —-^ = ;— 

c         ex     ax^-  ox 

(a-6)x(x+l)-2(a-6)  =  c(x  +  2). 

(a  -  6)x2  +  (a  -  6  -  c)x  =  2(a  -  6  +  c). 

Multiply  by  4  (a  —  6), 

4(a  -  6)2x2  +  4  (a  -  6)  (a  -  6  -  c)x  =  8  a2  — 16  a6  +  8  62  +  8  ac  -  8  6c. 
4(a - 6)2x2  +  (  )  +  (a - 6 - c)2  =  9a2 -  18a6  +  962  +  6ac - 66c  +  c2. 
4(a- 6)2x2 +  (  )  +  (a-6-c)2  =  9(a-6)2  +  6(a-6)c  +  c2. 
2(a-6)x  +  a-6-c  =  db[3(a-6)  +  c]. 

2(a  — 6)x  =  2(a  — 6  +  c),or  — 4(o-6). 

x=i:^A±£,or-2. 
a  — 6 
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81.  Solre  a^^_x-a^      Sb^x-e)     , 

a:  — a      a-~c      (a-^c^^x-^d) 
(a  -  c)a  —  (a:  —  a)^  =  36(ar  —  c). 
—  2  ac  +  c^  —  jc3  +  2  ax  =  3  6x  —  36c. 

jc3_(2a--36)jr  =  ca-2oc  +  36c. 
4ar2  -  4(2a  -  sb)x  =  4c^  —  Sac  +  12  6<-. 
4a:3-(  )  + (2a - 36)2  =  4a2-12a6  + 962 -8ac+ 126c +  4c« 

=  (2a-.36)2-4(2a-36)c  +  4c2. 
2x-(2a-36)  =  ±(2a-36-2c). 

2ar  =  4a  — 66  — 2c,  op2c. 
x  =  2a  — 36  — c,  ore. 

82.  Solve  rt(ar  +  62  -  6)  =  ax(a  +  l)-(a  +  6)2(a  —  6). 

a:a+(62«5«a2_o)x=-(a+6)2(a-6). 
x3  -  (a  +  6)  (a  -  6  +  l)a:  =  -  (a  +  6)2(a  -  6) . 
4x2-4(0 +  6)(a-6  +  l)x  =  -4(a  +  6)2(a-6). 
4x3-(  )  +  (a  +  6)2(a-6+l)2  =  (a  +  6)2[(a-6)2-2(a-6)+l]. 

2x  —  (a  +  6)(a  —  6  +  1)  =  ±  (a  +  6)(a  —  6  -  1). 

2x  =  2(a  +  6)(a-6),or2(a  +  6). 
X  =  a*  —  62,  or  a  +  6. 

88.   Solye  x      (4iw2-n2)mn^4>n2  4-n2^ 

2  X  2 

x2  —  (4  m2  +  n2)x  =  —  2(4  m2  —  n^)mn, 
4x2  —  4(4  m2  +  „2)a.  _  _  8(4  ^2  _  n^-^rnn. 

4a^»  -  4(4  m2  +  n2)x  +  (4  to2  4.  n2)a  =  16  m*  -  32 111%  +  8  m2n2  +  8  mn"  +  n*. 
4i2  —  4(4  ni2  +  n2)x  +  (4  in2  +  n2)2  =  I6(ni2  —  mn)^  -  8(m2  -  mn)n2  +  n*. 

2 X  -  (4 m2  +  n2)  =  ±  [4(m2  -  mn)  -  n2]. 

2x=8to2  — 4i»n,  op4inn  +  2n2. 

X  =  2OT(2m — n),  or  n(2m  +  n). 

84.  Solre   — A  +  JL^a; +  14.1  =  0. 

wi  +  n      \        mnj        m     n 

J«nx2  —  (nfin  +  »in2  +  m  +  n)x  +  (wi  +  n)2  =  0. 
Multiply  by  4mn, 

4wi2n2x2  — 4inn(in  +  n)(mn  +  l)x  =  — 4mn(m  +  «)*• 
4m2„2a;2  _  (  )  +  (m  +  n)2(TOn  +  1)2  =  (m  +  n)2(wn  -  1)2. 
2innx  — (jn  +  n)(mn  +  1)=  ±  (wi  +  n)(mn  — 1). 

2  mnx  =  2(ot  +  n)mnf  op  2(m  +  n). 

in  4-  ^1 


/.  X  =  nt  +  n,  or 


mn 
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85.   Solye  -2a6_      (3.-1)6^ ^  (2x^\)a\ 

3x+l         2x+l  3x+l 

2a&(2:r  +  1)  +  (9a^-  1)62  =  (2x  +  l)2a2 
(96«-4a2)x2+(4a6-.4a2)x  =  a2  +  62-2o6. 
Multiply  by  9  6»- 4  a2, 

(962-4o2)2a:2-.4rt(a-6)(962-4fla)a:=  (a -6)2(962 «.4a2). 
(962 - 4a2)2:r2 -  (  )  +  ^a\a  -  6)2  =  9 6^(0  -  6)2. 
(9  6*  -  4  a2)x  -  2  a(a  -  6)  =  ±  3  6 (a  -  6) . 
(962-4a2)x  =  (2o  +  36)(a-6),  or  (2a -36)(a  —  6). 

a  —  6  a  —  6 

.•.  X  = ,  or  — 


36-2o'  2o  +  36* 


6  — a  6  —  a 

Qit  x  = — -,  or 


2o-36'       2a  +  36 

86.  Solre 

jr  +  2a~46      86  — 7o  t  — 4a      _^ 

2hx  ax-26ar      2(a6-262)~ 

(a-26)(x  +  2a-.46)-1662+14a6  +  x2-.4aa:  =  0. 

a:2  „  Saa- „  26x  =  862  -  6a6  —  2a2. 
4x2-4(3a  +  26)x  =  3262-24a6-8a2. 
4x2-4(3a  +  26)x  +  (3a  +  26)2  =  a2-12a6  +  3662. 

2x-(3a  +  26)  =  ±(a-66). 

2x  =  4(a  — 6),  or2a  +  86. 
.'.  X  =  2(a  —  6),  or  a  +  4 6. 

87.  SoWe 

1 X        .     x-66    ^x.fl96-2a 

a  +  26     a2-462      (a  +  26)x         26x-ax 
(a-26)x-x2+(a-26)(x-56)  =  -(a  +  26)(x+196-2a). 

a:2_(3a-26)x  =  -2a2+i0a6  +  4862. 

4x2-4(3a-26)x=-8a2  +  40a6+192  6. 
4x2-4(3a-26)x  +  (3a-26)2  =  a2  +  28a6+19662. 

2x-(3a-.26)  =  db(a  +  146). 

2x  =  4a+12  6,  or2a  — 166. 
/.  x  =  2a  +  66,  era  — 86. 

88.  Solve  0^26  +  2(x  +  4a  +  36}  ^  ^j 

x  +  26        X  — 6a  +  36 
(a-26)x-.6a2  +  8a6  +  26(6a--36)  +  2x2  +  2(4a  +  36)x 

+  46x  +  46(4a  +  36)  =  0. 

2x2  +  (9a  +  86)x=5a2-29a6-662. 
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16^:2  ^  8(9o  +  86)x  =  40a^-232afc-486». 
16x3  +  8(90  +  86)z+  (9a  +  86)2=  121a2-88a6+  166«. 

4x  +  9a  +  86  =  ±(lla-46). 


4x=2a  — 126,  or —20a  — 46. 
=  ^^or-(5a  +  6). 


•   •     — 

2 


89.  Solve  ^  +  ^^     -       ^* "  +  ^* 


8a2-.12a6     4aa-962      (2a  +  36)(x-36) 
(2a  +  36)(xa-962)+12a6(x-36)  =  4(a  +  36)(2a-36)a. 

(2a  +  36)xa+12a6x  =  8a«+12a26  +  18a6a  +  276«. 
(2a  +  36)x2+  12a6x  =  (2a  +  36)(4aa  +  962). 
Multiply  by  2a +  36, 

(2a  +  36)2x2+  12  a6(2a  +  36)x=  (2  a  +  36)2(4a2  +  962). 
(2a  +  36)2x2  +  (  )  +  36a262  =  (4a2  +  962)a+  12a6(4a2  +  962)  +  8aa262. 

(2a  +  36)x  +  6a6=±(4a2  +  962  +  6a6). 
(2a  +  36)x  =  4a2  +  962,  or-4a2-962-12a6. 

Via  -j-  oo 


40.  Solve      ^ + ? =_«_  +  26x+^. 

2x2  +  x  — 1      2x2-.3x+l      26x  — 6      a-ax2 

2x2  +  x-l=(2x-l)(x+l). 

2^-.3x+l=  (2x-l)(x-l). 

26x-6=6(2x-l). 

a-ax2  =a(l— x)(l  +  x). 

'  /.  L.C.D.  =  a6(x-l)(x+l)(2x-.l). 

a6(x2-l)  +  a6(x+l)  =  a2(x3-l)-.  62(4x2-1). 

!  (a2-462)x2-2a6x  =  a2-62. 

Multiply  by  (a2-.462), 

1  (a2-462)2x2-2a6(a2-462)x=a*-6a262  +  46*. 

(aa-462)«x2-2a6(a2-462)x  +  a262  =  a*-4a262+46*. 

(a2  -  4 62)x  -  a6  =  db  (a2  -  2 62). 

I  (a2-  462)x=  a6  +  a2  -  262, 

ora6-a2  +  262. 

i  a2  +  a6-262  a2-a6-262 

I  X  =  — = ,  or  — • 

j  a2-462  a2-462 

a  —  b    ^^       o  +  6 
.«,  X  = rr*  or 


a^2b'  a  +  26 
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41.  Scire  l  +  ^lfL±MSl^  =  2. 

2axS  +  2a  +  36  +  4a2>  +  66x  —  36x3=  4ajp8  ^.  4aj;  ^  e^, 

(2a  — 36)0:8  — 4aa:  =  — 2a  — 36. 

Multiply  by  2  a  — 36, 

(2a-36)aira-4a(2a-36)jr  =  -4a«  +  96«. 

(2a-36)aira-4o(2a-36)a:  +  4aa  =  962. 

(2a  — 36)ar  — 2a=i:36. 

(2a  — 36)x  =  2o  +  36,  or2a  — 36. 

2a  +  36  ^    - 
•'•  *  =  ^        ^,»  or  1. 
2a-36 

42.  Solve 

T  — a  2(a6  — ax  +  26»)_l 

26(x  +  a)  a(ar  +  a)2        ""a* 

a  (ar^  — a2)  +  4a6a  -  4a6x  +  86«  =  Iha^  +  4a6a:  +  2a26. 

(a-26)x2-8a6a:  =  a«-4a6«  +  2a26-86«. 
(a-26)x2-8a6a:=(a-26)(a  +  26)2. 
Multiply  by  a -26, 

(a-26)2x3-8a6(o-26)x=(a-26)a(a  +  26)2 

=  (a2-462)2. 

(a-26)«x»-8a6(a-26)x+16a262=(a2  +  462)2. 

(a-26)x-4a6  =  db(a«  +  462). 

(a-26)x=  (a  +  26)»,  or  -  (a-26)«. 

...x  =  i^+2^,or26-a. 
a  — 26 

48.   Solve      2«^  +  fc  ,  2ax-6_96«x3+ C4a3-663)x- Ca3+ 6^) 
ax+6        ax-6  a2x»-62 

2a2x2-a6x-62  +  2a2xa  +  a6x-62  =  062xa+(4a9-662)x-(a2  +  62). 
(4a3 -  062) xa -  (4a2 -  662)  X  =  62  -  a2. 
Multiplyby  4a2  — 962, 
(4a2 -962)2x2- 2  (4a2-96«)(2a2- 362)  =  13a262-4a*- 96*. 

(4o2-962)2x2-2(4a2-962)(2a2-362)  +  (2a2-362)a  =  aW 
(4a2-962)x-(2a2-362)  =  ±a6. 

(4a2-962)x=2a2  +  a6-362,  or2a2-a6-362. 

2a2  +  a6-.362  _2a2-a6-362 
X  = ^  or • 

4a2-962  4a2-962 

...  :r  =  ..^l4-,or    «  +  ^ 


2a-36       2a  +  36 
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44.  Solve     ^  +  «  +  ^  +^(^  +  ^)  =  2. 
X  — 3a  +  b     x-\-  fc  +  c 

=  2ar"  +  2(26  — 3a  +  c)ar-6a6-6ac  +  262  +  26c. 
a:«  +  (2  6  —  1 0  a  -  2  c)  ar  =  1 0  a6  -  2  ac  -  62  +  2  6c  -  9  a». 
«3  +  2(6-6a-c)x+  (6-6a-.c)2=16aa  +  8ac+ca. 

ar  +  6--6a  —  c  =  ±  (4a  +  c). 

x=0o  —  6  +  2c,  ora  —  6. 


Exercise  21. 


1.  Find  all  the  roots  of 
(x-l)(ar-2)(ar2-4x+8)  =  0. 

x=  1,  X  =  2,  or  ar^  —  4x  +  8  =  0. 
x2-4x  +  8  =  0, 
x^  — 4x  +  4  =  —  4. 

x-2  =  ±2\/irr. 
x  =  2±2\/:ri. 

.-.  x=l,  2,2±2V^. 

2.  Find  all  the  roots  of 
(a:2-2x  +  2)(x2-6x  +  7)  =  0. 

x2  — 2x  +  2  =  0, 
or        x2  — 6x+7  =  0. 
x2  — 2x  +  2  =  0, 
a:2_2x+l  =  -l. 

x-l  =  ±\/=ri. 

a:3-6x+7=:0. 
x2  — 6x  +  9  =  2. 

X  — 3  =  ±V5. 
X  =  3  ±  \/2. 

.•.  x=i±\/iri,  3±  V2. 

8.  Find  all  the  roots  of 
x«  +  27  =  0. 
x«  =  -27. 
x  =  -3. 
.'.  X  +  3  is  a  factor  of  x*  +  27. 


x«  +  27=(x  +  3)(x«-3x  +  9)  =  0. 
x2~3x  +  9  =  0. 
xa-3x  +  }  =  -y. 

x-i=±iVir3. 


.*.  x  =  — 3, 


^_3±3V-3 

2 
3±3Vir3 


4.  Find  all  the  roots  of 

X*  -  81  =  0. 

(x2-9)(x2+9)  =  0. 

x3  -  9  =  0. 

x=±3. 
x»  +  9  =  0. 

x=±3Vin.   • 
.-.  x=±3,  ±3V^. 

6.  Find  all  the  roots  of 

x«-27  +  4(x3-9)  =  0. 
(x-3){(x2+3x+9)+4(x+3)}=0. 

x-3  =  0, 
or       x3+7x  +  21  =  0. 

x2  +  7x  +  ^  =  -  ^^. 


x  = 


-7±v^=l6 


/.  x=3, 


-7±\/ir36 
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6.  Find  all  the  roots  of 

a:*  +  9a:a--16(z»  +  9)  =  0. 

za=16, 
or  ^  =  —  9. 

7.  Find  all  the  roots  of 
2x»  +  3a:2_2x-3  =  0. 

(2ar  +  3)(a:2-.l)  =  0. 
2ar  +  3  =  0, 
or  x2-l  =  0. 

x  =  -«,  ±1. 

8.  Find  all  the  roots  of 

x*  — 4t»  +  8x2-32x  =  0. 
a:(ar»  -  4*2  +  8x- 32)  =  0. 
x(x-4)(jc2  +  8)  =  0. 
a:  =  0,    ar  =  4, 
or  3:2  +  8  =  0. 

X  =  ±  2  V^. 
/.  x  =  0,4,  ±2V^. 

9.  Find  all  the  roots  of 

jJJ  — a:-6  =  0. 
X  =  2  is  a  root. 
x«-.a:-(J  =  (a:-2)(x2  +  2x  +  3). 
ar2  +  2x+3  =  0. 
x3  +  2x+l  =  -2. 

x  +  l  =  ±>/^. 

X  =  -  1  ±  V^. 

/.  X  =  2,  or  —  1  ±  V^. 

10.  Find  all  the  roots  of 
a^_6x2+  llx--6  =  0. 

X  =  2  is  a  root. 
xa-6x2+llx-6 

=  (x-2)(x2-4x  +  8). 
:r2  — 4x  +  3  =  0. 
(x-l)(x-3)  =  0. 

x  =  3,  or  1. 
.'.  X  =  1,  2,  3. 


11.  Find  all  the  roots  of 
a4_3a^«.8x2  +  6x  +  4=0. 

x=  1,  or  --2,  satii^s  the  equatioo. 
3r4_3jc«_8a^»  +  6x  +  4 

=  (x-  l)(x  +  2)(x2-4x  —  2). 
x2-4x-.2  =  0. 
x2  — 4x  +  4  =  6. 

X  — 2  =  ±  V6. 
x  =  2±  VS. 
.-.  x=l, -2,  2±\/6. 

12.  Find  all  the  roots  of 
x»  +  x3-14x-24  =  0. 

X  s=  4  is  a  root. 
(x-4)(x3  +  6x  +  6)  =  0. 
x2+6x+6  =  0. 
(x  +  2)(x  +  3)  =  0. 
X  =  —  2,  or  —  3. 
/.  X  =  4,  —  2,  —  3. 

18.  Find  all  the  roots  of 
x4  -  6x«  +  9x2  +  4x  — 12  =  0. 
ar8(x-3)2  +  4(x-3)  =  0. 
(x-3){x2(x-3)  +  4}  =  0. 
x  =  3,orx«-3x2  +  4  =  0. 
X  =  —  1  is  a  root. 
x»-3x  +  4  =  (x+l)(x2-4x  +  4). 
x  =  -l,  orx2-4x  +  4  =  0. 
(x-.2)(x-2)=0. 
X  =  2,  2. 
.-.  x  =  3,  — 1,2,2. 

14.  Find  all  the  roots  of 
x(x-3)(x+l)  =  «(o-3)(a  +  l). 
X  =  a  is  a  root. 
Simplify  the  equation, 
a:8-.a8-2x2  +  2a2-3x  +  3a  =  0. 
(x-a)  (x2+ax+o2_2x-2a-3)  =  0. 

x  =  a, 
or     x2  +  ax  +  a2-.2x-2a  — 3  =  0. 
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4a:3  +  4(a--2)x  +  (a-2)a 
2x+a-2=±  Vl6  +  4o-3aa. 


.   -««   2-fl±Vl6  +  4a-3oa 

2 

16.  Find  all  the  roota  of 

x(x-3)(ar  +  l)=20. 

x(x-3)(x+l)  =  4xlX6. 
By  inspection,      x  =  4. 

x»  — 2x«-3x-20  =  0. 

{x-4)(x«  +  2x  +  6)  =  0. 

x  =  4, 

or  x8+2x+5  =  0. 

xa  +  2x+l  =  -4. 

x+l  =  ±2Vin[, 

x=-l±2\/iri. 

.-.  x=4,  -i±2Vi:i. 

16.  Find  all  the  roots  of 
(x-l)(x-2)(x-3)  =  24. 
(x-.l)(x-.2)(x-3)  =4X3x2. 

By  inspection,         x  =  6. 

x8-.6x2+llx-6  =  24. 
a:8-6x2+llx-30  =  0. 
(x-.6)(x2-x  +  6)  =  0. 

x=6, 
OP  x^  —  X  +  6  =  0. 

X3-X  +  J=-^. 


x  = 


.*.  X  =  6, 


1  ±\/ir23 

'  ■  ■■■  • 

2 


17.  Find  all  the  roots  of 
(x  +  2)(x-3)(x  +  4)  =  240. 
(x  +  2)(x-3)(x+4)  =  8x3xl0. 

Bj  inspection,       x  =  6. 

x»  +  8xa-10x-.24  =  240. 
x»  +  8x«-10x-264  =  0. 
(ar-6)(xa  +  9x  +  44)  =  0. 

x  =  6, 
or  x3  +  0x-f44  =  0. 

x«  +  9x+i|gi  =  -iyi. 


x  = 


-9j:V^r95 


.•.  ap=C, 


-9j:vC:96. 
2 


18.  Find  all  the  roots  in 

(x+1)(x  +  6)(x-6)  =  96. 

(x+l)(x  +  6)(x-6)  =  8X12X1. 
By  inspection,       x  =  7. 

x«-31x-30  =  80. 

x«-31x-126  =  0. 

(x-7)(x2  +  7x  +  18)  =  0. 

x=7, 
or  xa+7x+18  =  0. 

a^  +  7x+y-  =  -i^. 

x+}=±jV^^23. 
-7±  ^^^23 


x  = 


.'.  X  =  7, 


-  7  A  V-  23 

'  —  • 

2 


104 


COLLEGE  ALGEBRA. 


Exercise  22. 

Detennine,  without  solTing,  the  character  of  the  roots  of  each  of  the 
followmg  equations. 


7. 


1.  jfl^Qx  +  S^O.  6 
o  =  l,6  =  — 6,c  =  8. 

.*.  The  roots  are  real,  different, 
and  exact. 

2.  j:«-4x  +  2  =  0. 
a=l,6  =  — 4,c  =  2. 
6a-4ac  =  8. 

.*.  The  roots  are  real,  different 
surds. 

8.  a:«  +  6x+13  =  0. 

a  =  1,  6  =  6,  c  =  13. 
6a-4ac  =  -16. 
.*.  The  roots  are  both  imaginary. 

4.  4ara-12ar+7  =  0. 

a  =  4,  6  =  — 12,  c  =  7. 
6»-4flc  =  32. 
.'.  The  roots  are  real,  different 
surds. 

6.  6a:»--0ar  +  6  =  0.  10. 

a  =  6,  6  =  —  9,  c  =  6. 
62-4ac  =  -49. 
.'.  The  roots  are  both  imaginary. 


16j:«— 66x  +  49  =  0. 
a=16,6  =  — 66,  c  =  49. 
6a-4ac  =  0. 
.*.  The  roots  are  real  and  equaL 

3x3-2x+12  =  0. 
a  =  3,6  =  — 2,  c=  12. 
6«-4ac  =  -140. 
The  roots  are  both  imaginarj. 


8.        2x3- 19ar+ 17  =  0. 
a  =  2,  6  =  - 19,  c  =  17. 
6»-4oc  =  226. 
.*.  The  roots  are  real,  different, 
and  exact. 


9. 


9x«  +  30x+26  =  0. 
a  =  9,  6  =  30,  c  =  26. 
6«-4ac  =  0. 
The  roots  are  real  and  equal. 

17x«-12x+ff  =  0. 
a  =  17,6  =  -12,c  =  ff 
6»-4ac  =  0. 
The  roots  are  real  and  equal. 


Determine  the  values  of  m  for  which  the  two  roots  of  each  of  the 
following  equations  are  equal. 

11.       (3  m  +  l)x2  +  (2  m  +  2)x  +  m  =  0. 
a  =  3m+ 1,  6  =  2 m  + 2,  c  =  m. 

62-4ac  =  4TO3  +  8TO  +  4-12m2-4m. 
6»  — 4ac  =  4  +  4m  — 8ni2. 
If  the  roots  are  equal,     (^  —  4  ac  =  0. 

8m«  — 4w  — 4  =  0. 
I6in3-8m  +  l  =  9. 
4m  — 1  =  ±3. 

4  III  =  4,  or  —  2. 
.'.  m  =  1,  or  —  J.  Ans. 
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IS.    (m  — 2)a2+(jii  — 6)ar  +  2TO-6  =  0. 

a=m  —  2,  6  =  m  —  6,  c  =  2m^6. 

62-4ac=ma-10m  +  25  — 8ma  +  36m— 40. 

62  —  4ac  =  —  7m*  +  26m  — 15. 
If  the  roots  are  equal, 

7to3  — 26m +  15  =  0. 

(7m-6)(m-.3)  =  0. 

.*.  m  =  ^,  or  3.  Ant, 

13.  2  ma^  +  a:«  —  6mx-.6x  +  6m  +  l=0. 

a  =  2m  +  l,  6  =  — 6m  — 6,  c  =  6m  +  l. 

&2.4ac  =  d6m2  +  72m  +  36-48mS-32m— 4. 

62-4ac  =  -12m2  +  40m  +  82. 
If  the  roots  are  equal, 

12ma-40m-32  =  0. 

3ma— 10m  — 8  =  0. 

(m-.4)(3m  +  2)  =  0. 

.*.  m  =  4,  or  —  }.  Ans. 

14.  m3^'\-2a^  +  2m=zSmx^9x-{^10. 

(m  +  2)x3_(3„i«0)a.  +  (2m-10)=0. 

a  =  m  +  2,  6=  — (3m  — 0),  c  =  2m  — 10. 

^-4ac  =  ma-30m  +  161. 
If  the  roots  are  equal, 

m2-30m  + 161  =  0. 

(m-7)(m-23)  =  0. 

.*.  m  =  7,  or  23.  Ana. 

Exercise  23. 

1.  The  product  of  two  consecutive  numbers  exceeds  their  sum  bj 
181.    Find  the  numbers. 

Let  X  equal  the  first,  and  x  +  1  the  second  number. 
Then  a:  (x  +  1)  =  their  product, 

and  2  X  +  1  =  their  sum. 

.-.  a:(x+l)  =  2z+ 1  +  181. 
a^»+ar  =  2a: +182. 
a:a-x=182. 
x3-ar  +  }=182J. 
x-i  =  ±13}. 

X  =  14,  or  — 13. 
.'.  The  numbers  are  14  and  15. 
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8.  The  square  of  the  sum  of  two  consecutiye  numbers  exceeds  tbe 
sum  of  their  squares  by  220.    Find  the  numbers. 

Let  X  equal  the  first,  and  x  +  1  the  second  number. 
Then  2  x  +  1  =  their  sum, 

and  x^  +  (t  +  1)^  =  the  sum  of  their  squares. 

.'.  (2x  +  1)2  =  x3  +  (x  +  1)2  +  220. 
4x2  +  4x+l  =  2x2  +  2x  +  221. 

2x2  +  2x=220. 
4xfi  +  4x+l=r441. 
2x+l  =  ±21. 

2x  =  20,  or  — 22. 
X  =  10,  or  —  11. 
.*.  The  numbers  are  10  and  11. 

8.  The  difference  of  the  cubes  of  two  consecntiTe  numbers  is  817. 
Find  the  numbers. 

Let  X  equal  the  first,  and  x  +  1  the  second  number. 
Then  x*  =  cube  of  first, 

and  (x  + 1)^  =  cube  of  second. 

.-.  (x  +  1)8  -  x«  =  817. 

3x2  + 3x  + 1  =  817.  I 

x2  +  X  =  272.  i 

x2  +  x  +  J  =  272J.  ( 

x+i  =  ±16J. 

X  =  16,  or  — 17. 
.*.  The  numbers  are  16  and  17. 

4.  The  difference  of  two  numbers  is  5  times  the  less,  and  the  square 
of  the  less  is  twice  the  greater.    Find  the  numbers. 

Let  X  =  the  lesser  number. 

Then  x2  =  twice  the  greater  number. 

x2 
.*.  —  =  the  greater  number. 
2 

.     ^  R 

.'. X=  OX. 

2 

x2— 12x  =  0. 


X  =  0,  or  12. 

I  =  0,  or  72. 


.*.  The  numbers  are  12  and  72. 


TEACHERS*   EDITIOK.  107 


5.  The  nnmerator  of  a  certain  fraction  exceeds  the  denominator  by 
1.  If  the  numerator  and  denominator  be  interchanged,  the  sum  of  the 
resulting  fraction  and  the  original  fraction  is  2^^.  What  was  the  orig- 
inal fraction  ? 


Let  X  =  the  denominator. 

Then  x  +  1  =  the  numerator. 

^ii  =  the  fraction. 


=  the  fraction  after  numerator  and  de- 

it  4-  1 

^  nominator  are  interchanged. 

30(2x3  +  2a:+l)=61(a:a  +  x). 

ar  +  J  =  ±  6}. 

a:  =  6,  or  —  6. 

a  +  1  =  6,  or  —  5. 
.*.  The  fraction  is  f . 

6.  The  denominator  of  a  certain  fraction  exceeds  twice  the  numer- 
ator by  3.  If  3^  be  added  to  the  fraction,  the  resulting  fraction  is  the 
reciprocal  of  the  original  fraction.    Find  the  original  fraction. 

Let  X  =  the  numerator. 

Then  2x  +  3  =  the  denominator. 

=  the  fraction. 


2ar  +  3 
2t  +  3 


=  its  reciprocal. 


+  3A  =  2£±i. 


2x  +  3        **  X 

14a:2  +  46x  (2ar  +  3)  =  14  (2a:  +  3)a. 
48a:3-33ar=126. 
16xa-llx  =  42. 
16x2-llx  +  JiA^  =  ^Ji^. 

4x-Y=±¥. 

.  4x=8,  or— Y« 

x  =  2,  or-fj. 

2x  +  3  =  7,  or  J. 
.'.  The  fraction  is  }, 


I 
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7.  A  farmer  bought  a  number  of  geese  for  9  24.  Had  he  bought  2 
more  geese  for  the  same  money,  he  would  have  paid  J  of  a  dollar  less 
for  each.    How  many  geese  did  he  buy,  and  what  did  he  pay  for  each  ? 

State  the  problem  to  which  the  negative  solution  applies. 

Let  X  =  number  of  geese  bought. 

24 
Then  —  =  price  of  each  goose, 

X 

24 

and  =  price  he  would  have  paid  for  each  if 

'^  he  had  bought  two  more  for  the 

same  money. 
.      24        24     2 


ar  +  2       X      6 

120x  =  120  (a:  +  2)  -  2a:  (x  +  2). 
2ar«  +  4x  =  240. 
xa+2jc=120. 
a:3  +  2x+ 1  =  121. 
x+l  =  ±ll. 

x=10,  or  — 12. 

—  =  2.4,  or  -  2. 

X 

.*.  He  bought  10  geese  at  92.40  apiece. 

The  second  solution  a:  =  —  12  is  to  be  rejected.     If  however  the 

problem  read:    Had  he  bought  2  geese  Usa  for  the  same  money,  he 

would  have  paid  }  of  a  dollar  more  for  each,  the  algebraic  statement 

would  be 

24    _24.  2 


x-2      X      6 
which  leads  to  the  quadratic  equation 

x2-.2x=120, 
the  roots  of  which  are  12  and  — 10. 

8.  A  laborer  worked  a  number  of  days,  and  received  for  his  labor 
9  36.  Had  his  wages  been  20  cents  more  per  day,  he  would  have 
received  the  same  amount  for  2  days'  less  labor.  What  were  his  daily 
wages,  and  how  many  days  did  he  work  ? 

State  the  problem  to  which  the  negative  solution  applies. 

Let  X  =  number  of  days  he  worked. 
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Then  —  =  number  of  dollars  he  receired  per  day. 

X 

f--  =  number  of  dollars  he  would  haye 

^  received  per  day  if  he  had  receiyed 


20  cents  more. 


(x-2)(180  +  x)=180ar. 
178a:+x2-360=180x. 
ar*  — 2x=:360. 
x«-2x+l  =  361. 

x-.l  =  dkl9.  i 

x=20,  or  — 18.  I 

??  =  1.80,  or  -  2. 

X 

.*.  He  worked  20  days  at  $1.80  per  day. 

If  the  problem  read :  Had  his  wages  been  20  cents  less  a  day,  he 
would  have  received  the  same  amount  for  2  days  more  labor,  the  alge- 
braic statement  would  be 


(x  +  2)(f-l)  =  36. 


which  leads  to  the  quadratic 

x2  +  2x  =  300, 
the  roots  of  which  are  18  and  —  20. 

9.  For  a  journey  of  836  miles,  4  days  less  would  have  sufficed  had  I 
travelled  2  miles  more  per  day.    How  many  days  did  the  journey  take  ? 
State  the  problem  to  which  the  negative  solution  applies. 

Let  x  =  number  of  days  which  the  journey 

took. 

OOjCk 

Then  —  =  number  of  miles  travelled  a  day. 

X 

a;  —  4  =  number  of  days  it  would  take  if  I 
travelled  —  -f-  2  miles  a  day. 

X 


.-.  (a:-4)^^  + 2^=336. 

(rr  -  4)(336  +  2a:)  =  336  x. 

2:r»  +  328x  - 1344  =  336  X. 

2x2 --8x=  1344. 
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jta-4x=672. 
af«  — 4a:  +  4  =  676. 
ar-2=r±26. 

x  =  28,  or«24. 

5^  =  12,  or-14. 

X 

.'.  The  journey  took  28  days. 

The  negadve  solutions  would  hare  been  applicaUe  if  the  problem 
had  read :  For  a  journey  of  836  miles»  4  days  mart  would  have  been 
necessary  had  I  trarelled  2  miles  less  per  day.  The  algebraic  state- 
ment would  be 

(a:  +  4)^?5?-2^  =  386i 

which  reduces  to 

ara  +  4a?  =  672, 

the  roots  of  which  are  24  and  —  28. 

10.  A  farmer  hires  a  number  of  acres  for  f  420.  He  lets  all  but  4 
for  $420,  and  receives  for  each  acre  92.60  more  than  be  pays  for  it. 
How  many  acres  does  he  hire  ? 

Let  X  —  number  of  acres  hired^ 

n,.  420 

Then  —  =  rent  paid  per  acre. 

X 

X — 4  =  number  let  for  %  420. 

420 


x-4 


=  rent  received  per  acre. 


420  _2i  =  i??. 


X  — 4  X 

840x  -  6x2  +  20x  =  840x  -  3360. 

6x2 -20x  =  3360. 

x3-4x  =  672. 

xa-4x  +  4=676. 

X  —  2  =  ±  26. 

x  =  28,  or  — 24. 
.*.  He  hires  28  acres. 

11.  A  broker  sells  a  number  of  railway  shares  for  $3240.  A  few 
days  later,  the  price  having  fallen  %  9  per  share,  he  buys,  for  the  same 
sum,  6  more  shares  than  he  had  sold.  Find  the  numb^  of  shares 
transferred  on  each  day,  and  the  price  paid. 

Let  X  =  number  of  shares  sold  on  the  first  day. 
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Then =  number  of  dollars  received  per  share  on  the  first  day. 

9  =  number  of  dollars  paid  per  share  on  the  second  day. 

X 

X  rf  6  =  number  of  shares  bought  on  the  second  day. 
...  (a: +  6)/?^ -ft]  =  3240. 

(x  +  5)  (3240  -  9  a:)  =  3240  x. 
-  9a:2  ^  3240  a:  -  46x  +  16200  =  3240  a:. 

9a:2  +  45  j:=  16200. 
x2+6x=1800. 
x3  +  5j:  +  ^=i¥^. 

X  =  40,  or  —  45. 

3240      ^^        3240     ^     ^^  ^      ^^ 
=  81. 9  =  72.       a:+6  =  46. 

X  X  ■ 

.'.  He  sold  40  shares  at  $81  per  share,  and  bought  46  shares  at  f  72 
per  share. 


18.  A  man  bought  a  number  of  sheep  for  $300.  He  kept  15,  and 
sold  the  remainder  for  $270,  gaining  half  a  dollar  on  each  sheep  sold. 
How  many  sheep  did  he  buy,  and  what  did  he  pay  for  each  ? 

Let  X  =  number  of  sheep  bought. 

300 
Then  —  =  number  of  dollars  paid  for  each  sheep. 

X 

X  -.^  15  =  number  of  sheep  sold. 

270 
—  =  number  of  dollars  received  for  each 

*^  sheep. 

.      270    ^300     1^ 


X  — 15       X       2 
540x  =  600x-9000  +  xa-16x. 
x2+45x  =  9000. 
x«  +  46x  +  ^<^  = -J^ifai. 

x=75,  or  — 120. 

300      ^ 
=  4. 


X 

.'.  He  bought  75  sheep  at  $4  apiece. 
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IS.  The  length  of  a  recUngwtar  lot  exceeds  its  bremdth  bj  20  yards. 
If  each  dimenBion  be  increased  bj  20  jards,  the  area  of  the  lot  will  be 
doubled.    Find  the  dimensions  of  the  lot. 

Let  X  =  number  of  yards  in  breadth. 

Then  x  +  20  =  number  of  yards  in  length. 

x(x  +  20)  =  number  of  square  yards  in  the  area. 
X  +  20  =  breadth  increased  by  20  yards. 
X  +  40  =  length  increased  by  20  yards, 
(x  -f  20)(x  -f  40)  =  number  of  square  yards  in  area  after 

the  increase. 
/.  (x+20)(x  +  40)  =  2x(x  +  20). 

.-.  x-|-20  =  0,  andx  =  — 20; 
or  x-|-40  =  2x,  andx  =  40. 

x-l- 20  =  60. 
.'.  The  lot  is  40  yards  wide  and  60  yards  long. 

14.  Twice  the  breadth  of  a  rectang^ular  lot  exceeds  the  length  by 
2  yards ;  the  area  of  the  lot  is  1200  square  yards.  Find  the  length  and 
breadth. 

Let  X  =  number  of  yards  in  breadth. 

Then  2  x  —  2  =  number  of  yards  in  length. 

x(2  X  —  2)  =  number  of  square  yards  in  the  area. 
.-.  x(2x-2)=1200. 
x«  — x  =  600. 
xa-x  +  J  =  Aiyil. 
x-i=±¥. 

x  =  25,  or— 24. 
2x-2  =  48. 

.*.  The  lot  is  25  yards  wide  and  48  yards  long. 

16.  Three  times  the  breadth  of  a  rectangular  field,  of  which  the  area 
is  2  acres,  exceeds  twice  the  length  by  8  rods.  At  f  6  per  rod,  what 
will  it  cost  to  fence  the  field  ? 

Let  X  =  number  of  rods  in  breadth. 

Then  3  x  —  8  =  twice  the  number  of  rods  in  length. 

Q  J.  Q 

.   — - —  =  number  of  rods  in  length. 


■  ^  ^ ^  =  number  of  square  rods  in  its  area. 
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.».  ^(^^-1)  =  320. 
2 

3j:2-8ar  =  640. 

9x2- 24^+16=1936. 

3x-4=±44. 

3a:  =  48,  or— 40. 

ar=16,  or— Y- 
^^"•^  =  20. 

.*.  The  field  is  16  rods  wide  and  20  rods  long. 
Its  perimeter  is  therefore  2x16  +  2x20  =  72  rods. 
At  5  dollars  a  rod  the  fencing  would  therefore  cost  5  X  72  dollars,  or 
$360. 

16.  Two  pipes  running  together  fill  a  cistern  in  lOf  hours ;  the  larger 
will  fill  the  cistern  in  6  hours  less  time  than  the  smaller.  How  long 
will  it  take  each,  running  alone,  to  fill  the  cistern  1 

Let  X  =  number  of  hours  it  takes  the  smaller  pipe. 

Then  x  —  6  =  number  of  hours  it  takes  the  larger  pipe. 

-  =  part  which  the  smaller  pipe  will  fill  in  one  hour. 
=  part  which  the  larger  pipe  will  fill  in  one  hour. 


X  — 6 


-  H =  part  which  both  pipes  together  will  fill  in  one  hour. 

X     X  — 6 

11  17 

.-.  -  + 


X     x-6      lOf     72 
72  (x  —  6  +  x)  =  7  X  (x  —  6) . 

7x2-186x  =  -432. 
49x2 -1302x  =  - 3024. 
49x3  -  i202x  +  8649  =  6626. 
7x  — 93  =  ±76. 

7x=168,  or  18. 
X  =  24,  or  -^ . 
x-6  =  18,  or-^. 
.*.  The  smaller  pipe  will  fill  the  cistern  in  24  hours,  the  larger  in  18 
hours. 

17.  Three  workmen.  A,  B,  and  C,  dig  a  ditch.  A  can  dig  it  alone  in 
6  days  more  time,  B  in  30  days  more  time,  than  the  time  it  takes  the 
three  to  dig  the  ditch  together ;  C  can  dig  the  ditch  in  3  times  the  time 
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the  three  dig  it  in.    How  many  days  does  it  take  the  three,  working 
together,  to  dig  the  ditch  ? 

Let  X  =  number  of  days  it  takes  the  three  together. 

Then         x  +  6  =  number  of  days  it  takes  A, 
X  +  30  =  number  of  days  it  takes  B, 
Zx  =  number  of  days  it  takes  C. 

-  =  the  part  the  three  together  can  do  in  one  day. 
=  the  part  that  A  can  do  in  one  daj. 


x  +  6 

1 

x  +  30 

J^ 

Zx 


=  the  part  that  B  can  do  in  one  daj. 
=  the  part  that  C  can  do  in  one  day. 


,       ^       ,    1  _1 


x+6     x  +  30     3x     X 
3x(x  +  30)  +  3x(x  +  6)  +  («  +  6)(x+  30)  =  3  (x  +  6)(x  +  30). 

3x2  +  90x  +  3x3  +  18x  =  2x2  +  72x  +  360. 
4x2  +  36x  =  360. 
4x2  +  36x  +  81  =  441. 
2x  +  9  =  ±21, 

2x=12,  or  — 30. 
X  =   6,  or  — 16. 
.*.  It  will  take  the  three  together  6  days  to  dig  the  ditch. 

18.  A  cistern  holding  900  gallons  can  be  filled  by  two  pipes  running 
together  in  as  many  hours  as  the  larger  pipe  brings  in  gallons  per 
minute ;  the  smaller  pipe  brings  in  per  minute  one  gallon  less  than  the 
larger  pipe.    How  long  will  it  take  each  pipe  by  itself  to  fill  the  cistiem? 

Let  x=  number  of  galloi^  the  larger,  pipe  brings  in  in  1  min. 

Then  x  —  1  =  number  of  gallons  the  smaller  pipe  brings  in  in  1  min. 
2  X  —  1  =  number  of  gallons  both  pipes  hmi^  4^  ^  1  VW^» 
120  X  —  60  =  number  of  gallons  both  pipes  bring  in  ii)  1  ^9^* 

900 

/»A  ~  '^"™^®''  ^^  hours  it  would  tak^  bp^tib  pipies  to  ^^  the 

cistern. 
900 

=  X. 


120  X- 60 

900=  120x3- 60  ar. 
2x2-x=15. 
16x3-8x+l  =  12L 
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4a:-l  =  ±ll. 

4a:  =12,  or -10. 

x-l  =  2. 
—  =  300.    800iiunuteB=6hour8. 

X 

900 

=  450.    460  minutes  =  7  J  hours.  ) 

x  —  1 

.'.  The  larger  pipe  will  fill  the  cistern  in  6  hours,  the  smaller  in  7} 
hours. 

19.  A  number  is  formed  bj  two  digits,  the  second  being  less  bj  3 
than  one-half  the  square  of  the  first.  If  9  be  added  to  the  number,  the 
order  of  the  digits  will  be  reversed.    Find  the  number. 

Xet  X  =  first  digit. 

Then  x^  =  its  square. 

—  —  3  =  second  digit. 

10  a:  +  —  —  3  =  the  number. 

lOf—  —  3j+a:  =  the  number  reversed. 

.%  10ir  +  ^-8  +  9=10/^^-.3'\+x. 

— -9ar  =  36. 
2 

x3-2a:  =  8. 

a«-2x  +  l  =  9. 

a:  —  1  =  ±  3. 

ar  =  4,  or  —  2. 

^-3  =  6. 
2 

.*.  The  number  is  46. 

SO.  A  number  is  formed  by  two  digits;  6  times  the  second  digit 
exceeds  the  square  of  the  first  digit  by  4.  If  3  times  the  first  digit  be 
added  to  the  number,  the  order  of  the  digits  will  be  reversed.    Find  the 

Ij^  X  =  first  digit. 

The9  a:^  +  4  =  5  times  second  digit. 
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— i—  =  second  digit. 
6 

vS  4. 4 
10  X  +  — ~?  =  the  number. 
6 

10  (  — i— J  +  X  =  the  number  reversed. 

...  i0x  +  ^  +  3x=10(^Ux. 

12x  =  t(a:*  +  4). 
9x8  — 60x  =  — 36. 
9xa-60x+ 100  =  64. 
3x-10=±8. 

3x=18,  or2. 
X  =  6,  or  f 

6 
.'.  The  number  is  68. 

21.  A  boat's  crew  row  3  miles  down  a  river  and  back  again  in  1  hour 
and  15  minutes.  Their  rate  in  still  water  is  3  miles  per  hour  faster 
than  twice  the  rate  of  the  current.  Find  the  rates  of  the  crew  and  the 
rate  of  the  current. 

Let  X  =  their  rate  in  still  water. 

Then  x  —  3  =  twice  the  rate  of  the  current. 

X  — 8 


2 


=  the  rate  of  the  current. 


X  — 3 
X  + =  their  rate  down  stream. 

2 

X  — 3 
X  —  — - —  =  their  rate  up  stream. 

2 

3 
^  Q  =  number  of  hours  they  take  to  row 

*  +  -g —        down  three  miles. 

3 
^j^s  number  of  hours  thej  take  to  row 


X        ^ 

*  •*    o   •        back  three  miles. 


1  hour  and  15  minutes  =  |  hours. 

3.3  5 

+ 


ar-3  '         X  — 3     A 
x+ *  — 
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6  6 


3x  — 3     x  +  S     4 
8(x  +  3)+24(r-l)  =  6(x-l)(x  +  3). 
6a^- 22^=15. 
26x8- 110ar+ 121  =  196. 
6:p-11  =  ±14. 

6x  =  26,  or  — 3. 

_  __  g 

ar  =  6,  and =  1, 

2 

.*.  The  rate  of  the  current  is  1  mile  per  hour ;  and  the  rate  of  the 

crew  in  still  water  is  6  miles  per  hour. 

82.  A  jeweller  sold  a  watch  for  $22.75,  and  lost  on  the  cost  of  the 
watch  as  manj  per  cent  as  the  watch  cost  dollars.  What  was  the  cost 
of  the  watch  1 

Let  X  =  numher  of  dollars  paid  for  the  watch. 

Then  x  —  22|  s  loss  in  dollars. 

100  ^  "^^i  =  loss  in  per  cent 
...  I00^-^^>  =  a:. 

X 

100  a- -  2276  =  ar3. 
0:3 -100a:  =  - 2275. 
a:a-100ar  + 2500  =  225. 
X  —  60  =  dk  15. 

X  =  65,  or  35. 
.*.  The  watch  cost  either  $65  or  935. 

88.  A  farmer  sold  a  horse  for  9138,  and  gained  on  the  cost  i  as 
many  per  cent  as  the  horse  cost  dollars.    Find  the  cost  of  the  horse. 

Let  X  =  number  of  dollars  paid  for  the  horse. 

Then  138  —  x  =  gain  in  dollars. 

138  ^  X 

100 =  gain  in  per  cent 

...iool?ii£=f. 

X  8 

110400- 800  x  =  xa. 

xa  +  800x=  110400. 
x3  +  800x  +  160000  =  270400. 
x  +  400=i:520. 

x=120,  or  — 920. 
.*.  The  horse  cost  9 120. 
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94.  A  broker  bought  a  number  of  $  100  shares,  when  thej  were  a 
certain  per  cent  below  par,  for  $  8500.  He  afterwards  sold  all  but  20, 
when  they  were  the  same  per  cent  above  par,  for  $  0200.  How  many 
shares  did  he  buy,  and  what  did  he  pay  for  each  share  ? 

Let  X  =  number  of  shares  bought. 

Then  =  number  of  dollars  paid  for  each. 

X 

x  —  20  =r  number  sold. 
9200 


=  number  of  dollars  receiyed  for  each. 


x-20 

100-§500^.«20CL^1Q^^ 
X        a:  — 20 
2_85^     02 


X      X  — 20 
2x«  -  40x  -  85x  +  1700  =  92  X. 

2x2-217x=-1700. 
16x2 -1736x  =  - 13000. 
16  x3  - 1736  X  +  47089  =  33489. 
4x-217  =  ±183. 

4x  =  400,  or34. 
X  =  100,  or  y. 

?^  =  86. 

X 

.*.  He  bought  100  shares  at  $86  per  share. 

25.  A  drover  bought  a  number  of  sheep  for  $  110 ;  4  having  died,  he 
sold  the  remainder  for  $7.33^  a  head,  and  made  on  his  investment 
4  times  as  many  per  cent  as  each  sheep  cost  dollars.  How  many  sheep 
did  he  buy,  and  how  many  dollars  did  he  make  ? 

Let  X  =  number  of  sheep  bought. 

Then  —  =  number  of  dollars  paid  for  each  sheep. 

X 

X  —  4  =  number  sold. 
7 J  (x  —  4)  =  number  of  dollars  received  for  them. 
7 J (x—  4)  — 110  =  number  of  dollars  gained. 

100  '^K^-^)-^^Q  =  the  amount  gained  in  per  cent. 
110  "^  *^ 

/.  100  ^K^"  4) -.110  ^440, 

110  X 


TEACHERS*    EDITION.  119 

^(a:  -  4)  -  110  =  — . 

X 

22  0^  —  88  a:r  -  330  a:  =  1462. 
22:r2-418ar=1452. 
ar2-19x  =  66. 
a:2_l9a:_66  =  0. 
(x  — 22)(a:  +  3)  =  0. 

.-.  jr  =  22,  or— 3. 
71(:p-4)-110  =  22. 
.*.  He  bought  22  sheep,  and  made  $22  profit. 

S6.  A  certain  train  leaves  A  for  B,  distant  216  miles ;  8  hours  later 
SDother  train  leayes  A  to  travel  over  the  same  route ;  the  second  train 
travels  8  miles  per  hour  faster  than  the  first,  and  arrives  at  B  46 
minutes  behind  the  first.  Find  the  time  each  train  takes  to  travel  over 
fhe  route. 

Let  X  =  number  of  miles  per  hour  which  the  first  train  makes. 

Then  x  +  8  =  number  of  miles  per  hour  which  the  second  train  makes. 

216 

=  number  of  hours  it  takes  the  first  train  to  go  from  A 

^  toB. 

216 

=  number  of  hours  it  takes  the  second  train  to  go  from 


*+®         AtoB. 

The  second  train  gains  3  hours  less  46  minutes,  or  2\  hours,  on  the 

first 

.     216       216     o. 


x  +  8        X 
864x  =  864x  +  6912  -Ox^  -  72  x. 
9x3 +72x  =  6912. 
9x3  + 72x+ 144=  7066. 
3x+12=±84. 

3x=72,  or— 96. 
x  =  24. 

216^^^    .2ieL^ej. 

X  x  +  8 

.'.  The  first  train  travels  over  the  route  in  9  hours ;  the  second,  in  6i 
hours. 

27.  A  coach,  due  at  B  twelve  hours  after  it  leaves  A,  after  travelling 
from  A  as  many  hours  as  it  travels  miles  per  hour,  breaks  down ;  it 
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then  proceeds  at  a  rate  1  mile  per  hour  less  than  half  its  former  rate, 
and  arriyes  at  B  three  hours  late.    Find  the  distance  from  A  to  B. 

Let  X  =  number  of  miles  from  A  to  B. 

Then  —  =  rate  of  the  coach  at  first. 

12 

—  =  number  of  hours  travelled  at  this  rate. 
12 

— -  =  number  of  miles  travelled  at  this  rate. 
144 

X =  number  of  miles  remaining. 

144 

— •  —  1  =  rate  of  coach  after  the  accident. 
24 

a:-  — 

=  number  of  hours  taken  to  travel  the  remaining 

— —  1  distance. 

24 


a:  — 


ara 


X  144 

.•.^  +  ^—=12  +  3. 

24 
x_.  144  X  —  x^  _  -- 
12       6ar-144~      ' 
6  a:"  - 144  X  +  1728  .r  -  12  a:2  =  1080  ar  -  26920. 

6ar2-604.r  =  25920. 
a^  _  84  .r  =  4320. 
a:3-84ar+ 1764=  6084. 
x-42  =  .-t78. 

X  =  120,  or  —  36. 
.'.  The  distance  from  A  to  B  is  120  miles. 


Exercise  24. 

1. 

(a:  +  y=   8 
(       xy=16 

(1) 

(2) 

Square  (1), 

x^  +  2xy  +  y^=Q4 

(3) 

4  X  (2)  is 

4xy          =60 

(4) 

Subtract, 

j^-2xy  +  y^-    4 

Extract  root, 

ar-y  =  ±2 

(6) 

Add  (1)  and  (5), 

2ar=10,  orO 
/.  x=    5,  or  3 

Substitute  the  value 

of 

X  in  (1),              y=    3,  or  6 
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8. 

1  xy  +  27  =  0 

(1) 

(2) 

xy  =  -27 

(3) 

Square  (1), 

xa  +  2xy  +  ya=       36 

(4) 

4x(3)i8 

4xy         ^=-108 

(6) 

Subtract, 

ar«-2xy  +  y2=      144 

Extract  root. 

x-y  =  ±12 

(«) 

Add  (1)  and  (6), 

2x=18,  or— 6 
/.  x=   9,  or  —  3 

Substitute  the  value  of 

xin(l),             y=   -3,  or  9 

8. 

(x-y=    6 
(       ary  =  24 

0) 

(2) 

Square  (1), 

x^  — 2xy  +  y3=    26 

(3) 

4x(2)i8 

4xy          =    96 

(4) 

Add, 

xa  +  2xy  +  ya=121 

Extract  root, 

x  +  y  =  ±ll 

(5) 

Add  (1)  and  (5), 

2x=16,  or-6 
/.  X  =    8,  or  —  3 

Substitute  the  value  of 

xin(l),              y=   3,  or -8 

4. 

(      x-y=16 
1  xy  +  60  =    0 

(1) 

(2) 

xy  =  —  60 

(3) 

Square  (1), 

xa-2xy+y2=     266 

(4) 

4  X  (3)  is 

4xy          =—240 

(5) 

Add, 

x3  +  2xy  +  y2=        16 

Extract  root, 

x+y=±4 

W 

Add  (1)  and  (6), 

2x  =  20,  or  12 
/.  X  =  10,  or    6 

Substitute  the  value  of  . 

rin  (1),              y  =  -6,  or -10 

5. 

(x  +  2y  =  12 
(          xy  =  18 

(1) 

(2) 

Square  (1), 

x2  +  4xy  +  4y2=144 

(3) 

8  X  (2)  is 

8  xy             =  144 

(4) 

Subtract, 

x2  — 4xy  +  4y2=      0 

Extract  root, 

X  — 2y=    0 

t. 

Add  (1)  and  (6), 

2x=  12 
.-.  x=    6 

Substitute  the  value  of  : 

r:in(l),               y=    3 
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{ 

2a:+3y  =  l 

(1) 

xy  +  16  =  0 

(2) 

xy  =  — 15 

(3) 

Square  (1),                      43^-[-12 

a:y  +  9y2=         1 

(4) 

24  X  (3)  ifl                                  24 

xy            =  —  360 

(6) 

Subtract,                         4a-2-12 

a:y  +  9y2=      361 

Extract  root, 

2a:  — 3y  =  ±19 

(6) 

Add  (1)  and  (6), 

4x  =  20,  or  — 18 
/.  a?  =    5,  or  —  4 J 

Substitute  the  value  of  x  in  (1), 

3y  =  — 9,  orlO 
/.  y  =  —  3,  or  3  J 

7.                (  y  =  9-3a:         (1) 
(a:2=rlO-Ty         (2) 

8.           (x  +  2y  =  12 
Uy  +  y2  =  35 

0) 

(2) 

a:2=10-x(9-3x) 

From  (1),  x  +  y=12-y 

(3) 

a^^=10-9ar  +  3a:> 

From  (2), 

2a-2-9a:  =  -10 

y(a:  +  y)  =  35 

(4) 

4a:2-18ar+20}  =  } 

Substitute  the  value  of  x  +  y  from 

2a:-4}=±} 

(3)  in  (4), 

2j:==5,  or4 

y(12-y)  =  85 

.-.  x=  5,  or  2 

y2-12y  =  -36 

Substitute  the  value  of  x  in  (1), 

y'-12y  +  36  =  l 

y  =  J,  or  3 

y-6=±l 
.•.  y  =  7,  or  5 

Substitute  the  yalue  of  y  in  < 

(1). 

x=-2,  or2 

9.                                     /a:+3yH 

^ary-y^H 

1-9  =  0 

(1) 

h4  =  0 

(2) 

From  (1),                                    X- 

-y  =  2y-9 

(3) 

Frora  (2).                               y(j:- 

^)  =  — 1 

W 

Substitute  the  value  of  x  —  y  from  (3)  in  (4), 

y(2y-9)=-4 
2y2-9y  =  -4 
16y2-72y  +  81  =  49 
4y-9  =  ±7 
4y=16,  or  2 
.-.  y  =  4,  or  J 
Substitute  the  value  of  y  in  (1),    x  =  8,  or  —  ■*/. 
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M.                                                    i 

< 

x2  +  y2=ioo 

(n 

a:  +  j^=    14 

(2) 

Square  (2),                              si^  +  2  xy  +  y^  =  IQQ 

(3) 

(l)w                                        a:2 

+  y2  =  l00 

Subtract,                                           2a:y          =96 

W 

(l)M                                                             2^ 

+  y«=100 

(4)  i8                                                 2 

xy         =96 

Subtract,                                   x^  —  2 

a^y  +  y^  =    4 

x-.y  =  ±2 

(6) 

Add  (2)  and  (5), 

2x=16,  or  12 
/.  X  =    8,  or    6 

X     ^ 

Substitute  the  value  of  x  in  (2), 

y=   6,  or   8 

11.             (2-2  +  5^2=17             (1) 
(4x  +  y=15             (2) 

18.           (    x2  +  xy  =  40 
I2x-8y=    1 

(1) 

(2) 

From  (2),              y=16-4ar 

From  (2),            y  =  ^^ 

(3) 

.-.  xH(16-4a:)2=17 

Substitute  in  (1), 

Ha:*— 120  a- =  -208 
172x2  - 120  X  17  X  4- 8600  =  64 

^2+(2r-l)x_^^ 

17x-60  =  ±8 

6x2-x=120 

17x  =  62,  or68 

K   O                         A 

100x2-20x+  1  =  2401 
10x-l=r  ±49 

.-.  or  =  W,  or  4 

17' 

Substitute  the  value  of  x  in  (2), 

10x=60,  or 
/.  r  =    5,  or 

-48 

-¥ 

y  =  f  1,  or  - 1 

Substitute  the  value  of  x  in 

(8). 

y  =  3,  or  - 

-H 

12.   (2a:2_ya  +  8=,o               (1) 
(    3x-y-2  =  0               (2) 

14.              (      x2-y2=13 

I3x-2y=    9 

(1) 

(2) 

From  (2),              y  =  3a:-2      (3) 

From  (2),            y  =  ^Y^ 

(3) 

Siibstitate  iH  (1), 

Substitute  in  (1), 

j        2x2-(3j:-2)«+8  =  0 
-7x2+12x+4  =  0 

^-(•^)  =  18 

49x2-84ar  +  36  =  64 

6x2-54x  =  -138 

7ar-6=±8 

26x2-270x+729  =  64 

7^=14,  or— 2 

6x-27  =  i8 

5x  =  36,  orl9 

/.  X  =   2,  or  —  1 
8ub8tilut»  iSkie  value  of  x  in  (3), 

.-.  x=    7,  orJjf 
Substitute  the  value  of  x  in  (S), 

y  =  4,  or  -  Jyi 

y  =  6,  or  1 
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15. 


y    y 


Simplify  (1), 


_5^ 

18 
xy  =  64 


^  18 


(1) 
(2) 

(3) 
(4) 


Square  (4), 

y2+2xy  +  x2  =  226 
4x(2)i8  4xy  =216 

Subtract,    y^  —  2  xy  +  x-  =      9 

y-x=±3  (5) 

Add  (6)  and  (4), 

2y  =  18,  or  12 
.'.  y  =  9,  or  6 
Substitate  the  value  of  y  in  (2), 

X  =  6,  or  9 


16. 


1 

X 


1 

y 


X  — 2y  +  16  = 
Simplify  (1), 

y-x  = 

From  (2),  x  = 

Substitute  in  (3), 

y(2y-15)  = 

86(-y  +  16)  = 

2y2  +  21y  = 

16y2+168y  = 

16ya+ 168^  +  441  = 

4y  +  21  = 

4y  = 

.-.  y  = 
Substitute  the  value 

x  = 


36 
0 


(1) 
(2) 


(3) 


xy 
36 
2y-16    (4) 


C2.y-i6yv 

36 
2y2-16y 
640 
4320 
4761 
±69 

48,  or  —  90 
12,  or  -  ^ 
of  X  in  (4), 
9,  or  -  60 


17.   (x2  +  4y  +  ll  =  0 
c  3x+2y+  1  =  0 
2  X  (2)  is 

6x  +  4y  +  2  =  0 
Subtract  from  (1), 

x3  — 6x  +  0  =  0 
X  — 3  =  0 
.-.  x  =  3 
Substitute  the  value  of  x  in  (2), 

y  =  -6 


(1) 
(2) 


18. 


x  +  3y+l  =  0 


(1) 


^  +  ^^  =  2(y  +  l)  (2) 

x  +  2y 
Simplify  (2), 

x3+2xy+4y+l=2xy+4y2+2x+4y 
xa-2x+l  =  4ya 
X  — l  =  ±2y 
Therefore  either 

:r-.2y-l  =  0  (3) 

or  x  +  2y  — 1  =  1  (4) 

Subtract  (3)  from  (1), 
6y  +  2  =  0 

y  =  -i 

Substitute  the  value  of  x  in  (3), 

x=i 

Subtract  (4)  from  (1), 

y  +  2=0 

.-.  y=-2 

Substitute  the  value  of  y  in  (4), 

X—  6 
/.  X  =  6,  or  ^ 
y  =  -2,or-| 
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19. 


(r2  +  y2=106    (1) 


xy=    45    (2) 
(1)  is       a^  +  y2  =  106 

2x(2)i8         2xy  =    90 

Subtract,  or*  —  2  xy  +  y2  _.    iq 

4r-y  =  ±4    (3) 
a*  +y2=io6 

2ary  =    90 

Add,         xa^2a:y  +  y2=196 

x  +  y=:±14  (4) 

Add  (3)  and  (4), 

2x=±18,  or±10 
,\  x=±   9,  or  ±    5 
Substitate  the  value  of  x  in  (2), 

y  =  ±  6,  or  ±  9 


%l.  (a:3  — ary=    3  (1) 

\y^  +  xy  =  lO  (2) 

Substitate  y  =  vx  in  both  equations, 

xa  — 17x2=    3  (3) 

r^xa  +  »x  =  10  (4) 

Diride  (3)  by  (4), 

1  — p_  3 
t^  +  i;      10 
10— 10r  =  3«2  +  3i; 
3r2+18i;  — 10  =  0 
(3t;-2)(t;  +  6)=0 

t^  =  f  ,  or  —  6 
Substituting  the  values  of  v  in  (3), 
iara=3 
ar2=9 
x=±S 
«  6ara  =  3 

ir=±  Vj 

y  =  t;ar 
/.  y  =  ±2, or=F5>/J 
/.  x=  ±3, or±  Vj 

y  =  ±2,or=F5\/f 


20. 


I 


x3  +  y2  =  62 
a:y  +  24=    0 


(1) 
(2) 


xy  =  — 24 

x2  +  2xy  +  y2  =  4 

'x  +  y  =  i:2  (8) 

x2-2xy  +  ya^l00 

x-y  =  ±10  (4) 

Add  (3)  and  (4), 

2x=i:12,  or  ±8 

x  =  ±   6,  or  i:  4 

Substitute  the  value  of  x  in  (2), 

y  =  T  4,  or  7  6 


22.  (  :ey  +  y^-   i  (1) 

t2x3-y3=17  (2) 

Substitute  y  =  t>x  in  both  equations, 

t;x2+i;2z3_.    4  (3J 

2x2_,;2xa=17  (4) 

Divide  (3)  by  (4), 

2-.i;a""l7 
17i;+17i;2  =  8-4i;a 
21t;2+17i;-8  =  0 
212t;2 +  21x171;  =168 
21»i;3  +  21  X  17 1;  +  A}A  =  iji 

21i;  +  Y=±V 

21i;  =  7,  or-24 

»  =  },  or  -  f 

Substitute  the  value  of  v  in  (4), 

x»=9,  or^ 

.'.  x  =  ±3,or±7\/j 

y  =  ±  l,orT4\/2 
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^27 

w 

::       2 

(2) 

Subtract,     x^^^xy  +  y^ 

.26 

x+y=±6 

(3) 

ar  =  5  — 1 

/ 

Substitute  in  (2), 

(6-.y)y-y'  =  2 

2y«-6y  +  2  =  0 

(2y-l)(y-2)  =  0 

.-.  y  =  },  or 

2 

jr  =  f ,  or 

3 

or                         X  =  —  5  ■ 

-y 

Substitute  in  (3), 

(-6^y)y-y»-«2 

2y*  +  5y  +  2  =  0 

(2y  +  l)(y  +  2)  =  0 

y  =  -i, 

or  - 

-2 

0:=-?, 

or  " 

-3 

.•.  X  =  ±  1, 

or  ± 

3 

y  =  ±i» 

or  ± 

2 

94.                     (x8  +  Ty=: 

60 

(1) 

)  y2  4-  x.//  = 

40 

(2) 

Add,        x2  +  2xy  +  y2=..  100 

X  +  y  =  ±  10 
(l)i8  x(x  +  y)=60 

/.  x  =  ±  6 
(2)i8  y(y  +  :«:)=40 

/.  y  =  ±  4 

25.      J    xa  +  2xy-    y2  =    28  (1) 
(3:rg-f  2xy  +  2y2=    72  (2) 

Add,     4x«  +  4zy+    y2=100 

2x+y=±10 

y  =  ±10-2x(3) 
Substitute  in  (2), 

8x2+2x(±  10  — 2x) 
+  2(±10-2x)2=72 
7*2=f60x=-128 


49x2=f420x  +  900=4 
7x  +  30=±2 

7x=±32,  or±28 
/.  x=  ±  V»  or  ±4 
y  =  ±f,  or  ±2 

86.  (x2-4xy  =  45  (1) 

1  y^^xy=    6  (2) 
Substitute  y  =  »r  in  both  equations, 

x^  -  4  t;a:2  =  45  (3) 

Divide  (3)  by  (4), 

1_4p^45  :,. 

u^  -  y       6 
6-24  i;  =  45o«  — 45-17 
45t?2-2U--6  =  a  .   ::   .': 

(15r  +  3)(3i;-2)  =  0 

t;  =  -i,ori 
Substitute  the  Talue  of  v  in  (3),  > 
x*  =  25,  or  -  27 
.'.  x=  ±6,  or  ±8V— S'' 
y==Fl,  or±2V^^ 

27.          5x2  +  3xy  =  66  (1) 

(2y2  +  xy  =  18  (2) 

Substitute  y  =  vx  in  both  equ.i- 

tions,   x2  +  3t'2:2=66     '  (3) 

2  r2j"2  +va^=l^  _  (4) 
Divide  (3)  by  (4), 

1  +  3y  __  55 
2r2  +  r".18     „,    _     , 
18+64t'  =  li0i;2-|-'65o" 
110y2  +  p-18=0 
1102y2+110t;  +  }  =  19801 
llOu  +  i  =  ±  44J 
110i;  =  44,  or45 
w  =  A,or-A 
Substitute  the  value  of  v  in  (3), 
x2  =  26,or-242 

.'.  x  =  ±  6,  or  ±  11 V— 2 
y  =  ±  2,  or  ^  fV^^ 
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28.                                             (  a^^xy  +  y^=S7  (1) 

I  a:2  +  2xy  +  8=    0  (2) 

Substitute  y  =  rx  in  both  equations, 

a:2-t?x2  + 1723.2-37  ^3j 

Divide  (3)  by  (4),  ^  ~  '^  +  '^^  =  -  ?Z 

^  l  +  2t;  8 

8-8w  +  8r2  =  -37-74» 
8i;2  +  60«;  =  -46 
16wa4.i32y  +  272J=182} 
4i;+16J  =  ±13J 

4v  =  -3,  or— 30 
v  =  — 3,or— ^^ 
Substitute  the  value  of  v  in  (4),  x2  =  16,  or  f 

.*.  x=  ±4,  or  ±2V} 
y  =  T  3,  or  ^  16\/f 


1  2x2~xy  +  y2-i6  (2) 
Substitute  y  =  vx  in  both  equations, 

x2  +  t;x2  +  2  i;«x2  =  44  (3) 

2x2-t;x2+t;2x2-10  ^4j 

Divide  (3)  bj  (4),  V^^_r '^'  =  t! 

2  —  i;  +  r*        JO 

16  +  16  y  +  32 1;2  =  88  -  44 1;  +  44  »> 

12v2.60t;  =  -72 

t;2  — 6u+6  =  0 

(i;-2)(i;-3)  =  0 

.-.  ?;  =  2,  or  3 

Substitute  the  value  of  v  in  (3),  x2  =  4,  or  2 

/.  x=  ± 2,  or  ±  v^ 

y  =  ±4,  or±3V2 

80.  (  8x2-3xy--y2_4o  (1) 

1  9x2  + xy  + 23/2  =  60  (2) 
Substitute  y  =  vx  in  both  equations, 

8  x2  -  3  vx^  -  v^f  =  40  (3) 

9x2+z;j-2  +  2y2x2  =  (i0  (4) 

Divide  (3)  by  (4),  pT^l";1  =  ! 

24-9i;-3i'2=18  +  2r  +  4i;a 
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7t;a+llt;-6  =  0 
(7t;-3)(u  +  2)  =  0 

V  =  ^,  or  —  2 
Sabstitute  the  value  of  v  in  (3),  a^  =  V,  or  4 

/.  X  =  ±  iVl,  or  ±2 
y  =  ±f\4,  or?4 

81.                                  (3a:3+3xy+    y^=    62  (1) 

(  6x2  +  7 ar^/  +  4^2  =3  140  (2) 

Substitate  y  =  vx  in  both  equations, 

3r2+3t;x2+     v^x^=    62  (3) 

5  x2  +  7  vx^  +  4  l'2j:2  =  140  (4) 

DiTide  (3)  by  (4),                3-|-3.-f.2      ^  , 

JjL5£+_Hi^l3 
6  +  7i;  +  4r2     35 
106i;2  +  lOSv  +  35V2  =  65  +  9I1;  +  62©« 
17r2-14i;-40=0 
(17i;  +  20)(i;-2)=0 

.-.  i;  =  -f^,  or2 
Substitute  the  value  of  v  in  (3),    JiJx2  =  52,  or  13x2  =  52 

/.  X  =  ±  — - — .  or  ±  2 
VI9 

8S.  (4x2  +  3xy  +  5y2=27  (1) 

I7x2+5xy  +  9y2  =  47  (2) 

Substitute  y  =  vx  in  both  equations, 

4x2  +  3  i;x2  +  5  ^,2-p2  ^  27  (3) 

7x2  +  5vx2  +  9i;2j:2  =  47  (4) 

4  4-3u  +  5r2     27 


DiTide  (3)  by  (4), 


7  +  5i;-f9t?2      47 
188  +  141 1'  +  2:^5  v'^  =  189  +  136  v  +  243  »« 

8t;-2-6i?  =  -l 
16t;2-l2j; +2J  =  J 

4u=l,  or2 
r  =  J,  or  J 
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Substitute  the  value  of  «  in  (3),      H  '^  =  27,  or  ^  *'  =  27 

.-.  x=±  — ,  or  ± 2 


s 


V3 

y  =  ±  -L,  or  i:  1 
V3 


s 


84. 


5a:«  +  3Ty  +  2y«=188  (1) 

x2-    ary+    y«=    19  (2) 

Subtract,  4ar2  +  4a:y+    ya  =  169 

2x  +  y  =  ±l3 

.-.  y  =  dbl3-2x  (8) 

Substitute  in  (2), 

x2-x(±13-2x)+(±13-2a:)a=19 

x2  T  13x  +  2x2  +  169  T  62a:  +  4x2  =  19 

7x2q:65x  =  — 160 

7x2  t65x+ 160  =  0 

(7xt30)(xt6)  =  0 

.-.  X  =  ±  »7^  or  ±  6 

Bubstitnte  value  of  x  in  (3),  y  =  ±  J^,  or  ±  8 

(x»+y»  =  66  0) 

1    x  +  y=   6  (2) 

Divide  (1)  by  (2),  x2-    xy  +  y2=     13  (3) 

Square  (2),  x^  +  2xy  +  y^=     26  (4) 

Subtract,  -3xy  =-12 

xy  =  4  (5) 

Subtract  (5)  from  (3).       j^a  -  2  xy  +  y2  =  9 

x-y  =  ±3  (P) 

Add  (6)  and  (2),  2x  =  8,or2 

.-.  a:  =  4,  or  1 

Substitute  value  of  x  in  (2),  y  =  1,  or  4 

86.  (x8-y8  =  98  (1) 

i    x-y=    2  (2) 

Divide  (1)  by  (2),  x2+    xy  +  y2  =  49  (3) 

Square  (2),  x2-2xy4-y^=    4  W 

Subtract,  3xy         =46 

xy  =  16  (6) 
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Add  (5)  mmd  (3), 

x«  +  2j^  +  y«  =  64 

x+y=±8 

(6) 

Add  (6)  and  (2), 

2x  =  10,or- 

-6 

.*.  X  =   5,  or  - 

3 

Subslitate  Talne  of  x  n  i 

PX                  y=   3.OT- 

•5 

16. 

I    x+y=     3 

a) 

(2) 

PiTide  (1)  by  (2), 

a»-    x^  +  ^  =  93 

(3) 

8qiiJU«  (2), 

a«  +  2xjr  +  jr*=   9 

W 

Subtract. 

-3x^         =84 

xy  =  -28 

(6) 

ISubtnct  (5)  from  (3), 

a«-2xy  +  5«=121 

x-y-±ll 

(«) 

Add  (2)  and  (6), 

2x=14,or- 

-8 

.-.  X  =   7,  or  - 

-4 

Substitute  values  of  x  in 

1(2),                 y  =  -4.or 

7 

tf 

17. 

Cjr»-y»  =  218 
I     x-y=      2 

(1) 

(2) 

DiTide  (1)  by  (2), 

x«+    xy  +  y«  =  109 

C3) 

Square  (2), 

afa-2xy  +  .v2=     4 

(4) 

Subtract, 

3xy          =  106 

xjr  =  36 

(5) 

Add  (5)  and  (3), 

a*  +  2xy  +  5«=144 

x  +  y=±12 

(«) 

Add  (2)  and  (6), 

2x=14,  or- 

■10 

.*.  X  =    7,  or  - 

-  6 

Substitute  values  of  x  in 

(2),                 y=   6,or- 

.   7 

88. 

(           jt»  +  y»=152 
(x2-x5r  +  y2=    19 

(1) 

(2) 

Diyide  (1)  by  (2), 

x+y  =  8 

(3) 

Square  (3), 

xa  +  2a:y  +  ya  =  64 

(2)18 

a^-    x^  +  y2=19 

Subtract, 

3xy          =45 

xy=15 

(4) 

Subtract  (4)  from  (2), 

a:a-2xy  +  y2  =  4 

x-y=±2 

(6) 

Add  (3)  and  (6), 

2a:=10,  or6 
/.  X  =  5,  or  3 

Substitute  value  of  x  in 

(8),                 y  =  3,  or  5 
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89. 

Divide  (1)  by  (2), 

(          a*  -  y8  =  1304 
ij^^xy-{-y^=    163 

(1) 
(2) 
(8) 

Square  (3), 
(2)  is 

x3+  xj^  +  y2=    lea 

Subtract, 

-3xy  =  -  99 

Add  (2)  and  (4), 

xy  =  33 
«a+2a:y  +  y2=,i96 

W 

Add  (3)  and  (5), 

X  +  y  =  ±  14 
2x=22,  or-6 

W 

Substitute  yalae  of 

.-.  x=  11,  or  —  3 
riii(3),                  y  =  3,Qr-ll 

lTy(ar  +  y)  =  84 
5x(2)i8                                  3r2y-f  3.r^2  =  252 
Add  (1)  and  (3),  jt»  +  Sx^y  +  3ary2  +  y*  =  343 
Extract  cube  root,                             x  +  y  =  7 

(1) 
(2) 

(3) 
(4) 

Substitute  in  (2), 

xy  =  12 

(6) 

Square  (4), 
4  X (5)  is 

a3  +  2xy  +  y2  =  49 
4xy         =48 

Subtract, 

s«-2xv  +  .v2=    1 

X  — iy  =  ±l  (6) 

Add  (4)  and  (6),  2  x  =  8,  or  6 

.*.  X  =  4,  or  3 
Substitute  yalue  of  x  in  (4),  y  =  3,  or  4 

0) 

(2) 


(3) 


41. 

,x8-y8  = 

=  08 
30 
xy 

Simplify  (2), 

1 

x^y  —  a:y2  = 
3x2y-3xy2  = 

=  30 
=  90 

Subtract  (3) 

from 

(1), 

x»- 

3x2y  + 3x^2-3^8::, 

=  8 

Extract  cube 

root, 

X  — y  = 

=  2 

Substitute  in 

(2), 

2  = 
xy  = 

.30 
"xy 

rl6 

(4) 


(6) 
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Square  (4), 
4x(6)is 

xa-2xy  +  y2=   4 
4ry          =60 

Add, 

Add  (4)  and  (6), 

Substitute  yalne  of  x 

x«  +  2xy  +  y2  =  64 
x+y=±8 
2x=10,  or  — 6 
/.  X  =  6,  or  —  8 
in  (4),                 y  =  8,or-6 

(«) 

48. 

« 

y      X      2 
t    x^y      2 

a) 

(2) 

Simplify  both  equations,               x»  +  y»  =  ?^ 

(8) 

^  +  y-f 

W 

Divide  (3)  by  (4), 
Square  (4), 

x2-    xy  +  y2=27 

x2  +  2xy  +  y2=          -X 

C6) 

Subtract, 

-3xy         =27-^ 

xV-12xy- 108  =  0 
(xy  +  6)(xy-18)  =  0 

xy  =  18 

Prom  (4), 

«+y  =  f  =  » 

X  =  6,  or  3 
y  =  3,or6 
xy  =  — 6 

From  (4), 

x  +  y  =  f  =  -8 
4xy          =-24 

Subtract, 

x3-! 

2xy  +  y2=     33 

x-y=±  V33 
x+y=-3 

-3±\/33 
•••^=         2 
..     -3t\/88 
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48. 


Simplify  both  equations, 

Divide  (3)  by  (4), 
Square  (4), 

Subtract, 


p2  — 


y     X 

x-\-y 
xy  4-  y^ 


91 
12 

]_ 
12 

A*y 

13 


x2+2xy  +  y2=  iWxayJ 


-3xy 

49x2y2-432xy~1872 
(xy-12)(49xy  +  166) 

xy 
Substitute  value  of  xy  in  (4) ,         x-\-  y 

Square  (7),  x^  +  2  xy  +  y^ 

4x(6)i8  4xy 

Subtract, 


0 
0 

12,  or-W 

7,or-V 

49,  or     i^ 

48,  or  -  i^ 


x3-2xy  +  y2  = 


1,  or      W 

\/793 


Add  (7)  and  (8), 


Substitute  value  of  x  in  (7), 


X  —  y  =  ±  1,  or  ± 

2x=8,  or  6,  or 

/.  X  =  4,  or  3,  or 

y  =  3,  or  4,  or 


7 
-13 


0) 

(2) 

(8) 
(4) 


(7) 


(8) 


Vm 


-13 


7    

i:V793 


-13 


14 


14 


Square  (1), 
(2)  is 

ai 

1 

X2 

x^y     2 

l  +  i  =  -^ 
Ua     y2     36 

xy     y2       4 

y2    36 

Subtract, 

2                4 
xy              36 

2      1 
xy     9 

(1) 

(2) 


(8) 
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Subt«ct  (3)  from  (2).         i-A  +  ^^  =  i 


1-U.l  (4) 

X      y         6 

Add  (1)  and  (4),  i^l'"''! 

/.  X  =  3,  or  6 
Substitute  value  of  x  in  (1),  y  =  6,  or  3 

45.  (jr8-y«=7xy  (1) 

I     x-y  =  2  (2) 

Cube  (2),  .x8-3ar3y  +  3xy2^y8  =  8 

(1)  is  x» -y8=        7iry 

Subtract,  -  3a:2y  +  3a:y2  =  8  -  7xy 

-3zy(a:-y)  =  8-7a:y  (3) 

From  (2),  a:  -  y  =  2 

Substitute  in  (3),  -  6  jry  =  8  -  7  xy 

xy  =  8  (4) 

Square  (2),  x2-2ry  +  y2=   4 

4  X  (4)  is  43:y         =32 

Add,  x3  +  2a:y  +  ya  =  36 

x+y=±6 
/.  a:  =  4,  or  —  2 
y  =  2,  or-4 

I    a:  +  y  =  9  (2) 

Cube  (2),  a*  +  8x2y  +  8a:y2  +  y8  =  729 

(1)  is  x»_^ +y8=  Vary 

Subtract,  3  a:2y  +  3  ary2  =  729  -  V  ^y 

3a:y(a:  +  y)=729-V^y  (3) 

From  (2),  .         a:  +  y  =  9 

Substitute  in  (3),  27  xy  =  729  -  V  ^y 

xy  =-.  18  (4) 

Square  (2),  x^  +  2  ary  +  y2  =  81 

4  X  (4)  is  4  r  y  =  72 

Subtract,  x3-2xy  +  y2=   9 

x  —  y  —  ±3 
.'.  X  =  6,  or  3 
y  =  3,  or  6 
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4T. 


Square  (2), 


2 

6 

25j^.y« 
36 


6£^ 

2 


2ary 

.',  xij 

(i)  xy  =  0  gives  a: 
-flubstitate  yalne  of  «y  in  (1)» 


__25^ 


6xjf 
2 


rS 


2  X  (3)  is 
Subtract, 


+  y=  = 

2xy         = 


36 
0 

0,orW 
0  and  y  =  0 

w 

W 


a:a-2j:y  +  ya 

a:  — y 
Substitnte  TiUne  ^  «y  in  (2),        or  +  y 

•  ■    ^  ' 

y 

x  +  y 

x2y2— 16xy  +  64 

xy  — 8 

xy 

xa  +  2xy4-y2  = 
4  xy 


48. 


I 


•  Square  (2), 
4  X  (3)  is 

Subtract, 


±f 

¥»or| 
iorV 

0 

7 
4 

±2 
10,  or  6 

49 

40,  or  24 


xa-2xy  +  y» 

x  —  y 
/.  X 

y 


1 


x'^y^ 


xy 

««y2-4xy  +  4 

xy-2 

xy 


0,  or  26 

±  3,  or  db  6 
6,  2,  6,  or  1 
2,  5, 1,  or  6 

4xy  +  12 

x  +  y+1 

16 

±4 

6,  or— 2 


(1) 
(2) 


(8) 


W 


(1) 

(2) 


(8) 


W 


CI) 

(2) 


(3) 
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Sabstitute  in 

Square  (4), 
4x(8)i8 

(2), 

a:  +  3/  +  l  =  6,  o^  — 
a:  +  y  =  6,  or  — 
ara4-2a:y  +  y»  =  25,or 
4ixy          =24,  or- 

2 

3 
9 
-8 

(4) 

Subtract, 

jca-2a:y  +  y2=    i^  or    17 

a:  —  y  =  ±  1,  or  ±  ^/V^ 

/.  x-3,or2,or""^=^^^'' 

2 

(6) 

y  =  2,or3, 

_-3tV17 
"'         2 

00. 

^          36 

1  ^^y-'-f 

0) 
(2) 

Divide  (1)  by  (2), 

xs-    xyfy^^lf. 

:" 

Square  (2), 

x»  +  2.y  +  y«-             ^^ 

Subtract, 

-3xy          =^^^    25^.va 
^               6           36 

Substitute  in 

Square  (5), 
4  X  (4)  is 

(2). 

26a:ay2_i50xy  =  0 

.•.  xy  =  0,  or  6 
xy  =  0  gives 
xy  =  6 
x  +  y  =  6 

x3  +  2xy  +  y2  =  25 
4xy          =24 

*  =  0  and  y  = 

» 

0 

(4) 
(6) 

4 

Subtract, 

x2-2xy  +  y2=    1 
X— y=±l 
/.  X  =  3,  or  2 
y  =  2,or3 

01. 

(l)is 
Square  (2), 

x3  +  y2=67-a:y 
X  +  y  =  xy  —  6 

x2  +  y2  =  67-ary 
xa  +  2xy4-y2«      x2y2- 

-lOfy  +  25 

(1) 
(2) 

Subtract, 

-2xy             :=z^a^y^^ 

1-   9xy  +  42 
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a^«y2-llr^-42  =  0 

^ 

(ary-14)(xy  +  3)  =  0 

xy  =  -8 

Substitute  in  (2), 

a^+2xi/  +  y^=     64 
4x1/          =  —  12 

Subtract, 

xa-2xy  +  ya=     76 

x-y=±2\/i9 

x+y=-8 

x=-4±  Vi9 

y  =  -4T\/l9 

a:y=14 

J:  +  y  =  a:y  —  6  =  9 

/.  x=7,  or  2 

y  =  2,or7 

63. 

(x«  +  y»=l-8jry 
]xa  +  y2_ary  +  87 

(1) 

(2) 

Prom  (2), 

afa-ary  +  y«  =  37 

(3) 

Divide  (1)  by  (8) 

^^          87 

W 

Square  (4), 

^     ^                1369 

(3)  is 

a:^-    ary  +  y»  = 

37 

Subtract, 

3,,          _l-6xy  +  9x3ya 

-87 

1369 

'   ■  9x3y2_4n3xy- 50662  =  0 

x2y2  _  457  j,y  _  5628  =  0 

(xy  4- 12)  (xy  -  469)  =  0 

xy  =  — 12,  or  469  (6) 

Substitute  value  of  xy  in  (4),         x  +  y  =  1,  or  —  88  (6) 

(3)  is  x^-    xy  +  y^=     37 

(5)  is  xy         =  - 12,  or     469 

Subtract,  x^  — 2xy  +  y2=     49,  or— 432 

X  —  y  =  ±  7,  or  ±  12  V^ 
/.  x  =  4,or— 3,or  — 19±6V^ 
y  =r  -  3,  or  4,  or  - 19  q:  6  V^ 


\ss 
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58.  (  X*  4-  y*  =  706  (1) 

i    a:  +  y  =  2  (2) 

BaiBe  (2)  to  4th  power, 

(l)is         «*  .         +y4=      706 


Subtract, 

4x»y  4- 6x2^2  +  43:^8          =-690 

xy  (2x2  4-  3xy  +  2y2)  =  -346                              (3) 

Square  (2), 

a:2  +  2xy  +  y2=,4 

2x2  +  4xy  +  2y2  =  8 

2x2+25^2=:8-4xy 

Substitute  the  ral^e  oi2x^^2y^  in  (3), 

:py(8-:ry)=-346 

x2/-8xy  =  345 

x2^2_8xy  + 16  =  361 

xy  -  4  =  db  19 

xy  =  23,  or  - 16                    (4) 

Square  (2), 

a:*  +  2xy  +  y2=       4 

4x(4)is 

^xy          =     92,  or— 60 

Subtract, 

«2-2xy  +  y2  =  -88,  or     64 

X  —  y  =  ±  V—  88,  or  ±  8 

.-.  x=  1  ±  V— 22,  or  6,  or  —8 

y  =  1  T  V—  22,  or  —  3,  or  6 

M. 

(x6-y6=:211                                  (1) 
t    x-.y=l                                      (2) 

DiTide  (1)  by  (2),          x*+    afiy -{■    a:V+    3-/  +  y*  =  211          (3) 

Raise  (2)  to  4th  power,  x^-is^y-h  ^x^y^  -  4x^8  +  y*  =     1 

Subtract,  6  x^y  -  5  x^y^  +  6  xy»         =  210 

6xy(x2-xy  +  y2)  =  210 
xy(x2-xy  +  y2)  =  42  (4) 

Square  (2),  x2-2xy  +  ^2=  1 

a:2  +  ^a=i  +  2xy 
Substitute  value  of  ^fi-^-y^in.  (4) , 

a?y(l  +  xy)  =  42 
3^yi  4-  xy  =  42 
a«y2  4- xy  4- 1  =  42  J 
xy  4-  J  =  ±  6} 

xy  =  6,  or  —  7  (6) 
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Square  (2), 
4x(6)i8 

Add, 

From  (5)  and  (6), 


=  1 

=  24,  or  -  28 


x8  +  2xy  +  ya 
ar  +  y 


25,  or  -  27 

±6,  or±3V^S  (6) 


X  =  8,  —  2,  or 
y  =  2,-3,  or 


-1  tnV-3 
2 


M. 


(     x  +  y  = 

Divide  (1)  by  (2).  x*  -    x»y  +    tV 

Raise  (2)  to  4th  power,  t* -j- 4  aH»j^  +  6  j-^y^ 

Sabtract,  —bs^y  —  b  xhj^ 

^y  +  a:*^^  +  a:y«  = 
a:y(r2  4.  J:y4-y2)_ 
x24.2xy+y2= 
:^^rxy^y^^ 
a:y(64  — j:y)  = 
x2y2  —  64  xy  = 
jcfl^a  — 64j:y+  1024  = 
xy  -  32  = 
a:y  = 
x3  +  2xy  +  y2  = 

4xy  = 


3308 

8 

-    a-y»  +  y*=       421 

+  4xy«  +  y*=:      4096 


Square  (2), 
Substitute  in  (4), 


Square  (2), 
4x(5)i8 

Subtract, 


—  5a:y* 
735 
735 
64 

64  — xy 
735 

-  735 
280 
±17 

40,  or  15 

64 
106,  or  60 


=  -3676 


x^  —  2xy  +  y'^  =  —  132,  or  4 


X  —  y  =  ±  2V^33,  or  ±  2 
/.  X  =  4  ±  V— 33,  or  5,  or  3 
y  =  4  T  V— 33,  or  3,  or  5 


66. 


y2^x2  VI6; 


Simplify  both  equations, 


1  +  1  =  ? 

X      y      4 


^  +  y*  =  ih^y^ 
a:  +  y  =  f^y 

Raise  (4)  to  4th  power,  x*  +  4x»y  +  6x2y2  +  4  j.^8  +  y4 

(3)  is  X* +y^ 

Subtract, 


(1) 

(2) 
(3) 


(4) 


(6) 


(1) 
(a) 

(3) 
(4) 


4j:»y  +  6T2/  +  4xy» 


J^J^ 
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2xy(2.T2  +  3xy  +  2y)  =  Jx*^ 
Square  (4),                           x'^  +  2xy  ^  y^ -^-^s^y^ 

2x24.2!/2  =  fx2ya-4xy 
Substitute  in  (5),            2  xy (  f  x'^y^  -xy)  =  \  x^y^ 

x*y*- 9x8^8  +  8x2^2  =  0 

/.  xy  =  0,  or  1,  or  8 
Substitute  value  of  xy  in  (4),         x  +  3/  =  0,  f ,  or  6 

(6) 

(6) 
(7) 

Square  (7), 
4+ (6)  is 

xa  +  2xy  +  y2  =  0,     A,  or  36 
4  xy          =0,       4,  or  32 

Subtract, 

x2-2xy  +  y2  =  0,-fj,or   4 

X  —  y  =  0,  ±  J  V—  66,  or  ±2 

,  =  0.3*^-^64,  or2 

y  =  0,^-^^2^orA 

57. 

(x3  +  y*=xy  +  19 
(    x  +  y  =  xy  —  7 

0) 
(2) 

Square  (2), 
(l)is 

x2  +  2  xy  +  y «  =  x2ya  - 14  xy  +  49 
2^             +ya=                 xy  +  19 

Subtract, 

2xy          =xV-16ary  +  30 

j^y^^nxy-\-SO  =  0 
(xi^-2)(xy-16)  =  0 

xy  =  2,  or  16 
Substitute  value  of  xy  in  (2),         x  +  y  =  —  6,  or  8 

(3) 

Square  (4), 
4x(3)i8 

x2+2xy  +  ya  =  26,or64 
4ary          =    8,  or  60 

Subtract, 

x^  — 2xy  +  y2=17,  or    4 

X  —  y  =  i  Vl7,  or  2 

/.  X  = ,  or  6,  or  3 

2 

—  5  T  Vl7    ^,0    ^,  K 

M  — or  0.  or  0 
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58.  f  j?  +  .y  ,  g-.v_10 

3 
y2  =  45  (2) 

Simplify  (1), 

a^»  + 2xy  +  y2  4.  a.2_2x3^  +  y2  =  jyi  (a.2_y2) 

2(a:2  +  y2)  =  J^(x2-^2) 

8(^  +  y^)  =  6(a:2-y2) 
Prom  (2),  *«  ^.  ys  -  45 

.-.  5  (a:2  -  f)  =  136 

a:3-ya  =  27 
2x2=:  72 

xa=36 
/.  X  =  ±  6 
2y2=18 

y2=9 
.-.  y  =  ±  8 

X  =  ±  6,  or  T  6 

y  =  ±  3,  or  T  3 

59.  (x*  +  a:2y2  +  y*=133  (1) 

<     x2-xy  +  y2=    19  (2) 

X*+xV4.y4  =  a4  +  2x2y«+y4-x2ya 
x*+x2y2^y4^  (x2  4.y2-a:y)(xa+y9+xy) 
/.  19(x2  +  y2  +  xy)  =  133 

*^  +  y^  +  ^y=       7        .  (8) 

(2)  is  x«  +  y2  _  ary  =      19 

2xy  =  — 12 

xy  =  -6  (4) 

Add  (3)  and  (4),  xa  +  2xy  +  y^=  1 

x  +  y  =  ± 1 
Subtract  (4)  from  (2),       x2  -  2  xy  +  y2  =  26 

X  — y  =  ±  6 
/.  X  =  ±  3,  or  ±  2 
y  =  T  2,  or  T  3 

eO.  (x*  +  x2y2  +  y4=931  (j) 

(     x2  +  xy  +  y2=    49  Qi) 

From  (1),    (x3  +  xy  +  y2)  (x2  -  xy  +  y2)  =  931 
Substitatiiig  from  (2),  49(x2  —  xy  +  y2}  =  931 
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- 

a:2-a:y  +  y2=  19 

(3) 

(2)U 

a:2+:ry  +  y2  =  49 

Subtract, 

2xy          =30 

xy  =  15 

(4) 

Add  (2)  and  (4), 

xa  +  2xy4-y'»  =  64 
x+y=±8 

Subtract  (4)  from  (3), 

xa-2xy  +  y2  =  4 
x-y=±2 
.*.  X  =  ±  5,  or  ±  3 
y  =  ±  3,  or  ±  5 

61. 

(xa  +  xy  +  y2=84 
(x  +  Vxy+y=    6 

(1) 

(2) 

From  (1),  (x  +  V^  +  y) (*  -  y/xy  +  y)  =  84 

Substitute  from  (2), 

6(x-Vxy  +  y)  =  84 

X  —  Vxy  +  y  =  14 

(8) 

(2)  is 

X  +  Vxy  +  y  =   6 

Subtract, 

—  2Vxy      =    8 

Vxy  =-4 

W 

xy  =  16 

(5) 

Substitute  value  of  Vary 

in  (2),      x  +  y=10 

(l)is 

o^-V    xy  +  y2_84 

3x(6)is 

3xy          =48 

Subtract, 

xa-2xy  +  y3  =  36 

x-'y=±Q 
,\  X  =  8,  or  2 
y  =  2,or8 

63. 

(x3  +  y2=819-xy 
1     x  +  y  =  21+Vxy 

(1) 

(2) 

Rearrange  both  equations,   ar^  +  ry  +  y^  _  819 

(3) 

X  —  Vxy  +  y  =  21 

(4) 

(3)  is         (x- V^  +  y)(a:+  V^  +  y)  =  8l9 

Substitute  from  {A),    21 

(X  +  Vxy  +  y)  =  819 
X  +  Vxy  4-  y  =  39 

(4)  is 

X  —  Vxy  +  y  =  21 

Subtract, 

2  Vxy         =18 

Vxy=    9 

(5) 

xy  =  81 

(«) 

teachers'  edition.  148 


Substitute  the  value  of  Vxy  in  (4), 

a:  +  y  =  30 
(3)  is  a^+    ary  +  ya  =  819 

3x(6)i«  3Ty  =243 


Subtract, 

jr3-.2j:y  +  y2  =  676 

X  —  y  =  ±  24 
.-.  x  =  27,  or3 
y  =  3,  or  27 

63. 

From  (2), 

(x*  +  y*  =  97 
xa  +  y2  =  49-xay« 
a:a+xaya  +  y2  =  49 

(1) 

w 

{l)i. 

:r*  +  y* 

2x3  +  2a:V  +  2y«=   98 

=   97 

Add, 

x*  +  2a:2i 

y^  + 

y*  +  2xa+2ya=196 

(a^a  +  y2)2  +  2(xa  +  y2)  +  1  =  196 

x3  +  ya  +  1  =  ±  14 

xa  +  y2=13,or-.15  (8) 

Substitute  value  of  x^  +  y^  in  (2),  x^y^  =  36,  or  64 

xy  =  ±  6,  or  ±  8  (4) 

(3)  is  x3  +y2=:     13,  or -15 

2x(4)i8  2xy  =  ±  12,  or  ±  16 

x3  +  2  xy  +  y^  =     26,  1,  1,  or  -  31 

X  +  y  =  ±  6,  ±  1,  ±  1,  or  ±  V— 31 
Similarly,  x  —  y  =  ±l,  ±6,  ±  V— 31,  or  ±  1 

/.  X  =  ±  3,  ±3,  ±2,  ±  2, 

i^ycrsi  i± yzsT  -i^yr'sT  -i  j: v<i^ 

2        '  2        '  2  '  2 

y=±2,  t2,  ±3,  t3. 


1tV^31    -l±vCr31   -iTVITsi    li:V-31 
2        '  2  '  2  '  2 

In  all  16  pairs  of  solutions. 

64.  (2x3  +  3xy+12  =  3y2  (1) 

(3x  +6y   +   1  =  0  (2) 

From  (2),  :P=-L±iit 
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Substitute  value  of  x  in  (1), 

¥y'-Vy  =  i2j 

22y2-iiy  =  li0 
2y2_y_10  =  0 
Or  +  2)(2y-5)  =  0 

.-.  y  =  —  2,  or  f 
Substitute  Talue  of  y  in  (2),  a:  =  3,  or  —  ( 

a      e 

^  +  ^  =  4  (2) 

X     y 

From  (1),  &ar  +  «(y  *  a&  (3) 

From  (2),  6ar  +  ay  =  4ary  (4) 

/.  4  ary  =z  aft 
Square  (3),  ^^  +  2  aftary  +  a2y2  =  a?^ 

a6x(4)i8  4a6Ty  =0252 

Subtract,  ^23^2  _  2  a6xy  +  a^y^  =  0 

6x  —  ay  =  0 
hx  =  ay 
Substitute  value  of  hx  in  (3),  2  ay  =  a6 

6 
^  =  2 

__  ® 
2 

66.  (ar  +  y  =  a  (1) 

(    4a:y  =  a2-46a  (2) 

Squaw  (1)^  x2  +  2a:y  +  y2=a2 

(2)  is  4a:y  =a2-.4*a 

Subtract,  a^2-2xy  +  y2=  46* 

x~'y=z  ±26 
.  a±26 


y  = 


2 

a  +  26 
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67. 

la^=ax-\-by 
ly2=6jr+ay 

(1) 

(2) 

Subtract^ 

x3-y3=(a-6)(i:-.y) 

(a:  +  y)(:r-y)=(a-i)(a:-y) 

.-.  a:  — y  =  0, 

or 

x+y=a— 6 

(l)a:-y  =  0 

ar  =  y 

Substitute  ralue  of  a:  in  (1), 

y«  =  (o  +  6)y 
.-.  y  =  0,  or  (a  +  6) 
X  =  0,  or  (a  +  6) 
(2)  j:+y  =  a-6 

j:=:a  — 6  — y 

Substitute  ralue  of  x  in  (1), 

(^ 

i-6-y)a=:a2_a6  +  (6  — a)y 

a«-2a6  +  i>«-2(a 

-6)y  +  y2  =  a2-a6+(6-a)y 

y^ 

-.(a-6)y  =  a6-.6a 

^_(a_.),  +  (-^y  =  J  +  ?£»-?^ 


a-6 
2 

a-fc 


=  }Va2  +  2a6-86a 


y-^=JV(a-6)(a  +  86) 


a-6 


y  =  l=l^±iV(a-6)(a  +  86) 


68.  (x2-2ry  =  a2  +  62  (1) 

(xy-y2  =  2a6  (2) 

Subtract,  *2  _  2  xy  +  y^  =  a^  -  2  a6  +  6* 

x-y=r±(a-6)  (8) 

(l)i8  x(a--y)  =  a2+63 

Subgtitute  Talue  of  x  —  y  from  (3),      x  =  ±  ^      . 

a  —  6 

2  aft 

y=± — 

^         a-6 
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a:«  +  y2  +  a:  +  y=18  (1) 

xy=   e  (2) 

2ary  =  12 
Add  to  (1),  afl+2ry-\-y^  +  x-\-y  =  S0 

jf  +  y  +  J  =  ±5} 

x  +  y  =  5,or-6  (8) 

Square  (8),  a^ -\- 2  xy -\- y^  =  25,  or  86 

4x(2)i8  4xy  =24 

Subtract,  x^ -^  2  xy -\- y^  =    1,  or  12 

jr  —  y  =  ±  1,  or  i  Vi2 
.-.  j:  =  8,  2,  -  3  ±  V3 
y  =  2,  3, -8=F  V3 

70.  (        X*  +  y*  =  10(i:2  +  y2)  +  72  (1) 

I2(x2  +  ya)  =  5xy  (2) 

Square  (2),  4(x*  +  2  x^^a  +  y*)  =  25  x2^2 

x*  +  y*  =  l^x2y2 
Substitute  value  of  x*  +  y*  and  x^  +  y2  in  (1), 

-yx2y2=25xy  +  72 
17x2y2 -lOOxy  -  288  =  0 
(a:y-8)(17xy-36)  =  0 

xy  =  8,  or  Jf  (3) 

Substitute  ralue  of  xy  in  (2), 

2(xa  +  y2)  =  40,orW 

x3  +  ya  =  20,  or    f^ 

2  X  (3)  is  2xy=rl6,  or    j^ 

Subtract,  x^  —  2  xy  +  y^  =   4,  or    Jf 

X  — y=±2,  or  -fc  3  Vg 
Similarly,  x  -|-  y  =  ±  6,  or  ±  9  V^iV 

.-.  X  =  ±  4,  ±  2,  ±  6 V^,  ±  8V^ 
y  =  ±2,  ±4,  ±3V^,  ±6V^ 

71.  ( x2  +  y2  =  2  xV  - 16  (1) 

(     x  +  y  =  xy  +  l  (2) 

Square  (2),  x3  +  2xy  +  y2=        x2y2  +  2xy+    1 

(1)  is  x2  +y2=     2x2ya  -16 

Subtract,  2xy  =—    x2y2  +  2xy  +  16 
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x2y2  =  16 

/,  xy  =  ±  4 

(8) 

Substitute  values  of 

xy  in  (1)  and  (2), 

x3  +  ya=17 

(4) 

X  +  y  =  5,  or  —  8 

(6) 

(4)18 

x^              +y2=      17 

2  X  (3)  is 

2xy          =±8 

Subtract, 

x2-2xy  +  y2=       9,  or  25 

X  —  y  =  ±  3,  or  ±  5 

.-.  x  =  4,  1,1,-4 

y=l,4,-.4.1 

►r 

x=±4,  1 

y  =  l,±4 

72. 

f  ay9  +  6xy  =  6 
\  hx^  +  axy  =  a 

(1) 

(2) 

oX(l)i8 

aV 

+    abxy             =    ab 

6X(2)i8 

ahxy  +  6^x2  _    ah 

Add, 

aY 

+  2a6xy  +  62j^*  =  2a6 

ay  -^bx^:  ±  y/'l  ab 

(l)is 

(ay  +  bx)y  =  6 

V2a6         ^2a 

(2)i» 

x(6x  +  ay^  =  a 

V2a6           ^26 

78. 

X      y      x  +  y 

(1) 

I  *a     y»     a» 

(2) 

Clear  of  fractions, 

(x  +  y)a=xy 

(3) 

x2  +  y2^^' 

(4) 

(3)  is 

**  +  y«=       -»jr 

Subtract^ 


0  = 


xV 


■\-xy 


xy  =  0,  or  —  a2 


(6) 
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8 

(1) 

2(a«  +  6^) 

(2) 

8 

Substitute  value  of  xy  in  (3),     (x  +  y)2  =  0,  or  —  a^  (6) 

4x(6)i8  4xy         =0,  or— 4a« 

jr^  — 2xy  +  y^  =  0,  or     Sa^ 

a:  — y  =  0,  or  ±ay/3 
From  (6),  a:  +  y  =  0,  or  iaV^^ 

(  a:3  +  ya 

a:«  +  2gy-f-y»  ,  xg--2a:y  +  yg 

Substitute  value  of  x^  +  y2  from  (2), 

2Cg2  ^.  62  ^,  .gy)      2Ca2  -I-  62  -  xy)  ^  q 

a2  "^62 

0862  +  6*  +  62ary  +  a*  +  a262  —  a2ary  =  4  ^262 

(62-a2)j:y  =  -a*  +  2a«62-ft» 

xy  =  a2-.62  (8) 

(2)  is  x2  +  y2  =  2(a2  +  62) 

2x(3)ii  2xy  =r2(a2-.62) 

Add,  ««+2xy  +  y2  =  4a2 

x  +  y  =  ±2a 
Similarly,  x-y  =  ±26 

.*.  X  =  a  i:  6,  '  a  ±  6 
y  =  aqF6,  — a^ft 

76.  Cx*  +  y2-8a6=5(a2  +  62)  (1) 

C         xy-6a6  =  2(a2  +  62)  (2) 

a^  +y2  =  6a2  +  8a6  +  55« 

From  (2),  2 xy  =  4a2  +  10a6  +  462 

Add,  x2  +  2xy  +  y2  =  9a2  +  18a6  +  96* 

x  +  y  =  ±3(a  +  6) 
Similarly,  x  —  y  =  ±  (a  —  6) 

/.  x=±(2a  +  6),  ±(a  +  26) 
y  =  ±{a  +  26),  ±(2a  +  6) 
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(a:3  +  y2  =  ajry  (i) 


y  =  ft^y  (2) 

Square  (2),                         «*  +  2  ary  +  ya  =  ftaa^yS 
0)w  x^  +yt  =  fliry 

Subtract,  2  ry         =  62a:2y^  —  axy 

ftaar^ya  -  (a  +  2)a:y  =  0 

.-.  jry  =:  0,  or  ?L±i 

Substitute  yalaes  of  ary  in  (1)  and  (2), 


ga  +  yg»0,or°("  +  ^) 
x  +  y  =  0,ori5±21 

(4)ii  *•  +y«  =  0,or£i«±22 

2X(3)i8  2xy         =0,or2Il±2i 

^ 

Subtract,  a:3-2xy +  y2  =  0,  or^^^ 

26 


(3) 
(4) 


^       '  2i 


^-  (  2(0:2 +  ya)=:5xy-9a6  (1) 

I  2(a  +  6)(a:  +  y)  s=  3(ary  -  oft)  (2) 

Subtract  3  X  (2)  ffom  (1), 

2(x3  +  ya)-6(a  +  6)(r  +  y)=:-4xy 
a:a  +  2xy+y2-3(a  +  6)(j:  +  y)  =  0 
(x  +  y)[x  +  y-3(a  +  6)]  =  0 

or  a:  +  y  =  3(a  +  6)  I  ^^ 

Substitute  yalnes  of  or  4-  y  in  (2), 

3(xy  -  ab)  =  0,  or  6(a  +  6)a 

xy^a6  =  0,  or2(a  +  6)a 

xy  =  a6,  or  2a^  +  bab  +  2b»  (4) 
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Square  (8), 

jr»+2ary  +  ya  =  0,  or9(a 

+  6)« 

4X(4)U 

4  xy          =4  a6,  or 

8aa  +  20a6  +  85« 

Subtract^ 

x3  —  2j:y  +  y2_:_4aft^or 

aa- 

2a6+    6« 

X  — y=  ±2^—0* 

,  or  ±  (a  —  6) 

.'.  X  =  ±  V—  ab. 

2a +  6, 

a  +  26 

y  =  Ty/-^ab, 

a +  26, 

2a  +  6 

78. 

/      x«>y2  +  22  =  49 

(1) 

]         x  +  y  +  «=ll 

(2) 

(2x  +  3y-4«=   6 

(3) 

2X(2)U 

2x+2y  +  2«  =  22 

(3)  is 

2x+3y-42=   6 

Subtract, 

-y  +  6«=16 

y  =  6z  — 16 

(4) 

Substitute  in  (2), 

x  +  6z  — 16  +  «=11 

x  =  27-7« 

(6) 

Substitute  ralue  of  x  and  ^  in  (1), 

(27 -7« 

)2  4.(6«-16)2  +  2a=:49 

729-878«  +  49za+36 

lra-192«  +  256  +  2a  =  49 
86«2-670«  + 936  =  0 
43*2-2862  +  468  =  0 
(43«-.156)(«-3)  =  0 

.-.  «  =  3,  or  ^ 

Substitute  ralues  of 

*  in  (4)  and  (6),   y  =  2,orW 

x  =  6,or}| 

79. 

(  xy  +  yz  +  X2  =  40 
(         4x  =  3y  =  22  +  4 

(1) 

(2) 

x  =  *  +  2 

2 

2z  +  4 
*=      3 

Substitute  ralues  of 

X  and  y  in  (1), 

2z3+8«  +  8 

2z^  +  iz     z^  +  2z_.Q 

6  3  2 

2*2  +  8«  +  8  +  4«2  +  82  +  3«2  +  62  =  240 

9*2  +  222-232  =  0 


r 
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c^- 

-4)(9z  +  68)  =  0 

.-.  «  =  4,  or  —  J^ 

y  =  4,or-i^ 

a:  =  3,  or—^ 

.  3:2+^8+22=84 

)      i:  +  y  +  2:=14 

(                  y^^xz 

80.  ^a:»  +  ya  +  22  =  84  (1) 

(2) 
(3) 

Substitute  yalnes  of  y^  and  y  in  (1)  and  (2), 

x2  +  xar  +  22  =  84  (4) 

*  +  -y/xz  +  «  =  14  (6) 

(4)  is  (a:+\/xz  +  «)(a:  — Vx2  +  2)  =  84 
Substitnte  from  (6),       14 (x  qp  Vxz  +  z)  =  84 

arqFV^+z=   6  (6) 

(5)  is  x  +  Vx«  +  «=14 

Subtract,  2Vx«=   8 

Vx2  =  4 

X2  =  16  (7) 

Substitute  values  of  xz  in  (4), 

jr3  +  «2  =  68 

2x(7)i8  2xz         =32 

Subtract,  a:^  -  2  a:*  +  ^2  =  36 

X  — z=  ±  6 
Substitute  value  of  yfxz  in  (5),      ar  +  «  =  10 

.-.  a:  =  8,  or  2 
«  =  2,  or  8 
and  from  ^2),  y  =  4 

/.  ar  =  2,  8 
y  =  4,  4 
2=8,2 

81.  ^2a-y  +  a:  +  y  =  22  (1) 

2y2  +  y  +  2  =  58  (2) 

2ar2  +  a:  +  2  =  32  (3) 

Multiply  (I)  by  2,  2  xyz  +  ar2  +  y^  =  22  2 

Multiply  (2)  by  ar,  2  xyz  ■\-xy  -^xz^  58  a: 

Subtract,  yz  —  a-y  =  22  2  —  68  ar  (4) 
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Subtract  (1)  from  (2), 

2  yr  —  2  ary  +  «  —  a:  =  36 
2x(4)i8  2yz-2xy  =  44«--116a: 

Sabtract,  2  —  ar  =  36  —  44^  +  116x 

46;?-ll7x  =  36 
5«--13:r=4 

,  =  LL18£  (5) 

6 

Subfltitiite  ralue  of  2  in  (8), 

8a:  +  26xa  4+13a:_33 

5  6 

8x  +  26a:3  +  5a:  +  4+ 13ar  =  160 
26ara  +  26ar=166 
a^  +  x  — 6  =  0 
(a:+3)(x-2)=0 

/.  X  =  2,  or  —'8 
Substitute  ralue  of  x  in  (5),  «  =  6,  or  —  7 

Substitute  ralue  of  x  in  (1),  4y  +  2  +  y  =  22 

6y  =  20 

y  =  4 

or  -6y-3  +  y  =  22 

-6y  =  25 
y  =  -6 
.*.  X  =  2,  or  —  3 
y  =  4,  or  —  6 
«  =  6,or  — 7 


88.  ^xa+xy  +  x«  =  a«  (1) 

y2  +  y«  +  a:y  =  2a6  (2) 

«2  +xz-\-yz  =  b^  (3) 

Add,        x*  +  2xy  +  y2  +  2 x«  +  2y«  +  «2  =  tf2  4.  2a6  +  62 

(ar  +  y  +  «)2=(a  +  6)2 
ar  +  y  +  2=±(a  +  6) 
(l)is  x(x  +  y  +  z)  =  a2 

±  X  (a  +  6)  =  a2 

.•.  X  =  ± 

a  +  6 
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(2)  is  y(x  +  y  +  z)  =  2a6 

^  2ab 


a  +  b 

(3)  is  «  (x  +  y  +  2)  =  6« 

±  «  (a  +  6)  =  6* 

.*.  z=± 


Exercise  25. 

1.  If  the  leng^th  and  breadth  of  a  rectangle  were  each  increased  1 
foot,  the  area  would  be  48  square  feet ;  if  the  length  and  breadth  were 
each  diminished  1  foot,  the  area  would  be  24  square  feet.  Find  the 
leogth  and  breadth  of  the  rectangle. 

Let  X  —  number  of  feet  in  length, 

and  y  =  number  of  feet  in  breadth. 

Then  (ar  +  1)  (y  +  1)  =  number  of  square  feet  area  in 

the  increased  rectangle, 
(ar  —  1)  (y  —  1)  =  number  of  square  feet  area  in 

the  diminished  rectangle. 
/.  («+l)(y  +  l)  =  48  (1) 

(x-l)(y-l)  =  24  (2) 

Simplify  (1),  xy  +  ar  +  y+l  =  48  (3) 

Simplify  (2),  «y  -  ar  -  y  +  1  =  24  (4) 

Add,  2xy  +  2  =  72 

2xy  =  70 
/.  xy  =  36  (6) 

Subtract  (4)  from  (3),        2(x  +  y)  =  24 

/.  ar  +  y  =  12  (6) 

Square,  a:^  +  2  a:y  +  y^  =  144 

4x(5)i8,  4a:y  =140 

Subtract,  a:^  _  2  a:y  +  y2  =     4 

Extract  root,  a:  —  y  =  ±  2  (7) 

From  (6)-  and  (7),  2  a:  =  14,  or  10 

/,  ar  =  7,  or  5 
y  =  5,  or  7 
•**  The  rectangle  is  7  feet  long  and  6  feet  wide. 
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2.  A  farmer  laid  out  a  rectangular  lot  containing  1200  square  yard& 
He  afterwards  increased  the  width  1\  yards  and  diminished  the  length 
3  yards,  thereby  increasing  the  area  by  60  square  yards.  Find  the 
dimensions  of  the  original  lot. 

Let  X  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  width. 

Then,  xy  =  1200  (1) 

(*-8)(y  +  i)=1260  (2) 

Simplify  (2),         xy  +  fx-3y-|=  1260 
Substitute  yalue  of  xy  from  (1), 

1200+ }x-3y- 1=1260 
Jar-3y  =  64i 
ar-2y  =  43  (8) 

Square,  x*  — 4ary +  4y«=    1849 

8x(l)U  8xy  =    9600 

Add,  x2  +  4  xy  +  4  i/3  =  11449 

Extract  root,  x  +  2  y  =  ±  107  (4) 

From  (3)  and  (4),  2  x  =  150,  or  —  64 

x=76 

y=16 

.*.  The  original  lot  was  76  yards  long  and  16  yards  wide. 


8.  The  diagonal  of  a  rectangle  is  89  inches ;  if  each  side  were  3 
inches  less,  the  diagonal  would  be  86  inches.  Find  the  area  of  the 
rectangle. 

Let  X  =  number  of  inches  in  one  side, 

and  y  =  number  of  inches  in  the  other  side. 

Then  Vx^  +  y2  _.  number  of  inches  in  the  diagonal, 

and  V(x  —  3)2  +  Cy  —  3)'^  =  number  of  inches  in  the  diagonal  if 

each  side  were  3  inches  shorter. 


.-.   Vx2  +  y2^89  (1) 

V(x-.3)2  +  (y-3)2  =  86  (2) 

Simplify  (1),        x*  +  y^  =7921  (3) 

Simplify  (2),        x«  -  6  x  +  yS  -  6  y  =  7207  (4) 

Subtract,  dx         +6y=:    714 

x+y  =  119  (6) 
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Square, 

j:2  +  2  ary  +  y«=  14161 

(3)  is 

3^             +y2=    7921 

Subtract, 

2xy          =   6240 

(3)  is 

*a             +y2=7921 

(6)  is 

2xy          =6240 

Subtract, 

x2-2a:y4-j^2_i681 

Extract  root, 

ar^y=ri4l 

From  (5)  tmd 

(7). 

2i:=160,  or  78 
/.  X  =  80,  or  39 
y  =  39,  or80 
ry  =  3120 

(«) 


(7) 


.'.  The  area  of  the  rectangle  is  3120  square  inches. 


4.  The  diagonal  of  a  rectangle  is  66  inches ;  if  the  rectangle  were 
3  inches  shorter  and  9  inches  wider,  the  diagonal  would  still  be  65 
inches.    Find  the  area  of  the  rectangle. 


X  =  number  Df  inches  in  length, 
y  =  number  of  inches  in  width. 
Vx^  +  y'^  =  number  of  inches  in  the  diagonal, 


Let 
and 

Then 

and       V(x  —  3)^  +  (y  +  9)^  =  number  of  inches  in  the  diagonal  if  the 

rectangle  were  8  inches  shorter  and 
9  inches  wider. 
.-.  Vx2"Ty2  =  66 


SimpUfy  (1), 
Simplify  (2), 

Subtract, 


V(x-3)a+(y-h  9)^  =  66 
x2  +  y«  =  4225 


x2  —  6x  +  .yg  +  18  y  =  4135 
6x         -18y=     90 

X  — 3y  =  15 

x=  16  +  3y 
Substitute  value  of  x  in  (8), 

225  +  90y  -\.9y^^y^  =  4225 
10^2  ^_90y:=  4000 

y2  +  9y  =  400 


(1) 
(2) 

(4) 
(5) 
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.••  y  =  16,  or  —  26 
x  =  63,  or  — 60 
xy  =  1008 
.*.  The  area  of  the  rectangle  is  1008  square  inches. 

5.  The  difference  of  two  numbers  is  j  of  the  greater,  and  the  sum  of 
their  squares  is  356.    Find  the  numbers. 

Let  ^        X  —  the  grealtor  number, 

and  y  =  the  less. 

x2  +  y2  =  366  (2) 

Simplify  (1),  5x=Sy 

Substitute  yalue  of  x  in  (2), 

Sty2  +  y2  =  356 
ffi^2  =  366 
y2=100 
y  =  ±10 
.-.  X  =  ±  16 
.*.  The  numbers  are  16  and  10. 

6.  The  sum,  the  product,  and  the  difference  of  the  squares  of  two 
numbers  are  all  equal.    Find  the  numbers. 

Let  x-\-  y  =  the  one  number, 

and  a:  —  y  =  the  other. 

.-.  a:  +  y  +  a:-y=:(a:  +  y)(x-y)  =  (x  +  y)2-(a:-y)a  (1) 

Simplify,  2  x  =  x^  —  y^  =  4  xy  (2) 

l  =  2y 

.-.  y  =4  (3) 

Substitute  value  of  y  in  (2),        2  x  =  x^  —  J 

x2-2x  =  i 
x^  — 2x+l  =  f 

x-l  =  ±jV6 
.-.  x=l±jV5  (4) 

From  (3)  and  (4),  x  +  y  =  f±JV'5 

x  —  y=i±iV6 

.'.  The  numbers  are  |  ±  J  V5  and  J  ±  J>/6. 
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7.  The  sum  of  two  nambers  is  5,  and  the  sum  of  their  cubes  is 

336. 

Find  the  numbers. 

Let 

X  =  the  one  number. 

and 

y  =  the  other. 

Then 

x  +  y  =  5 

(1) 

:r»  +  y8  =  336 

(2) 

DiTide  (2)  by  (1), 

y^^    xy^y^  =  ^l 

(3) 

Square  (1), 

a:3+2a:y  +  ya  =  25 

Subtract, 

—  3xy          =42 

xy  =  -14 

W 

(3)18 

^^    xy^-y'^=     67 

(4)  is 

xy          =  - 14 

Subtract, 

x2-2xy  +  y2==     81 

x-.y=±9 

(5) 

From  (6)  and  (1), 

2  ar  =  14,  or  —  4 
ar=    7,  or— 2 
y  =  -2,  or7 

.'.  The  numbers  are  7  and  —  2. 

8.  The  sum  of  two  numbers  is  11,  and  the  cube  of  their  sum  exceeds 
the  sum  of  their  cubes  by  792.    Find  the  numbers. 

Let  ar  =  the  one  number, 

and  y  =  the  other. 

Then  ar  +  y  =r  11  (1) 

(ar  +  y)«-ar«-y8=7©2  (2) 

Simplify  (2),  8 :cay  +  3  xy2  =  792 

T^y  +  xy^  =  264 
^y(^  +  y)=264  (3) 

Substitute  value  of  x  +  y  from  (1)  in  (3), 

llary  =  264 

xy  =  24  (4) 

Square  (1),  x2  +  2  xy  +  y^  =  121 

4  X  (4)  is  4ary  =    96 

Subtract,  x2  — 2a:y  +  y2=    26 

a:  — y  =  ±6  (6) 

From  (1)  and  (6),  2  ar  =  16,  or  6 

.'.  X  =    8,  or  3 

y=   3,  or  8 
.'.  The  numbers  are  3  and  8. 
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9.  A  number  is  formed  by  two  digito.  The  secoiid  digit  is  leei  bj  8 
than  the  square  of  the  first  digit ;  if  9  times  the  first  digit  be  added  to 
the  number,  the  order  of  the  digits  will  be  reversed.    Find  the  number. 

Let  X  =  the  first  digit, 

and  y  =  the  second. 

Then  10:r  +  ^  =  the  number. 

lOy  +  ^  —  the  number  after  the  order  of 
.    the  digits  is  reversed. 
y  =  x3-8  (1) 

10a:  +  y  +  9a:  =  10y  +  ar  (2) 

Simplify  (2),  -  9 y  +  18  ar  =  0 

—  y  +  2x  =  0 

y  =  2x  (3) 

Substitute  value  of  y  in  (1),         2x  =  x^  —  S 

jc3-2a:  =  8 
a^^2x^  1  =  9 
X— 1=±3 

a:  =  4,  or  —  2 
From  (3),  y  =  8,  or— 4 

.*.  The  number  is  48. 

10.  A  number  is  formed  by  three  digits,  the  third  digit  being  the 
sum  of  the  other  two ;  the  product  of  the  first  and  third  digits  exceeds 
the  square  of  the  second  by  6.  If  396  be  added  to  the  number,  the 
order  of  the  digits  will  be  reversed.    Find  the  number. 


Let 

X  =  the  first  dig^t, 
y  =  the  second  digit, 

and 

z  =  the  third  digit. 

Then 

100 a;  +  lOy  +  2  =  the  number. 
IOO2  +  lOy  +  r  =  the  number  if  the  order  of  the 

digits  is  reversed. 

«  =  *  +  y                              (1) 

% 

xa  — y2  =  6                                            (2) 

100  a: 

+  lOy  +  a  +  396  =  100  2:  +  lOy  +  a:                     (3) 

Simplify  (3), 

99ar-99«  =  -896 

ar-«  =  -4                                       (4) 

a:  =  «  — 4 

Substitute  value  of 

a:in(l),            2  =  2  — 4  +  y                                 (5) 

/.  y  =  4 
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Sobstitate  valaes  of  x  and  y  in  (2), 

2(2-4) -16  =  5 
z{z  -  4)  =  21 
aa-4z  +  4=r25 
«— 2=±6 

2;  =r  7,  or  —  3 
From  (4),  x-% 

/.  The  number  is  347. 

11.  The  numerator  and  denominator  of  a  certain  fraction  are  each 
^ater  by  1  than  those  of  a  second  fraction ;  the  sum  of  the  two  frac- 
tioDs  is  \\.  If  the  numerators  were  interchanged,  the  sum  of  the  frac- 
tions would  be  f .    Find  the  fractions. 

Let  X  =  the  numerator, 

and  ^  =  the  denominator. 

Then  -  =  the  fractions, 

y 

«  —  1 
and  =r  the  second  fraction. 

y-1 

...?+-^  =  lI  (1) 

y     y  —  1     12 

y       y-1     2 

Subtract  (2)  from  (1),      ^ —  =  -  i  (3) 

y    y-1        12 

Shnplify,  12(y  ^  1  -  y)  =  -  yS  +  y 

y2-y=  12 

y«-y  +  i=l2} 

y-}  =  ±3J 

y  =  4,  or— 3 
Substitute  value  of  y  in  (1), 

(4) 


or  JL  +  !L=lL  =  ?.  (5) 


X     ar-l      17 
4         3         12' 

X        ar  — 1      3 
-3       -4  ~2 

From  (4), 

7ar-4=17 

p 

x=S 

From  (5), 

-7x+3  =  18 

7a:=-15 

ar  =  3,  y  =  4  are  the  only  available  solutions. 

.*.  The  fractions  are 

1  and  |. 
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12.  There  are  two  fractions.  The  numerator  of  the  first  Is  the  square 
of  the  denominator  of  the  second,  and  the  numerator  of  the  second  is 
the  square  of  the  denominator  of  the  first ;  the  sum  of  the  fractions  is 
-^-j  and  the  sum  of  their  denominators  5.    Find  the  fractions. 


Let 
and 

Then 
and 


X  =  the  denominator  of  the  first  fraction, 
y  =  the  denominator  of  the  second  fraction. 

—  =  the  first  fraction, 

X 

-^  =■  the  second  fraction. 
X      y       Q 


Simplify  (1), 

Divide  (3)  by  (2), 
Square  (2), 

Subtract, 


aH»  +  y8  =  ^a:y 
a^*—    xy-^-y^-^xy 


(1) 

(2) 
(3) 

(4) 


25 


—  3xy  =Jxy  — 25 

xy  =  Q 
Substitute  value  of  xy  in  right  side  of  (4), 


(5) 


-    a;y  +  y»  =  7 


(5)  is 
Subtract, 

From  (2)  and  (6), 


xy 


=  6 


x2  — 2ary  +  y2=i 

x-y=±l 
2a:  =  6,  or  4 
/.  X  =  3,  or  2 


(6) 


The  fractions  are  f  and  f . 


y  =  2,  or  3 
a:2  =  9,  or  4 
y2  =  4,  or  9 


13.  The  sum  of  two  numbers  which  are  formed  by  the  same  two 
digits  is  f  f  of  their  difference ;  the  difference  of  the  squares  of  the 
numbers  is  3960.    Find  the  numbers. 

Let  X  =  the  one  digit, 

and  y  —  the  other. 

Then  10  x  +  y  =  the  one  number, 

and  lOy  +  X  =  the  other. 
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.-.  10x+y  +  10y  +  a:=ff(10ar+y-10y-x)        (1) 
(10  :r  +  y)2  -  (10  y  +  r)2  =  3»60  (2) 

Simplify  (1),  18(llx  +  11  y)  =  56(9:r-9y) 

2ar  +  2y  =  6a:  — 6y 
—  3a:  =  f-7y 

*=Jy  (8) 

Simplify  (2), 

100r»+2Oa:y  +  y2- 100  y2-20ary-a:2  =  3960 

99  a:3_  99^8  =  3900 

ara-y2  =  40  (4) 

Sobstitate  value  of  x  from  (3)  in  (4), 

i^ya-y2  =  40 
^<iy2  =  40 

y«=9 
.'.  y  =  ±  3 
From  (3),  a:r=±7 

.'.  The  numbers  are  73  and  37. 

14.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  times  more  than 
the  hind  wheel ;  if  the  circumference  of  each  were  increased  2  feet,  the 
fore,  wheel  would  turn  only  Q,8  times  more.  Find  the  circumference  of 
each  wheel. 

Let  X  =  number  of  feet  in  circumference  of  fore  wheel, 

and  y  =  number  of  feet  in  circumference  of  hind  wheel. 

5280  =  1  mile. 

5280 
Then  ^^=—^  =  number  of  times  the  fore  wheel  will  turn  in  1  mile. 

X 

=  number  of  times  the  hind  wheel  will  turn  in  1  mile. 

y 

=  number  of  times  the  fore  wheel  would  turn  in  1  mile  if 

X  4-  2 
^  its  circumference  were  increased  by  2  feet. 

5280 

=  number  of  times  the  hind  wheel  would  turn  in  1  mile  if 

^  "^  its  circumference  were  increased  by  2  feet 

...  ^80_M80^132  .J) 

X  y 

6280_5280^g8  (2) 

z  +  2     y  +  2  ^  ^ 

Simplify  (1),  6280 y  -  5280  x  =  132  xy 

40y  — 40x  =  xy  (Z^ 
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Simplify  (2),  6280 j^  - 6280jr  =  88x^  +  176x  +  176y  +  352 

60  j^  —  60  J?  =  ary  +  2  a:  +  2  y  +  4 
68y  — 62a:=x3^  +  4  (4) 

Subtract  (4)  from  (3),   '22r-18y  =  —  4 

ll:t--9y  =  -2 

x=^2  (6) 

Substitute  value  of  x  in  (3), 

40y,-*0(^V-^)=(^V"2)y 

^  11  11 

44ay-360y+80  =  9y2-2y 

9y^-82y  =  80 
9y2-825f  +  (-V)2  =  i-V-i 

3y-V  =  ±¥ 

3y  =  30,or-f 

From  (5),  -  a:  =  8  * 

.'.  The  fore  wheel  is  8  feet  in  circumference,  the  hind  wheel  is  10 
feet  in  circnmfereirce. 

15.  Two  travellers,  A  and  B,  set  out  from  two  distant  towns,  A  to 
go  from  the  first  town  to  the  second,  and  B  from  the  second  town  to  the 
first,  and  both  travel  at  wiiform  rates.  When  they  meet,  A  has  trav- 
elled 30  miles  farther  than  B.  A  finishes  his  Journey  4  days,  and  B 
9  days,  after  they  meet.  Find  the  distance  between  tbe  towaa^  and  the 
number  of  miles  A  and  B  each  travel  per  day. 

Let  X  =  number  of  miles  A  travels  per  day, 

and  y  =  number  of  miles  B  travels  per  day. 

Then  4x=  number  of  miles  A  travels  in  4  days. 

9y  =  number  of  miles  B  travels  in  9  days. 
4  jr  -f  9y  =r  number  of  miles  between  tlte  two  towns. 

-^  =  iittmb^  of  days  B  has  travelled  when  they  meet. 

y 

— ^  =  number  of  days  A  has  travelled  when  they  meet. 

X 

.■M=^  (1) 

y        X 

4T  =  9y-30  (2) 

Simplify  (1),  4a:2  =  9y2 

2x=±3y  (3) 
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Substitute  value  of  2 r  in  (2),  ±6y  =  9]^  —  30 

-3y  =  -30, 
or  —  16y  =  — 30 

/.  y  =  10,  or  2 
Substitute  value  of  y  in  (3),  x=  15,  or  —  3 

4ar  +  fiy  =  160,  or46 
/.  A  travels  15  miles  a  day^  B  travels  10  miles  a  day,  and  the  towns 
are  150  miles  apart. 

16.  Two  boys  run  in  opposite  directions  around  a  rectangular  field,  of 
which  the  area  is  one  acre ;  they  start  from  one  comer,  and  meet  13 
ytrds  from  the  opposite  comer.  One  boy  runs  only  |  as  fast  as  the 
other.    Find  the  length  and  breadth  of  the  field. 

Let  X  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  breadth. 

X  4-  y  =  half  the  perimeter. 
4840  sq.  yds.  =  1  acre. 
Then  ly  =  4840  (1) 

ar  +  y-.13  =  J(ar  +  y  +  lS)  (2) 

Simplify  (2),  x  +  jr  =  143  (3) 

Square,  x^i-2xy-^y*  =  20449 

4x(l)i8  ixy  =19300 

Subtract,  x^-2xy-^y^=    1089 

a:  — y  =  ±33  (4) 

From  (3)  and  (4),  2x=  176,  or  110 

/.  X  =   88,  or    55 
y  =    55,  or    88 
.*.  The  field  is  88  yards  long  and  55  yards  wide. 

17.  A  man  walks  from  the  base  of  a  mountain  to  the  summit,  reach- 
ing the  summit  in  5}  hours ;  during  the  last  half  of  the  distance  he 
walks  J  mile  less  per  hour  than  during  the  first  half.  He  descends  in 
3f  hours,  walking  1  mile  per  hour  faster  than  during  the  first  half  of 
the  ascent.  Find  the  distance  from  the  base  to  the  summit  and  the 
rates  of  walking. 

Let  y  —  number  of  miles  from  the  base  to  the  summit, 

and  X  =  number  of  miles  the  man  walks  per  hour  at  first. 

Then      —  =<=  number  of  hours  it  takes  him  to  walk  half  way  up. 
2x 
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=  number  of  hours  it  takes  him  to  walk  up  the  2d  half. 


2(z-i) 

V 

— - —  =  number  of  hours  it  takes  him  to  walk  down. 


* 
m 

••    ^    1         ^        -5i 

2x     2(a:-J) 

^     -3f 

a:  +  l 

Simplify  (1), 

2xy  —  y  +  2xy  =  22ar2  —  llx 

4Ty  — 22a:2_y_iXx 

Simplify  (2), 

4y  =  15x  +  15 

,,      16X+15 

^-        4 

Substitute  value  of 

y  in  (3), 

xn 

fi^  1  ^h^   -22^      15ar+15  _ 

(1) 

(2) 

(3) 
W 

(6) 


-—  •      -      -  4        -"' 

60a:2  +  60  a:  -  88:c3  =  15ar  +  16  -  44  a: 
-28x2+ 89  a?  =15 
196  3:2-623  a:  =-105 
196  ar2  -  623  a:  +  (^/)2  =  ^^ 

14a:  =  42,  or} 

a:=   3,  or  JV 
Substitute  value  of  a:  in  (5),  y  =  15,  or  4^j 

a:-i  =  2},or-3fy 

The  second  set  of  solutions  is  therefore  to  be  neglected. 

.*.  The  distance  from  the  base  to  the  summit  is  15  miles.  The  roan 
walks  3  miles  an  hour  for  2\  hours,  and  2J  miles  an  hour  for  3  hours ; 
on  the  return  he  walks  4  miles  an  hour. 

18.  A  besieged  garrison  had  bread  for  11  days.  If  there  had  been 
400  more  men,  each  man's  daily  share  would  have  been  2  ounces  less  ; 
if  there  had  been  600  less  men,  each  man's  daily  share  could  have  been 
increased  by  2  ounces,  and  the  bread  would  then  have  lasted  12  days. 
How  many  pounds  of  bread  did  the  garrison  have,  and  what  was  each 
man's  daily  share  1 

Let  X  =  number  of  ounces  of  bread  on  hand, 

and  y  =  number  of  men. 

Then  -^  =  each  man's  daily  share. 

lly 
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=  Tf:-2  (1) 


ll(y  +  400)      11  y 

*  =  -|_  +  2  (2) 


12(y  +  600)      lly 
Simplify  (1),  ary  =  ary  +  400  x  -  22 y^  —  8800y 

22  f  +  8800  y  -  400  X  =  0  (3) 

Simplify  (2),  11  ary  =  12  xy  -  7200  x  +  264  y*  - 158400  y 

264 y2  +  xy  -  7200x  -  158400y  =  0  (4) 

18  X  (3)  18  396 ya  -  7200x+ 158400y  =  0 

Subtract,  —  132  y^  ■\- xy  —  316800  y  =  0 

y(132y-x  + 316800)  =  0 

.*.  y  =  0, 
or  132y-x  + 316800  =  0 

x=132y  + 316800  (6) 

Substitute  y  =  0  in  (3),  x  =  0 

Substitute  x  =  132y  +  316800  in  (3), 

22  y2  +  8800  y  -  52800  y  -  126720000  =  0 
y2  +  400y  -  2400y  -  5760000  =  0 

y2- 2000  y  =  5760000 
y2  -  2000y  +  1000000  =  6760000 
y  - 1000  =  ±  2600 
/.  y  =  3600 
Substitute  value  of  y  in  (5),  x  =  792000 

*    =20 


.*.  The  garrison  had  792000  ounces,  or  49500  pounds,  of  bread,  and 
each  man's  daily  share  was  20  ounces. 

19.  Three  students.  A,  B,  and  C,  agree  to  work  out  a  set  of  problems 
in  preparation  for  an  examination ;  each  is  to  do  all  the  problems.  A 
solves  9  problems  per  day,  and  finishes  the  set  4  days  before  B;  B 
solves  2  more  problems  per  day  than  C,  and  finishes  the  set  6  days 
before  C.     Find  the  number  of  problems  in  the  set. 

Let  X  =  number  of  problems, 

and  ■  y  =  number  C  can  do  in  one  day. 

Then  -  =  number  of  days  it  takes  A  to  do  all  the  problems. 

-  +  4  =  number  of  days  it  takes  B  to  do  all  the  problems. 


IW  COLLBQB   ALOKBRA. 


l^' 

=  number  of  problems  B  can  do  in  one  day. 

X  _ 

y 

=  number  of  days  it  takes  C  to  do  all  the  problemB. 

• 

.-.5  =  ^  +  4  +  6                            (1) 

-i-  =  y+2                                     (2) 

Simplify  (1), 
Simplify  (2), 

9j:  =  xy  +  90y                                 (3) 
dj- =  xy  +  36y  +  23P  +  72 

Subtract,  0=  54y  — 2j:  — 72 

:r-27y  +  36  =  0 

*  =  27y-36  (4) 

Substitute  value  of  x  in  (3)  y 

243y  -^  324  =  27y«  —  S6y  +  Wy 
27y«-189y  =  -324 

y«-7y  =  -12 

y  =  4,  or  3 
Substitute  value  of  y  in  (4),  a:  =  72,  or  45 

.'.  There  are  either  45  or  72  problems  in  the  set. 

20.  A  cistern  can  be  filled  by  two  pipes ;  one  of  these  pipes  can  fill 
the  cistern  in  2  hours  less  time  than  the  other;  the  cistern  can  be  filled 
by  both  pipes  running  together  in  1|  hours.  Find  the  time  in  which 
each  pipe  will  fill  the  cistern. 

Let  X  =  number  of  hours  in  which  the  greater  pipe  can  fill  the 

cistern, 
and  y  =  number  of  hours  in  which  the  lesser  pipe  can  fill  the 

cistern. 

Then         -  =  part  the  greater  pipe  can  fill  in  one  hour. 
-  =  part  the  lesser  pipe  can  fill  in  one  hour. 

>  4  -  =r  part  both  pipes  can  fill  in  one  hour. 

1  •''     y 
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Hence,  y  —  «  =  2  (1) 


and 


(i+yif=.i  (2) 

Simplify  (2),  15a:  +  15y  =  8a:y  (3) 

From(l),  y  =  a:+2  .  (4) 

Substitute  value  of  y  in  (3), 

15ar  +  15a:  +  30  =  8««  +  Map 
Bx2-14a:=80 

4*=  12,  or  —5 
a:  =  3 
From  (4),  y  =  5 

.'.  The  pipes  can  fill  tlie  cift^n  in  3  and  5  hours  respectiTelj. 

21.  A  and  6  have  a  certain  manuscript  to  copy  between  them.  At 
A's  rate  of  work  he  would  copy  the  whole  manuscript  in  18  hours ;  B 
copies  9  pages  per  hour.  A  finishes  his  portion  in  as  many  hours  as 
be  copies  pages  per  hour ;  B  is  occupied  with  his  portion  2  hours  longer 
than  A  is  with  his.    Pind  the  number  of  pages  copied  by  each. 

Let  X  ^  number  of  pa^s  A  copies, 

and  y  =  number  of  pages  B  copies. 

Then         x  +  y  =  number  of  pages  in  the  manuscript. 

^"^  ^  =  number  of  pages  A  copies  in  one  hour. 

18a: 

=  number  of  hours  it  takes  A  to  finish  hia  part. 


x  +  y 


-  =  number  of  hours  it  takes  B  to  finish  hii  part. 
9 


Simplify  (1), 
Simplify  (2), 

.     18a:  _a:  +  y 
x+y        18 

*  =             4-2 

a:a  +  2xy  +  y2=324a: 

xy  +  y2  ^  162a:  +  18  a:  +  18y 
a-y  +  y2=180a:+18y 

(3)  is 
2  X  (4)  is 

a~2  +  2a:y+     y2=    324a: 

2a:y4-2y2=    360x+36y 

Subtract, 

jp2              _    y2^«36a:-36y 

(1) 

(2) 
(3) 
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(a:  +  y)(ar-y)=-36(a:  +  y) 

.-.  ar  +  y  =  0  (7) 

or  j:-y  +  36  =  0  (8) 

Substitute  x  +  y  =  0  in  (3),  x;=0 

From  (7),  y  =  0 

From  (8),  a:  =  y  — 36 

Substitute  value  of  ar  in  (3), 
ya.72y  +  1296  +  2y2-  72y  +  y2=  324.y  -  11664 

4y-468y  =  - 12960 
4y2_468y+ 13689  =  729 
2y-117  =  ±27 

2y  =  144,  or90 
y=    72,  or  45 
From  (8),  x=   36,  or    9 

.*.  A  copies  36  or  9  pages,  and  B  copies  72  or  46  pages. 

22.  A  and  B  have  4800  circulars  to  stamp,  and  intend  to  finish  them 
in  two  days,  2400  each  day.  The  first  day  A,  working  alone,  stamps 
800,  and  then  A  and  B  stamp  the  remaining  1600,  A  working  altogether 
3  hours.  The  second  day  A  works  3  hours  and  B  1  hour,  and  they 
accomplish  only  ^  of  their  task  for  that  day.  Find  the  number  of 
circulars  each  stamps  per  minute,  and  the  number  of  hours  B  works  on 
the  first  day. 

Let  X  =  number  A  stamps  per  hour, 

and  y  =  number  B  stamps  per  hour. 

800 
Then,    —  =  number  of  hours  A  works  alone  on  the  first  day. 

X 

1  fuin 

=  number  of  hours  A  and  B  work  together  on  the  first  day. 

x  +  y  V 

.   800^  woo  ^3  (1) 

x       x-\-  y 

3x  +  y  =  ^^X2400  (2) 

Simplify  (1),  800a:+800y  +  1600a:  =  3a:2  + 3a:y 

3a^^  +  3a:y  =  2400  a:  +  800y 
800  X  (2)  is  1728000  =  2400  a:  +  800  y 

Subtract,  3  o^*  +  3  ary  =  1728000 

x^Ji-xy^  676000  (3) 

From  (2),  y  =  2160  -  3  a:  (4) 
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Sabstitute  value  of  y  in  (3), 

a:2  +  2160  a:  -  3  ara  =  576000 

-2ar2  +  2160ar=  676000 

x3  -  1080  ar  =  - 288000 

x^  -  1080  a:  +  291600  =  3600 

a:  —  640  =  ±  60 

/.  X  -  600,  or  480 

Substitute  value  of  a:  in  (4),  y  =  360,  or  720 

1600      5        4 
=  «»  or  « 


I 


x-{-y     3        3 

.'.  A  can  stamp  600  per  hour,  or  10  per  minute,  B  360  per  hour,  or  6 
per  minute ;  and  B  works  }  hours,  or  1  hour  and  40  minutes  on  the 
first  day.  Or,  A  can  stamp  480  per  hour,  or  8  per  minute,  B  720  per 
hour,  or  12  per  minute,  and  B  works  ^  hours,  or  1  hour  and  20  minutes, 
on  the  first  daj.  , 

23.  A,  in  running  a  race  with  B,  to  a  post  and  back,  meets  him  10 
yards  from  the  post.  To  come  in  even  with  A,  B  must  increase  his 
pace  from  this  point  41  f  yards  per  minute.  If,  without  changing  his 
pace,  he  turns  back  on  meeting  A,  he  will  come  in  4  seconds  behind  A. 
Find  the  distance  to  the  post. 

Let  X  =  number  of  yards  to  the  post, 

and  y  =  number  of  yards  A  runs  per  minute. 

Then       a?  +  10  =  number  of  yards  A  has  run  when  he  meets  B. 
a:  —  10  =  number  of  yards  B  has  run  in  the  same  time. 

^-i —  =  number  of  minutes  elapsed  up  to  the  time  of  meet- 

^  ing. 

ar-lO      vCar— 10) 

— rrr7:=        .  ..^    =  number  of  yards  B  runs  per  minute. 

ar+10        a:  4-  10  "^  '^ 

y 

^^   "" — ^  +  414  =  number  of  yards  B  would  run  a  minute  after  in- 

a:+10  ^  .      ,. 

'  creasmg  his  pace. 

ar+ 10  ar— 10  ,jx 


a:  +  10  ^ 


,:-10         ^-lO^J^  (2) 


y  {x  —  10)  X  16 

a: +10 
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Simplify  (1), 

y(x-10)  +  Ap(:r+10)  y 

{x  +  10)2y  =  y  (x  -  10)H  2.^  (a:3  „  ioq) 
40ary=:Afi2^-iAfftA  (3) 

Simplify  (2) ,  -—  = +  — 

x^  — lOy  y  15 

I6y  (x3  - 100)  =  16y  (x  - 10)2+ ^^  q^  _  iO) 

300 xy  -  150Ay  -  1600y -  y^x  +  10 y2  =  0 

300  xy  —  3000y  —  y^x  +  10y«  =  0 

y(300x  -  3000  -yx  +  lOy)  =  0 

y(300-y)(x-10)  =  0  (4) 

/.  y  =  0, 

or  300  —  y  =  0, 

or  X  - 10  =  0 

Substitute  y  =  0  in  (3) ,  0  =  ^^  x^  -  ^^  ona 

.-.  x2  =  100 

x=±U) 

Sulwtitate  y  =  300  in  (3),      12000x=i?Ax«-i»^4 

29x2-8400x  =  2900 

(29)2*2  -  29  X  8400  X  =  84100 

(29)2^2  -  ()  +  (4200)2  =  17724100 

29x- 4200  =±4210 

29x=8410,  or-10 

.-.  X  =  290,  or  -  ij 

Substitute  x  =  10  in  (3),  400y  =  0 

y  =  0 

.-.  The  algebraic  solutions  are  y  =  0,  x  =  ±  10,  and  y  =  360,  x  =  290, 

or  —  iJ.     Of  these  only  y  =  300,  x  =  290  are  arftilable. 

.'.  The  distance  to  the  post  is  290  yarcU,  A  runs  300  yards  a  minute, 

and  B  280  yards  a  minute. 

24.  A  boat's  crew,  rowing  at  half  their  usual  speed,  row  3  miles 
down  stream  and  back  again,  accomplishing  the  distance  in  2  hours 
and  40  minutes.  At  full  speed  they  can  go  over  the  same  course  in 
1  hour  and  4  minutes.    Find  the  rate  of  the  crew  and  of  the  current. 

Let  X  =  number  of  miles  the  crew  row  per  hour  at  full  speed, 

and  y  =  velocity  of  the  current  in  miles  per  hour. 

Then      -  -f  y  =  number  of  miles  the  boat  will  go  per  hour  with  the 

current  if  the  crew  row  at  half  speed. 
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—  y  =  number  of  miles  the  boat  will  go  per  hour  against 
I  the  current  if  the  crew  row  at  half  speed. 


' 


2  hours  and  40  minutes  =  2|  hours. 
1  hour  and  4  minutes  =  1^  hours. 


X    .        ~  X 


ar  +  y      x  —  y 
Simplify  (1),    ^-3y  +  ^+3y  =  |^|-y^ 


=  lA  (2) 


9x=2x2-8y2 

(3) 

Simplify  (2), 

8ar-3y-+3x  +  3y  =  J|(ar2-y2) 

90x=16x2-16ya 

(4) 

^  X  (3)  is 

18ar=    4a:2-16ya 

Subtract, 

• 

72ar=12a:2 

12jc3-72x  =  0 

ar2_0a:  =  O 

a:(ar-6)  =  0 

.-.  a:  =  0 

or 

x  =  6 

Bubstitifleit  = 

0  in  (3), 

8y2  =  0 
.-.  y  =  0 

-Substitute  x  = 

:  6  in  (3), 

B4  =  72-8ya 
8y2=18 

.'.  The  crew  row  6  miles  per  hour,  and  the  current  is  f  miles  per  hour. 

^  25.  A  farmer  sold  a  number  of  sheep  for  $286.  He  received  for 
each  sheep  $  2  more  than  he  paid  for  it,  and  gained  thereby  on  the  cost 
of  the  sheep  ^  as  many  per  cent  as  each  sheep  cost  dollars.  Find  the 
number  of  sheep. 

Let  X  =  number  of  sheep, 

and  y  =  number  of  dollars  paid  for  each. 

Then,  y  +  2  =  number  of  dollars  received  for  each, 

and  =  number  of  sheep. 

y  +  2 
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2 

_  100  =  gain  per  cent. 

.    '  y 

•••-^=^  (1) 

y  +  2 

?100  =  |  (2) 

y         2 

From  (2),  y«  =  400 

.-.  y  =  ±  20 

Substitute  value  of  y  in  (1),       ^y  =  x 

,',  r=13 
/.  The  number  of  sheep  was  13. 

26.  A  person  has  f  1300,  which  he  divides  into  two  parts  and  loans 
at  different  rates  of  interest,  in  such  a  manner  that  the  two  portions 
produce  equal  returns.  If  the  first  portion  had  been  loaned  at  the  sec- 
ond rate  of  interest  it  would  have  yielded  annually  $36;  if  the  second 
portion  had  been  loaned  at  the  first  rate  of  interest  it  would  have 
yielded  annually  $49.    Find  the  two  rates  of  interest. 

Let  X  =  first  rate  of  interest, 

and  y  =  second  rate  of  interest. 

3600 
Then,  =  number  of  dollars  in  the  first  part, 

4900 
and  =  number  of  dollars  in  the  second  part. 

3600     4900 

.• +  ^^^  =  1300  (1) 

y  X  ^  ^ 

3600      jr^  ^  4900      _y_  ^g. 

y         100         :p         100  ^  ^ 

SimpUfy  (1),  3600r  +  4900y  =  1300 ary 

36x+49y=13xy  (3) 

Simplify  (2),  36 ar^  =  49 y2 

6x=  ±7y 

a:=±Jy  (4) 

Substitute  value  of  x  in  (3), 

±42y  +  49y  =  ±  9^iy2 

V-y2=91y,or-7y 

y2=    6y,  or- T^^y 
.-.  y  =  0,  6,  or  — ^y 
Substitute  values  of  y  in  (4), 

a:=0,  7,  or^y^ 
.'.  The  first  rate  of  interest  was  7%,  the  second  was  6%. 
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27.  A  person  has  $5000,  which  he  diyides  into  two  portions  and 
loans  it  different  rates  of  interest  in  such  a  manner  that  the  return 
from  the  first  portion  is  donble  the  return  from  the  second  portion. 
If  the  first  portion  had  been  loaned  at  the  second  rate  of  interest  it 
would  have  yielded  annually  $246;  if  the  second  portion  had  been 
loaned  at  the  first  rate  of  interest  it  would  haye  yielded  annually  $90. 
Find  the  two  amounts  and  the  two  rates  of  interest. 

Let  X  =  the  first  rate  of  interest, 

and  y  =  the  second  rate  of  interest. 

24500 
Then  — ^^^  =  the  number  of  dolUrs  in  the  first  portion, 

y 

8000 
and  =  the  number  of  dollars  in  the  second  portion. 

0) 

(2) 


1  24500,  OOOO^g^j^ 

24500^   X   _ov»^v    y 
y     ^100"^    X    ^100 

Simplify  (1), 
Simplify  (2), 

24Sx  +  90y  =  60xy 
49x'\-lSy  =  l0xy 
245a:2=l80y« 

(3) 

49x2  =  36^2  (4) 

7x=±6y 

x=±^y  (6) 

Substitute  value  of  i:  in  (3), 

±42y  +  lSy  =  ±^^y^ 

^y^=QOy,orUy 

.-.  y  =  0,7,  orV 
Substitute  value  of  y  in  (6),  ar  =  0,  6,  or  —  J^ 

-a^a  =  1500 
.'.  The  two  amounts  are  $3500  and  $  1500,  and  the  two  rates  of  inter- 
est are  6%  and  7%. 

28.  A  number  is  formed  by  three  digits ;  10  times  the  middle  digit 
exceeds  the  square  of  half  the  sum  of  the  three  digits  by  21 ;  if  99  be 
added  to  the  number,  the  digits  will  be  in  reverse  order ;  the  number 
is  11  times  the  number  formed  by  the  first  and  third  digit.  Find  the 
number. 

Let  X  =  the  first  digit, 

y  =  the  second  digit, 
and  z  =  the  third  digit. 
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Then,  lOOx  +  lOy  +  ^  =  the  number, 
ftnd  IOO2+ lOy +  x=  the  number  with  the  order  of  the  digits 

reversed. 
10  j;  +  2  =  the  number  formed  by  first  and  third  digits. 

,.10y  =  ^^±ftEj  +  2l  (1) 

lOOx  +  lOy  +  «  +  99  =  IOO2:  +  lOy  +  X  (2) 

lOOx  +  lOy  +  «  =  ll(10x  +  z)  (3) 

From  (2),  99x  +  99  =  99« 

X  +  1  =  «  (4) 

From  (3),  —  10x+ lOy  — 10«  =  0  ^ 

x-y  +  «  =  0  (5) 

Substitute  yalue  of  z  from  (4)  in  (6), 

X  — y  +  X+ 1  =  0 

2x+l  =  y  (6) 

Substitute  values  of  y  and  z  from  (4)  and  (6)  in  (1), 

20x+10  =  /'i^^y  +  21 

20x- 11  =  4x2  +  4x4-1 
4xa-16x  =  -12 
x3  — 4x  +  4=l 
x-2=±l 
X  =  3,  or  1 
Substitute  values  of  x  in  (4)  and  (8), 

y  =  7,  or  3 
2  =  4,  or  2 
.*.  The  number  is  either  874,  or  132. 

29.  A  number  is  formed  by  three  dig^;  the  sum  of  the  last  two 
digits  is  the  square  of  the  first  digit ;  the  last  digit  is  greater  by  2  than 
the  sum  of  the  first  and  second ;  if  396  be  added  to  the  number,  the 
digits  will  be  in  reverse  order.    Find  the  number. 

Let  X  =  the  first  digit, 

y  =  the  second  digit, 
and  z  —  the  third  digit. 

Then  100  x  +  10  y  +  2  =  the  number, 

and  100  2  +  lOy  +  x  =  the  number  with  the  order  of 

the  digits  reversed. 
.-.  y  +  «  =  x3  (1) 

«  =  x  +  y+2  (2) 

lOOx 4.  lOy  +  «  +  396=  IOO2  +  lOy  +  x  (3) 
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From  (3),  99a:  +  396  =  99z 

x  +  4  =  «  (4) 

Sabstitute  yalnes  of2;in(2),   x  +  4  =  x  +  y  +  2 

.-.  y  =  2 

Substitute  values  of  y  and  z  in  (1), 

2+a:+4  =  a:2 

x-J  =  ±2} 
x  =  3 
Substitute  Talue  of  x  in  (4),  «  =  7 

.'.  The  number  is  327. 

SO.  A  railroad  train,  after  trayelling  1  hour  from  A,  meets  with  an 
accident  which  delays  it  1  hour;  it  then  proceeds  at  a  rate  8  miles  per 
hour  less  than  its  former  rate,  and  arriyes  at  B  6  hours  late.  If  the 
accident  had  happened  60  miles  further  on,  the  train  would  hare  been 
odIj  3}  hours  late.    Find  the  distance  from  A  to  B. 

Let  X  =  number  of  miles  distant  from  A  to  B, 

and  y  =  number  of  miles  the  train  goes  per  hour  at  first. 

Then         y  =  number  of  miles  it  goes  in  the  first  hour. 
x  —  y  =  number  of  miles  remaining. 

^""•^  =  number  of  hours  in  which  the  train  goes  the  remaining 
^ ""  distance. 

-  =  number  of  hours  it  would  go  the  whole  distance  at  its 
^         first  rate. 

.-.  l  +  l  +  ^  =  -  +  5  (1) 

y-8     y 

y  +  60_^^_^g-y~60^g^l0  ^2) 

y  y-8         y      3 

Sunplify  (1),  ^  =  ^  +  3 

y-8     y 

xy--y^  =  xy^Sx-{-Sy^''2iy 

4y2=8a:4-24y 

y2  =  2x4-6y  (3) 

Simplify  (2),  £niL=iO  ^ £-50  ^  4 

y  — 8  y  3 

xy^y^-  60y  =  a:y-60y-8x+400+  i(y2-8y) 
Jy2=8*  +  ¥y-400 
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12  X  (3)  is 
Subtract, 


12y2=72y  +  24jr 


y«-8y  +  16  =  256 
y-4  =  ±16 
.-.  y  =  20 
Substitnte  value  of  y  in  (3),  x  =  140 

.'.  The  distance  from  A  to  B  is  140  miles. 


+  1200 


W 


Exercise  26. 


1.  Solve  ««  +  7j:«  =  8 

a:«=l,  or-8 

Since,  a:*  —  1  =  0 

(a:-l)(a:2  +  :r+l)  =  0 

/.  x=l 

or  ar2^x+l  =  0 

x  +  i=±iV^ 

Since,  a:*  +  8  =  0 

(a:+2)(a:a-3x+4)=r0 


or 


/.  x  =  — 2 
x2  — 2x  +  4  =  0 
ar2-2x+l=:  — 3 


8.   Solve  a!«  +  4x»  =  96 
x«  +  4x»  +  4=100 
x«  +  2  =  ±  10 

a:«=8,  or-12 
/.  x  =  2,-l±V=:3,-v^, 

or,^/l±^^^ 


4.  Solve  37xa-9  =  4x* 
4x*-.37xa  =  -9 

4x*-37x2  +  §I?  =  l?25 
16        16 


.%  x=l±  V^ 
x=l,-2,  liV^Ts, 

or  - 1  ±  \V^ 


2.   Solve 

a:*-5x2  +  ^  =  { 
x2-}=±f 
x2  =  4,  orl 
.•.  X  =  ±  2,  or  ±  1 


2x3--J^=±^ 
2x2=  18,  or  J 
x2  =  9,ori 
X  =  ±  3,  or  ±  J 


6.  Solve       16x8=17x**l 
16x8-17x*  =  ~l 

16xs-17x*  +  ll'  =  225 
82       64 

4x*-V=±J!^ 

4x*  =  4,  or  \ 

X*  =  1,  or  T^ 

x2=l,-l,J,-i 

A  x= ±  1,  ±  \/iri,  ±  J,  ±  J  ViTi 
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6.  Solye      32a:io  =  33a:fi- 1 
32arW-33a^  =  -l 
64x10-66  a*= -2. 

64x10-66x6  +  ^'=^ 


8a*  =  8,  or  J 

.\  x=l,  or  i 
The  eight  other  roots  may  be 
found  bj  methods  explained  later. 

7.  Solve 
a*+14x8  +  24  =  0 
a*+14x«  +  49  =  25 

a:»+7  =  ±6 

a:8  =  -2,  or-12 

.-.«  =  - v^,-v^l2, 

8.  Solye 

19x*  + 216x7  =  x 

x(19x«+216x«-l)=0 

.'.  x  =  0, 

orl9x«+216xe-.l  =  0 

216x»+ 19x8  =  1 

1296'.e+lUx«  +  g=^ 

86x»+tt=±ff 

36x«  =  iior-}| 
x»=^y,  or-i 
Since  x*  —  ^  =  0 

(^-i)(^+J^+i)=o 

or        a^  +  ix-\-i  =  0 

a:+i=±i\/^ 


Since,  x»  +  J  =  0 

(x+J)(x2-Jx+t)=0 

or        x2  — }x  +  t  =  0 

i±V^ 


.*.  x  = 


^  =  0,  I,  -i, 


-IdrV^ 


6 


9 


^^1±\^ 

"'— T- 

.  Solve 

x8-22x*  +  21 
x8-.22x*+121 

X*-ll: 
X*: 

x« 

X 

X2 


0 

100 
dblO 
1,  or  21 
±1 

dk>/2l 
x=±  v^, 

±^1^:^21 


10.  Solve 

x2«*  +  3x"» 

xa*  +  3x*+{ 

x*+ j 

X** 
.*.   X 


4 

V 

1,  or-4 
Vi,  or  v'^ 


11.  Solve 


x*»  — 


5x2» 


x  = 


6 


^_5^     25^ 
3        36 

X3»-|  = 

x2*  = 

•        'T  — - 


25 
12 
100 
36 

i  or  -      
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12.   Solve 


r2n 


X 


:40 

:  6,  or  -  8 
=  "?/6,or*^:r8 


16.  Solve 
x-«-3j:-*-164 
a:-«  — 3ar-*+| 

1^ 

X* 


=  0 

=  14,  or  - 11 
=  14,  or  - 11 


13.  Solve 

x^  +  2ax!^ 


x  = 


8a2 

±3a 

2o,  or  —  4a 

or  v^— 4a 


•  •  X  ^— 


17.  Solv« 

9x-*  +  4x-2: 

9x-*  +  4x-«+.| 

3x-3: 


14.  Solve 

a;-^  —  4  x~2  = 

a:-*  — 4x-a  +  4  = 

a:-2-2  = 

x-^  = 


0:2  = 


12 

16 

±4 

6,  or— 2 

6,  or -2 

or  ±  V^^ 


x-a  = 

1^^ 

a:2 

ara  = 


A.  or  -  TT 

5 

4,  or -3 
|,or-l 

4>or-l 


,  or  —  1 

±3v^ 


16.  Solve 

a:~«  =  ~  9,  or  4 
4:  =  -9,or4 

ar8  =  -t,  or} 

^        __  2v^ 

2^ 


18.  Solve 

4j:*-3x* 

4ar^-3x^  +  J\r 

2x*'-.} 

2<c* 


Of 

19.  Solve 

2xi-^3a:* 


i_ 


or  ±  V— >1 
10 

±¥ 

4,  or  -  f 

2iOT^— J 

16,  or 


9 

4ar^-6x^+}=^^ 

6,  or  — 3 

3,  or -I 
.-.  X  =  729,  or  ^ 


2x*-f  = 
2x*  = 
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90.  Solye         V^  =  y/^  +  12 

xt-xi  +  J=12} 

xft=4,  or— 3 
35^=256,  or  81 

21.  Solve  ar=9Vi+22 

x  =  9x^  +  22 

Vx=ll,  or— 2 
.-.  X  =  121,  or  4 

88.  Solve 

art^4a?*=32 

xi-4»i'+4  =  36 

a:*  — 2  =  ±6 

x*=8,or-4 
.-.  X  =  512,  or  —  64 

83.  Solve 

2V?-3v^?  =  35 

2x*-3a:*=36 

4a:i  — 6x^  +  1  =  A|A 

2x*-f=i:V^ 

2x^  =  10,  or -7 

x*=   6,  or  — I 
x«  =  625,  or  afji 
.-.  x  =  6XorJv^J 


84.  Solve 


Vx      Vx     4 

x*     X*     i 
x"*  +  x~*  +  J=l- 
x"*  +  J  =  ±  1 


25.  Solve 


.-* 


x"^  =  J,  or  -  f 

x*:^2,or-t 
.*.  X  =  64,  or  ^ 

+  x-i  =  4  . 


x-i  +  x-*  +  t  =  H 

x"*  +  J  =  ±J 

x~*  =  J,  or-l 
1       1  4 

x*  =  3,  or  -  } 
/.  x  =  81,or^ 

86.  Solve 

3x"i  +  4x"*  =  20 

64 
3x"^  +  2  =  i:8 

3x"*  =  6,  or-10 
x"^=2,  or-J^ 


9x"*+12x"^  +  4- 


"7  =  2,  or -V 
x« 

x*=},or-A 


180  COLLEGE   ALGEBRA. 


27.  Solye  29.  Solve 

4x~*-2a:'^  +  J  =  90J  (2a:)*H- (2a:)*=  72 

2x"i-J  =  db9J  (2a:)*+(2a:)*  +  t  =  72t 

2x"*=10,  or-9  (2ar)*+}  =  ±8} 

a:"i=    6,or-f  (2a:)*  =  8,  or -9 

ari=    1  or-*  2  x  =  512,  or  -  729 

.•-  =  Ti;,or-,h  .     .•-  =  256,or-^F 

88.  Solve 

4^^5=5  +  8^^  =  27  80.  Solve  _ 

4x-*  +  8x-i  +  A  =  W  2x2x+(2x)i=l 


2x'^  +  }  =  ±^ 


4x2a:+2(2T)*+}  =  2i 


2x~^  =  J,  or-6  o    /o-      1            o 

**  2v2x=:l,  or  — 2 

x~*  =  J,or-.3  V^=J,or-l 

x*  =  J,  or  —  J  2ar  =  J,  or  1 

.-.  x  =  y\^,  or-^V  •*•  ar=l,  or  J 


Exercise  27. 

1.  Solve  Vx  +  4+ V2x-1  =  6 

Square, 
X  +  4  +  2V2xg+7x  — 4  +  2x— 1  =  86 

2V2x2+7x-4  =  33-3x 
Square,  8x2  +  28x  - 16  =  1089  -  198x  +  9x3 

x3-226x  =  -1105 
x2  -  226x  +  12769  =  11664 
x-113  =  ±108 
/.  X  =  221,  or  6 


2.  Solve  Vl3x-1-V2x-1=5 


Square,  15x-2-2V26x2-16x+l  =  25 

-  2V26x2-15x  +  l  =  27  -  16x 
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Square,  104x2  —  dOar  +  4  =  729  —  qiq^  ^  226x3 

121x2 -760x  =  - 726 
121x2  -  760x  +  (^y  =  m^ 

llx  =  66,  orJA* 
.'.  X  =  6,  or  J4i 


8.  Solye 


Vx  H-  V4  +  X  =  3 

V4  +  X  =  3  —  Vx 
Squale,  4  +  x  =  9  — 6Vx  +  x 

6Vx  =  6 
36x  =  26 
.*.  X  =  ^ 


4.  Soke  Va:a,94.21  =  x2 

x2  -  Vj:3  _  9  =  21 

Let  Vx2  — 9  =  y 

Then  y^  —  y  =  12 

y2-y  +  i=12J 
y-J=±3i 

y  =   4,  or  —  3 

Vx2-9=   4,  or -3 
x2-9=16,  or9 
x2  =  26,  or  18 
x  =  ±6,  or  ±3VS 


5.  Solye  Vx  +  1  +  Vx  +  16  =  Vx  + 


26 


Square, 

J  + 1  +  2  Vx2  +  17  X  +  i6  +  X  +  16  =  X  +  26 

2Vx2+17x+16  =  8-x 
Square,  4x2  +  68x  +  64  =  64  —  16x  +  x^ 

8x2  +  84x  =  0 
3x(x  +  28)  =  0 

.-.  x  =  0,  or— 28 

6.  Solre  V27+T -  V^in  =  2i^EI 

o 
Square, 

2x  +  1  -  2 V2x2  +  9x  +  4  +  a:  +  4  =  ^^ 

9 


Sqiure, 
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9 
9V2xa  +  9x  +  4=  13x  +  24 
162  x*  +  729x  +  324  =  169*2  +  624x  +  570 
7jc«-105x  =  -262 
x«  — 15x=-36 
xa-15x+36=0 
(x-3)(x-12)  =  0 

.-.  x  =  3,  orl2 

7.  Solve                Vx  +  3+Vx  +  8  =  6Vx 
Square,  

X  +  3  +  2Vx'+lIx-f  24H-xH-8'=26x 

2Vx^+llx+24  =  23x-ll 
Sqiure,  4x3  + 44x  + 96  =  529x3.  606x+  121 

626x2- 550x  = -26 
21xa-22x=-l 
21xa-22x+l  =  0 
(x-l)(21x-l)  =  0 

/.  X  =  1,  or  ^ 

8.  Solye 
Vx+7  +  Vx-5  +  V3x  +  9  =  0 


Vx+7  +  Vx-6  =  —  V3x  +  9 

Square,  

X  +  7  +  2  VPT2x^^^jfx--5  =  3x  +  9 

2  Vx=»  +  2x  —  35  =  X  +  7 
Square,  4x2  +  8x  — 140  =  x^  +  14x  +  49 

3xa-6x-189  =  0 

x3-.2x-63  =  0 

(x-9)(x+7)  =  0 

/.  X  =  9,  or  —  7 

9.  Solve 

Vx+5+  V8-2x+  V9-4x  =  0 


Vx+6+  \/8-2x  =  — V9-4x 
Square, 

-x+13  +  2  V- 2x2 -2x4- 40  =  9* 4x 

2V-2x2-2x  +  40=-4-8x 
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Square,  —  Sar^  —  8ar  +  160  =  16  +  24x  +  Oar^ 

17a:2  +  32x-144  =  0 
(17ar-86)(ar  +  4)  =  0 

.'.  x  =  — 4,  orff 

10.  Solve  V7-jr+ V3X+104- Vg  +  8  =  0      

V7ir^4.  V33c  +  10  =  — Vx  +  8 
Square,  17  +  2a:  + 2V— 3a:^  +  Il3r4-70  =  x4- 8 

2  V-3a:=i+llx+70  =  *x-14 
Square,  —  12j:«  +  44a?  +  280  =  xa  +  28x+  196 

13a:a-16x-84  =  0 
(13a:-42)(j:+2)  =  0 

.-.  x=-2,  orff 


11.   Solve  V2j?g-f  8a:+T  =  2g2  +  3j~6 

"T2+3a:  — 5—  V2x^  +  3j:+7  =r  0 
r2  +  3  X  +  7  —  \/2^T37+T  =  1 2 
V2x2  +  3x+7  =  y 


2x! 

2x2 
Let 
Then  y^  _  y  =,  "12 

ya_y-12  =  0 
0^-4)(y  +  3)  =  0 

/.  y  =  4,  or  —  3 
Since  V2xa  +  3x+7  =  4 

2x3+3t+7=16  • 
2x8  +  3x  — 9  =  0 
(2x-3)(x  +  3:  =0 

.-.  X  =  f ,  or  —  3 

Since  V2x2+3x+7  =  -  3 

2xa  +  3x+7  =  9 

2x«  +  3x  — 2  =  0 

(2x-l)(x  +  2)=0 

.-.  X  =  J,  or  —  2 

X  =  f ,  —  3,  J,  or  —  2 

12.  Solve  a:a^8x  +  2  =  6Vxa-3x«-8 

:r2_3x  +  2  —  6  Vx'^  -  3x  -  3  =  0 
x2^3x  —  3-6  Vx2 ~ 3 x"^^  =  - 6 
Let  \/x2-3x-3  =  y 

Then  y2_6y-_5 

y2_6y  +  6  =  0 
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(y-5)(y-l)  =  0 

.'.  y  =  6,  or  1 

Since  Var^-Sar-S  =  5 

xa-3x-3=26 
a:2-.3x-28  =  0 
(a:-7)(x  +  4)=0 

.'.  ar  =  7,  or  —  4 
Since  VarS-Sar-S  =  1 

a:a-3x-3  =  l 

x2-3x-4  =  0 

(x  +  l)(x-4)  =  0 

.'.  X  =  —  1,  or  4 

x=7,  — 4,  —  1,  or  4 


18.  Solve  6a^»-3xj-2=  V2x2-x 

3(2a:a-x)- V2x2^r^  =  2 
Let  V2x2  — x  =  y 

Then  3y2_y  =  2 

3y2_y_2  =  0 
(3y  +  2)(y-l)  =  0 

••»  y  =  1,  or  -  J 
Since  V2  x^  —  x  =  1 

2x3-x=l 

2xa-x-l  =  0 

(x-l)(2x+l)=0 

/.  X  =  1,  or  —  J 
Since  V2x2  — x  =  —  J 

2x2  — x=  J 
4x2-2x+i  =  H 

2x-J  =  ±i\/4T 
2x  =  J±iV4T 
.'.  x  =  }  ±  tV  ^^^ 

14.  Solve  16x~3x2-16  =  4Vx2-6x  +  6 

3(x2  -  5x)  +  4Vx2-6x-r6  =  -  16 
3(x2-  5x  +  5)  +  4Vx=^- 5x4-5=:-  1 
Let  Vx2  — 6x+  6  =  y 

Then  3^24.4^:^.1 

85^2+4^^.1^0 
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(3y  +  l)(y  +  l)  =  0 

Since  Vj:^  — 6x+ 5  =  — J 

(a:-Y)(a:-|)  =  0 

(x-.4)(x-l)  =  0 

/.  a?  =  4,  or  1 
^  =  ¥»i4,orl 

16.  SoWe  63:^  — 21ar  +  20=  V4gg  —  Ux+  10 

j(4  ^2  - 14  J-)  -  Vi^^  14  ar  +  16  =  -  20 
|(43:a-^14x+16)-V43:g->14jr+16  =  4 
Let  V4ar2-.i4a:+  16  =  y 

Then  fy«-y  =  4 

3ya-2y-8=0 
(3y  +  4)(y^2)  =  0 

^Vy  =  2,  or  —  } 

Since  V4x3„  14^^15  _  2 

4x2-14x4-16  =  4 

4x2-14x+12  =  0 

(4x-6)(x-2)  =  0 

.'.  X  ==  2,  or  f 

Since  V4xa  — 14x+16  =  —  J 

4x2-14x+16  =  J^ 
4x2-.14x  +  ^  =  -}J 

2x-}=±jv:r7i 
2x=}±jV=:r7i 

.«.  X  =  }  ±  ^  V—  71 

16.  Solve  V36x2+  12x-f  33  =  41-8x-24x2 

24  x2  +  8  X  +  ^36x2+  12  X  +  .33  =  41 

^   f(36xg+,12x)  +  V36x2+12x  +  33  =  41 

f(36x3  +  12x  +  33)  +  V36x2+12x+33  =  63 

Let  V36x2+12x  +  33  =  y 

Then  fy2  +  y  =  63 


186 


COLX.BGE  ALO^BRAh 


Since 


Since 


2ya  +  8y-189  =  0 
(2y  +  21)(y-9)  =  0 

.'.  y  =  9,  or-V- 

V36a:2+12x  +  33  =  9 

36x2  + 12a: +  33  =  81 

36x2+ 12  a:- 48  =  0 

3a:2  +  x-4  =  0 

(3x  +  4)(x-l)  =  0 

_^\_x  =  1,  or  -  J 

V36a:2+12x  +  33  =  -^j^ 
36x«+12x  +  33  =  ^JJ^ 

86x2+12x+l  =  ^i^    

6x+l  =  ±iV313 
6x  =  -li\/3T3 
...x  =  -i±AV313 

x=l,-i-i±A^3i3 


17  4x*-12x8+6x2  +  6x-16  =  0 

Attempt  to  extract  the  square  root, 

4x*-12x»  +  6x2  +  6x-15  |  2xa-3x-l 


4a:* 


4x3-3x 


4x2  — 6x  — 1 


-12x«  +  5x2 

-12x«  +  9x2 

—  4x2  +  6a:  — 15 

-4x2  +  6x+    1 

-16 


Since 


Since 


...  4x*-12x«  + 6x2 +  6x- 16  =  (2x2-3x- 1)2-16 

.-.  (2x2-3x-l)2-16  =  0 

(2x2-3x-l)2=16 

2x2  — 3x  — 1  =  ±4 

2x2  — 3x  — 1  =  4 

2x2  — 3x  — 6  =  0 

(2x-6)(x+l)  =  0 

.-.  a:  =  — 1,  orf 
2x2-3x  — 1  =  — 4 
2a:2  — 3x  =  3 
4jJi  — 6x=-6 

4x2-6x+J  =  --V- 

2x-J  =  ±iV^^ 
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2x  = 


S±V-h 


2 


x  = 


8±  V-T6 


.*.  a?  —  —  Lf  2, 


SivCTis 


1  —  12jr»  + 

»a:» 

4a:a_6^^2 

8a:a-12a:-12 
8a:2«i2ar+    4 

-16 

Given  equation  is    (2  a:«»  —  3  ar  +  2)2  — 16  =  0 

.-.  2xa-3x  +  2  =  ±4 
2a:8  — 3a:  +  2  =  4 
2a^»-3a:=2 

a:=ti:f 
ar  =  2,  or  —  J 
2ar2-3a:  +  2  =  -4 
2ar2-3x  =  — 6 


»  •    X  "— 


3±V-39 


83.  Solve 
Simplify, 

Square, 


Vie  +  Vx  +  3  = 


6 


Vx  +  3 
Vx8  +  3x  +  X  +  3  =  6 


)  Vx2  +  3x=3  — X 

x2  +  3x  =  9  — 6x  +  x3 

19.  Solve     x*-4x«-10x5»  +  28x-l$  =  0 
Attempt  to  extract  the  squa^  root^ 

:,4«4a:8_i0x2  +  28x-15  I  j-2-2a^-7 

X* 


2x2-2x 

-4x«T-l0xa 
-4x8+    4^ 

%.x^-^ 

x+7 

-14x2  +  28x-15 
-14x2  +  28x  +  49 

-64 
,-.  x*-4x8-10x2  +  28x-16=(x2-2x-7)2-.64 

.-.  (x2-2x- 7)2-64  =  0 
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Since 


Since 


(a;2-2a:-7)2=:64 

a4J«2a;-7  =  ±8 

a:2_2a:-7  =  8 

a;2-2a:-16  =  0 

(a:-6)(a:+3)  =  0 

/.  a:  =  5,  or  —  3 

oar*  +  a:  — 4  =  0 

(3a:  +  4)(a:-l)  =  0 

.*.  a:  =  1,  or  —  I 
V36a:2  ^  12a:  +  33  =  -  V^ 

36ara+12ar  +  33  =  ^|J^ 
36:r2+i2a;+l  =  AJA    

6a:+l  =  ±i\/313 
6a-  =  -li\/3l3 

ar=l,-t,-Ji:xVV3i3 


17.  4a:*-12a:8  +  6a:2  +  6x-16  =  0 

Attempt  to  extract  the  square  root, 

4a:*-12a«  +  5a:2  +  6ar-16  |  2ar2--3a:-l 


4a^ 


4a^2-3z 


4j:2-6a:-l 


-12a:8  +  6a-2 
-12ar8  +  9ar2 

—  4ar2  +  6*  — 15 

—  4a^  +  6ir+    1 


-16 


/.  4ar* -  12aH»  +  5a:2  +  6a:- 16  =  (2j^- 3a: -1)2 -16 
^^^    ^      _     .-.  r2a:2-3^-^;i2-i|_ji^^ 

6a:2  +  4a:-16  =  0 
(3a:-4)(2a:+4)  =  0 

/.  a:  =  —  2,  or  f 
Since  6a:2  +  4a:  =  — 11 

36a:2  +  24a:  +  4  =  -  62 

6a:  +  2  =  ±  V— 62 
6a:=-2±V362 
-2±Vir62 


x  = 


6 


a:=-2,  J,  or 


-2j=\/in^ 
6 
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21.  Solire  4ar*-12a:8+17ar2-12a:-12  =  0 
Attempt  to  extract  the  square  root, 

4ar4-12a'8+17a:a-12ar-12  [2a:9-3ar  +  2 
4^  


-12x8+173:2 
-12a^+    9x3 

»_6x  +  2 

8x2-12x-12 
8x2-12x+    4 

-16 

Giren  equation  is    (2x8  —  3x  +  2)^  — 16  =  0 

.-.  2x3-3x  +  2  =  ±4 
2x«-3x  +  2  =  4 
2x2-3x  =  2 

x=i±} 
X  =  2,  or  —  J 
2x2-3x  +  2  =  -4 
2x2-3x=:  — 6 

. .  X  =  ■  -^ 


22.  Solve 
Simplify, 

Square, 


Vx+  V'x  +  3  = 


6 


Vx2  +  3x  +  x  +  3 

Vx2  +  3x 

x2+3x 

9x 

•  •   X 


Vx  +  3 

6 

3-x 

9-6x  +  xa 

9 

1 


23.  Solve 
Simplify, 

Square, 


6+ V^3T  = 


16 


6V^^^  +  x2-l 

dvxsrri 

36x2-36 

X*- 70x2 +  326 

(x2  -  6)  (x2  -  65) 

X 


\/x2^ 
r=16 
=  17  -  x2 

=  289-34x2  +  x* 

=  0 

=  0 

=  5,  or  66 

=  ±  \/6,  or  ±  \/65 
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24.  Solye 

1       ^        1       _        1 

Var+l      Vor-l       Va^«-1 

Simplify, 

Va:-14-Va:+I  =  l 

Square, 

2x  +  2Va:2-l  =  l 

2\/x^-l  =  l-2ar 
4a:2-4  =  l-4a:  +  4x« 
4x  =  6 

.•.  a:  =  f 

26.  Solve 

Vx  +  2— Vx  — 2_a: 
\/x  +  2+Vx-2     2 

Multiply  both  terms  of  the  left  fraction  by  y/x  +  2  —  y/x  —  2, 

ar  +  2- 

■  2  Vx2  —  4  +  x  —  2_x 
4                          2 

X  —  Vx2  —  4  =  X 

Vx2-4  =  0 

x2-4  =  0 

.-.  x=±2 

26.  Solve 

3x+  V4x~x2_2 

3x— V4x  — x2 

Simplify, 

3x+  V4x  — x2  =  6x  — 2  V4x  — j^ 

3V4x-x2  =  3x 

V4  X  —  x2  =  X 

4X-X2=X3  ' 

2x2-4x  =  0 

V3 

V3 

1\/Zx 

/.  X  =  0,  or  2 

27.  Solve 

a:2  +  4- V2x2+l_l 

2^4_7  V2x2+1=  V3x2  +  4+  V?x«+1 

6V3x2  +  4  =  8V2x2+l 

3V3x2  +  4  =  4V2x2+l 

Square, 

27x2  +  36  =  32x2+16 

6x2  =  20 

x2  =  4 

/.  x=±2 
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28.  Solre  VT^M^  +  2  VS^TTj ^  ^ 

V'7a?2+4-2V3x-l 

VTl^i+l  +  2  \/3ar~l  =  7V7a:2  +  4-14  V3x-1 
16  V8x-1  =  6  VT^M^ 
8  V3x-1  =  3  V7a:2  +  4 
Square,  192x  — 64  =  63x9 +  36 

63  a:3- 192  a: +100  =  0 
441x2 -1344  a:  =  -700 
441 0^  - 1344  X  +  1024  =  824 
21x-32=±18 

21x=60,  or  14 
/.  x  =  ff,orf 


29.  Solve 


V6t  — 4+  V6-g_2Vx  +  l 
Vo  X  —  4  —  VS  —  X     2  Vx  —  1 
Simplify,        2V6x^  — 4x  + 2V6x  — x2— VSx  — 4  — V6  — x 
=  2  V6x2-4x  -  2  V6x-x3  +  V5x-4  -  V6-x 

4  V6x  — x2  =  2  V6x  — 4 
2  VS.x- x2=  V6x  — 4 
Square,  ^x  — 4x2  =  6x  — 4 

4x2-15x  =  4 

4x2-16x+W  =  W 

2x--y^=±-y 

2  X  =  8,  or  —  } 
.'.  X  =  4,  or  —  J 

80.  Solve  V(x  +  a)2  +  2a6+62  +  a:  +  a  =  6 

V(x  +  a)2  +  2o6  +  62  =  5  —  a  _  jr 
Square,  (x  +  a)2  +  2a6  +  62  =  6a_2a6- 26x+  (x  +  a)2 

26x  =  — 4a6 
/.  x  =  — 2  a 


81.  Solve 


V3 


V2x  — 1  — Vx  — 2      Vx  — 1 


V2x  — 1— Vx-2 


Invert,  ^^^- ""  ^^^^=  VFH 

,V3 
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Sqnare, 


3 ^"^ 


-2\/2a^»-6x+2  =  0 

2x2  — 5a:  +  2  =  0 

(2a:-l)(x-2)=0 

.-.  a:  =  J,  or  2 


82.  Solve 

^+^=^ 

Square, 

^^aS^=t 

^aS^=I 

Square, 

^-36  =  ^ 
4             36 

36 

^a_362 
^-8 

a:2=162 

9v^ 


88.  Solve  ^1  +  --^1-^  =  1 

Square,  2  + 2\ =  1 

^  ax  ^  a     X 

X     a     ^     fx     a 

2  A/ =  -1 

ax  ^a     X 

Let  -v/f  —  -  =  V 

Then  y2_2y  =  -l 

y2  — 2y  +  l  =  0 
(y-l)(y-l)  =  0 

y  =  i,i 

a;      «_  ^ 
a      x~ 
a^'^a^  =  ax 
x^^ax  =  a^ 
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0:2- 

4 

6a2 
4 

a 
X = 

2 

2 

v/6 

/.  x  = 

1<^ 

±  V6) 

84. 

Solve 

:  V2 

Va:2  +  ^2 

+  3aa:+  Var2  4-a 

2-3aar  = 

a-* +  262 

Squ 

lare, 

2x^  +  2a: 

:2a2 

:62-. 

»  +  2  V(a:2  ^.  a2)2 

-9a2jr2  = 

+  262     . 

Vor*  +  a* 

-7a2a-2  = 

or2 

Square, 

ar*  +  a* 

-7a2a:2  = 

:6*- 

■2620-2  +x* 

262a:2 

-7a2xa  = 

:6*- 

a* 

,'.  x=. 

7a2 

-6* 
-262 

I  a* -6* 

86.  Solve  4a:*  -  3(x*  +  1)  (x*  -  2)  =  a:*(10  -  Sir*) 

4a:i  -  3ar  +  3xi  +  6  =  lOo:*  -  3» 

-3o:*=-6 

o:*  =  2 
.'.  a:  =  4 

86.  Solve  (x*-2)(o:*-4)  =  x'(o:*-l)2-12 

ar2  —  2  or*  —  4  X*  +  8  =  0-2  —  2  a:^  +  o:*  —  1 2 

6x*  =  20 

x*  =  4 

xi=±2 
,'.  x  =  ±8 

87.  Solve 

SVy+ly  +  Vx8  +  l  +  2V6a:8+41  =  0 

3  Vx8TT7  +  Vx«l^T  =  -  2  V6a:8  +  41 
10a:«  +  154  +  6V(3:a+ 17)  (a:»+ 1)  =  20  aH^  +  164 
6V(a:8+17)(a:8  +  l)=  10a:«  +  10 
6Vo:8+ 17  V^8+~i=  10(Vx8+l)2 
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.-.  Vx«+1  =  0, 

<*6Va:«+17  =  10Va:8+i 

Since 

Va:«  +  1  =  0 

ar«+l  =  0 

ar«  =  -l 

a:=-l,J±JV-3 

Since 

6Va:«+17  =  10v/x«+l 

36««  +  612=100x»+100 

64a:«  =  612 

^ 

ar«  =  8 
/.  ar=2,  -1±  V— 3 

88.  Solve 

2      ±       ^4      ar  ^         x 

Square, 

4      ar      a:^      4      ar  '         x 

X      z^          a:   '         X 

Divide  by » 

Square, 

X      i:2              X 

a^»      X 

9-2x  =  0 

.-.  X  =  ft 

89.   Solv^ 


X  +  V2  — x2      X  —  V2  — x^ 


Reduce  left  side  to  a  common  denominator. 

4x 


x2  -  2  +  a:2 
4x 

— =  X 

2x^-2 
.-.  x  =  0, 

or--^  =  l 
x2-l 

x«-l  =  2 

x2  =  3 

x=i  V3 
.-.  X  =  0,  or  ±  V§ 
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40. 

Solre 

1 

1  + vn 

— +- 

-X        1 

1 

2x 

-Vl- 

—  ar 

9 

Reduce  left  side  to  a  common 

denominator. 

1 
1 

2^ 

X 

2x 
9 

1 
I 

1 

x^  = 

9 

.•.  x=±3 

A.  Solve  Vax+b+V^^l  +  y/ax-b 

Vax-^  b  —  Vax      1  —  y/ax  —  b 
Simplify, 

Vax+  6  +  Vox  —  "y/a^jfi  —  ft*  —  VoxVao:  —  ft 

=  Vax"+ft  —  Vox  +  y/d*x^  —  fta  —  y/axy/ax  —  ft 
2\/^  =  2Va=«x3-fta 
aar  =  a^ar^  —  fta 
aM  — aa:  +  J  =  ft^+ J 

ax-J=±iVl  +  4fta 

^^      lj:Vl  +  4fta 
ax  = 


42.  Solve 


l±Vl  +  4fta 

X=z  1 

2a 
Vn  —  X  4-  Vft  — X      Vx  4-  Vft 


Va  — X  —  Vft  — X      Vx  —  Vft 
Simplify,     Vx  Va  —  x  +  Vx  Vft  —  x  —  Vft  Va  —  x  —  Vft  Vft  —  x 

=  VxVo  —  X  —  VxVft  —  X  +  Vft  Va  —  X  —  Vft  Vft  —  X 

I  2  Vx  Vft  —  X  =  2VftVa  — X 

I  ftx  —  x'^  =  fta  —  ftx 

i 

I  X*  —  2  ftx  =  —  aft 

I  a:«-2ftx  +  ft2  =  ft2-aft 

i  X  —  ft  =  ±  Vft^^  —  aft 


.'.  *  =  ft  i:  Vft^  —  aft 

48.  Solve  Vx  +  Va  —  Vox  +  x^  =  Va 

va  —  Vox 4-  x2  =  Va  —  Vx 
a  —  Vax  +  x'^  =  a  —  2  Vox  +  * 
—  Vax  +  x2  =  a;  —  2  Vax 


196  COLLEGE   ALGEBRA. 


44.  Solre 


ax  ■{•  3^  =  x^  — 4j:"\/oi  +  ^ax 
Sax=  4xy/ax 
.'.  X  =  0f 
or  3a  =  4 Vox 
9a^=16ax 

x:=^a 
/.  a:  =  0,  or^a 

iJ:»  +  y«  +  ar  +  y  =  48  (1) 

1  ory  =  12  (2) 

2x(2)is  2a:y  =  24  (3) 

Add  (1)  and  (3),  3fi-\-2xy  +  y^-\-x  +  y  =  72 

(^  +  y)«+(a:  +  y)  +  i  =  72i 

x  +  y-\-i=±Si 

a:  +  y  =  8,  or  —  9 
Substitute  value  of  a:  +  y  in  (1), 

a^  +  y2  =  40,  or  67 

2  X  (2)  is  2j:y  =24 

Subtract,  a:^  -  2  ary  +  y^  =  16,  or  33 

ar  —  y  =  ±  4,  or  ±  \/33 

.*.  2ar=12,  4,  or-9±>/33 

a:  =  D,  2,  or 

«     o  A  ^*  -  9  tV33 
y  =  2,  6,  or 


46.   Solve        (ar  +  y  +  V^Ty  =  «  (1) 

(  X  —  y  +  Vx^y  =  6  (2) 

From(l),   a:  +  y  + Var  +  y  +  J  =  a  +  t 

Va:  +  y  + J  =  ±}V4a+l 


v:^=-^"f^^ 


•  j.«      2  +  4a±2V4o+l 
x  +  y  = J 

3,  .  l  +  2a±Vl4-4a 

^  2 


From  (2),    a:-y  +  Va:-y  +  i  =  l±i^ 


v'j:  — y +  }  =  ±  JVl  +  46 
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^  2 

^^y_l  +  26j:VTT46 

^  2  

.   <^y_2  +  2a  +  26j:\/l  +  4aj=  Vl  +  46 

2 

^_2  +  2a  +  26i:  Vl  +  4aj=  Vl  +  46 

4_        

„  _  2o-26j=  Vl  +  4a  t  VI  4- 46 

y i 

46.  Solve  (  a:2  +  xy  +  y2  =  a«  (1) 

I  x+  V^  +  y  =  6 
(1)  is        (x  +  V^  +  y)(x -  Vxy  +  y)  =  a^ 

b(x  —  Vxy  +  y)  =  a^ 


a 


(1)  is  a:  +  V^  +  y  =  6 


2 


Subtract,  2  Vxy  =  6  —  — 


Vxy  = 


26 


Substitute  value  of  Vxy  in  (2),      :r  +  y  =  6  —  ^  —  (^^  ^^^ 

'         26 
(1)  is  a:»  +  ary  +  y2=a« 

8x(8)U  ff^y_3M-6a'M  +  8<.* 

46^ 


Subtract,  ^_jj^y,t-y2-10«'fe'-3a*~36* 

46^ 

a:-y  =  ±-l-Vl0a262-3a*-36*        (5) 

26 

From  (4)  and  (5).  x  =  a'  +  t'^  Vl0a-^-3a*-3i« 

46 

ga  +  6g  T  Vl0a262 - 3a* ^ITSM 
^  46 


1^8 


OOLLEOfe  AL6SBBA. 


47.  Solve 

1 

^ 

r3v^  +  2Vy_g 

4\/x  — 2Vy 

a:»+l_ya_64 
16             x2 

(1) 
(2) 

Simplify  (1), 

3  v^  +  2  v^  =  24\/i -^  12  Vy 

14v'y  =  2lVi 

2Vy  =  3>/i 
4y  =  9jp 

(3) 

Substitute  yalue  of  y 

in  (2),          ^  +  l^H^-«4 
^  ^              16               x3 

a:2       1  _81      64 
16      16      16      3^ 

x2      -      64 
l6  =  ^-x2 

a?*-86i8  =  -1024 

a4_80x2+ 1600  =  676 

*2-40=±24 

a:»  =  64,  orl6 

/.  X  =  ±   8,  or  ±  4 

From  (3), 

y  =  ±  18,  or  ±  9 

48.  Solve 

ty/x^Vy  —  x^{y/x  +  v^) 
1     (x  +  y)2  =  2(x-y)2 

(1) 
(2) 

Expand  (2), 

ars  +  2xy  +  y2  =  2x2-4a:y  +  2y« 

Hence 
But 

6xy  =  a:2              +  y3 
2a:y=          2xy 

(3) 

Therefore 

4xy  =  a:2_2xy  +  ya 

and 

2\/xy  =  ±(x-y) 

(4) 

Square  (1), 

X  -  2  Vxy  +  y  =  X  (x  +  2  Vxy  +  y ) 

(6) 

Substitute  +  (^  —  y) 

for  2  Vxy  in  (5),  and  we  have 

a 

?-a:  +  y  +  y  =  x(x  +  x-y  +  y) 

=  x^ 
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Substitute  the  value  of  y  in  (3),  and  we  hare 

.-.  z  =  0,  a,nd  /.  if^Q 
or  6a:=l  +  a:3 

xa-()  +  9  =  8 

ar -.8  =  ±2v^ 
a:=3±2\/2 
and  y=(8±2V'5)^ 


48.  Solve 


Let 


^ar  +  y       '   3x  >  '^ 

«  +  y  =  ary  —  64  (2) 

n       >  3ar 


X 


From(l),  ««  +  i  =  2 

t«a-2ti  +  l  =  0 
t*  =  l 


4 


Sx   __^ 


x  +  y 
8x 


=  1 


a:  +  y 

3x=  x  +  y 
.-.  y  =  2x 
Substitute  value  of  y  in  (2),  3  x  =  2  x^  —  64 

2x2.-3x-64  =  0 
(2x  +  9)(x-6)  =  0 

/.  X  =  0,  or  —  } 
y  =  12,  or-9 
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exercise  28. 

Fonn  the  equations  of  which  the  roots  are : 

1.  3,  2.  4.  I,  }. 

(x-3)(ar-2)  =  0  (a:-J)(x-})  =0 

a:9-5x  +  6  =  0  (3x- 2)(2a:- 1)  =  0 

6x2  — 7a:+2  =  0 

8.  4,-5.  6.  -i-f. 

(x-4)(x  +  6)  =  0  (ar+i)(a:  +  t)  =  0 

a:2  +  x-20  =  0  a^«  +  iia:  + J  =  0 

12:r3+13a:  +  3  =  0 

■ 

3.  .6,-8.  6.  a  +  3&,  a-36. 

(x  +  6)(x  +  8)  =  0  (x-a  -36)(a:  -  a  +  36)  =  0 

0:24.  Ux  + 48  =  0  a:2-2aa:  +  oa- 962  =  0 

7    a  +  26    2a  +  6 

9a:2-9(a  +  6)a:  +  2a2+5a6  +  262  =  0 

8.  2  +  V3,  2  -  V3.  9.  -  1  +  VS,  - 1  -  V6. 

(a:-2- V3)(x-.2+ V3)=0  (ar+ 1  -  V6)(a:+ 1  +  VS)  =  0 

ar2-4x+l  =  0  a:2  +  2x-4  =  0 

10.   1  +  V},  1  -  Vl- 

(ar-l-y|)(a:-l  +  Vf)=0 

a:2-2a:  +  i  =  0 
3a^»-6x  +  l  =  0 

Resolve  into  factors,  real  or  imaginary  : 

11.   3a:2-16a:-42  =  3(x2-6x-14)  =  3(a:-.7)(a:  +  2). 
13.   9a:2-27a:-70=(3a:-14)(3x  +  6). 

13.  49a:2+49a:  +  6=(7a:  +  6)(7a:+l). 

14.  169  x2-52x  + 4=  03^-2)2. 
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15.  sfl^Sx-^i. 

Solve  a:^  — 3ar  +  4  =  0 

3±  V=n 


•    ■      it  "-^ 


...^-3...  =  (.-l±^V.-l=^) 


16.    3^-\-X+h 

Solve  a^  +  x-\-l  =  0 


-li:  V-3 
.'.  x= 


17.  4a:3_28x  +  49=(2x-7)a. 

18.  4x3+ 12 a: +13. 

Solve  4x8+ 12x+ 13  =  0 

. -3i:2Vin[ 

2  

.-.  4a:9  +  12x  +  13=(2x  +  3-2V^)(2x  +  3  +  2V-l) 

In  examples  10-27,  a  and  iS  are  to  be  taken  as  the  roots  of  the  equa- 
tion a^  —  7  x  +  8  =  0. 
Find  the  values  of : 

19.  (a-i3)2=(a  +  i3)a-4oi3  =  49-.32=17. 

20.  a2i3  +  ai82=a/8(a+i3)  =  8x7  =  66. 

gj     1       1  ^a8^-i3g^(a+fl)g-2ai8^49-16^33 
'   <t^      0^        a2i32  {a$y  64  64* 

23    "  I  ^  =  °^  +  ^=  ^"+  ^^^ - 2a6 ^ 49 ^  16 ^ 33 
'   i8       a  ad  aiS  8  8* 

23  g   I   g^a*+/3»^(a-l-fl)(a8--aiB+i9g)^(a  +  j8)[(a  +  i8)a-3ai8] 

^7X(49-24)^175 
64  64* 

24  «^+^^  (a+ j3)g-2ajB^49-16^33 

a+iS'  o+i3  7  7* 
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^7  X  (49-24)^  176 
612  612 

86.   («^-/B?>«=(a+i8)2(a-ia}*  =  (a  +  /8H(a+/B)a-4ai8] 
=  49(49  -  32)  =  833. 

^  (49  -  16)g  ->  128  ^  961 
64  64* 

In  examples  28-33,  a  and  $  are  to  be  taken  as  the  roots  of  the  equa- 
tion 3^  •}•  px  •\- g  =  0.    The  results  are  to  be  found  in  terms  of  p  and  q. 

Find  the  ralues  of : 

28.  l  +  l  =  «±i B. 

a      iS         a3  q 

29.  o*i9  +  q^=<|0(a+$)  =  -p9. 

80.  a«  +  i88=  (a  +  )8)(a2-ai3  +  39)  =  («+  i8)[(a+  i8)a-3a3] 

81.  a«i8  +  o3*  =  aj8(a2  +  i82)  =  oj8[(a  +  i8)« - 2 oi8]  =  q{p^ - 2y). 

82.  o*  +  i8*=(a2+/i2)2_2o2j83=[(a+i3)2-2aiS]9-2a2i83 

=  (p2-29)2-2^a  =  ;^-4/»5^  +  ^53. 

JO     a«  .  gg^a*  +  ^^(a2+fi2)a>2agg8^[;(a  +  j8)g-2ai8]«-2a«fl^ 

_(p2-2v)2-29g_p*-4p2g.|.29« 
~  g2  -  ^2  • 

84.  When  vill  the  roots  of  the  equation  asfi  +  6x  +  c  =  0  be  both 
positive  ?    Bo^h  negative  ?    One  positive  and  one  negative  ? 
If  a  and  fi  represent  the  roots  m  have : 


-6+\/62~4ac     ^     -6-V62~4ac 
2a  '  2a 

In  order  that  the  roots  may  be  real  5^  —  4  ac  must  be  positive. 
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This  condition  being  fulfilled,  a  and  c  may  hare  either  the  tame 
or  opposite  signs.  If  they  have  the  same  sign,  4ac  is  positive  and 
6^-4ac<6^  so  that  V6a-4ac<6.  Then,  if  b  is  positive,  — 6+V6'*— 4ac 
and  —  6  —  V6"^  — 4ac  are  both  negative^  and,  if  a  is  positive,  a  and  /3  are 
both  negative,  while  if  a  is  negative,  «  and  /3  are  both  positive. 

If  a  and  c  have  the  same  sign,  but  6  is  negative,  —  6  +  V6^  —  4  ar 
and  —  6  —  V6=*  —  4  ac  are  both  po3itiTe,  and  a  and  /3  are  both  positive 
if  a  is  positive,  and  both  negative  if  a  is  negative. 

Hence,  if  a  and  c  have  the  same  sig^s,  a  and  fi  are  both  positive  if 
a  and  b  have  opposite  signs,  and  both  negative  if  a  and  b  have  the 
same  sign. 

If  a  and  c  have  opposite  signs,  4ac  is  negative,  and  6^  — 4ac  <  6^, 
80  that  V6^  — 4ac  >  6.  In  this  case  —  6  +  Vft*  — 4ac  is  always  posi- 
tive, and  —b  —  y/lA^iac  is  always  negative,  so  that  a  and  0  have 
opposite  signs. 

Arranging  the  results  we  have  : 

If  6^  —  4  ac  >  0  and  if  a,  6,  c  have  same  sign,  both  roots  are  negative. 


If  5»-4ac>0  and  if  |  « «^«d ^  have  same  sign  I    ^^^^  ^^^  ^^  p^^._ 

i  b  has  opposite  sign       I 

If  a  and  c  have  opposite  signs  one  root  is  positive  and  one  negative. 


85.  When  will  one  root  be  the  square  of  the  other  1 
Let  a=iS2 


2a 


^ 6  +  \/P"-~  4a^  -  ^'  +  26  V6-<  -  4ac  -|-  ftg  ■-  4ac 
2a  "■  4a^ 


—  a6  +  aV62-.4ac  =  52  — 2«€  +  6V62  — 4ac 
(a  —  6)  Vt-*  —  4ac  =  62  —  2ac  +  a6 
(a«-2a6+6^)(6«-.4ac)  =  (fta-2ac+a6)« 
o^-4a«c  —  2a68  +  8a«6c  +  6*  —  4a62c 

=  M  -  4aft«c  +  4aM  +  2a6»-4aa6c  +  o*8^ 
12  a^fcc  —  4a«c .-  4a68  —  4a2c2  =  0 
a(3a6c  --a^c^Ifi  —  ac^)  =0 
a  =  0  evidently  does  not  satisfy  the  requirementf . 
/.  3a6c  — i8-.a2<:^ac2  =  0 

The  same  result  is  obtained  if  we  put  $  =  a^. 
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86.  When  will  the  sum  of  the  reciprocals  of  the  roots  be  unity. 

1+1=1 

a     i9 

afi  =  c 

6  +  c  =  0 

87.  Show  that  the  roots  of  the  equation 

are  imaginary  if  a  and  b  are  real  and  unequal. 

Here,  instead  of  Vb^  —  iac,  we  have 

V4(a  +  6)2-8(a2+62)  =  V8a6-4oa-462=  V- 4  (o - 6)«. 
But  if  a  and  6  are  real  und  unequal  (a  — 6)^  is  positive  and  not 
equal  to  0. 

.'.  V— 4(a  — 6)'^  is  imaginary,  and  consequently  the  roots  of  the 
given  equation  are  imaginary. 

88.  Show  that  the  roots  of  the  equation 

'~x^+  (ar  — 6)(a:  — c)+  (x  ^  c)  (^x -^  a)  +  (ar  — a)(ar  — 6)  =0 
are  real  if  a,  6,  and  c  are  reaL 

Simplify,      — 4a?3  —  2(a  +  6  +  c)ar  +  a6+6c  +  ac  =  0. 

Here,  instead  of  V6*  — 4ac,  we  have 


V4  (a  +  6  +  c)2  +  16  (aft  +  6c  +  ac)  =  V4(a2  +  62  +  ca  +  2a6  +  2ac  +  26c) 

=  db2(a+6  +  c), 
which  is  real  if  a,  b,  and  c  are  real. 

89.   Show  that  the  equations  aar^  +  6a:  +  c  =  0,  a'x  +  c'  =  0,  will  have 
a  common  root  if -^+-^  = -A.. 

The  equation  a'a;  +  c'  =  0  has  only  the  one  root, 

c' 
•a:  = J 
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If  this  is  also  a  root  of  the  equation  aa^  +  &x  +  c  =  0, 
then.  a(-5J+i(-5)+c  =  0 

ac*^     be'  ,         ft 
—  —  —  4-  c  =  0 

a'a       a' 

• '  a'a     a'c'     c^ 

o    .    c  _   b 

40.  Show  that  the  equations  aa:*  +  6x  +  c  =  0,  a':;^  +  6'jp  +  c'  =  0,  will 
have  a  common  root  if  (a'c  —  ac')^  =  (6'c  —  be')  (a'b  —  aft'). 

Since  the  two  equations  have  a  common  root,  they  are  true  simulta- 
neously. 

.*.  aa:2  +  6a:  +  c  =  0  (1) 

a'x^  +  6'ar  +  c'  =  0  (2) 

Multiply  (1)  by  a',      aa'x^  +  a'bx  +  a'c  =  0 
Multiply  (2)  by  a,        aa'a^  +  afc'ar  +  ac'  =  0 

Subtract,  (a'6  —  a6')a:  +  (a'c  -  ac')  =  0 

_  ac'  —  g'c 
•'•  '"  ab'"  a'b 
This  is  the  common  root.    Substitute  this  yalue  of  x  in  either  equa- 
tion, say  (1). 

Coc'  — a'cV  I   jl/o'c  — ac'\  ,  ^      « 
i^^z:^b)'^\abrr^br'='^ 

a(ac'  —  a'ey  +  6(a'c  -  ac')  (ab'  -  a'b)  +  c(a6'  —  a'6)»  =  0 
a(ac'  —  a'c)2  +  (ab'  —  a'6)  (a7)C  —  abc'  +  a6'c  —  a'6c)  =  0 
a(ac*  —  a'cY  +  (a6'  -  a'6)  (a6'c  —  a6c')  =  0 
/.  (ac'-a'c)2=(a'6-a60(&'c-^0 

Exercise  29. 

For  what  values  of  m  are  the  two  roots  of  each  of  the  following 
equations  (1)  equal,  (2)  real  and  unequal,  (3)  imaginary  ? 

1.  (3»i+l)a^+2(w+l)ar+m  =  0. 

62  -  4  ac  =  4  (m  +  1)2  -  4  m  (3  m  +  1) 
=  4  +  4fn  — 8iB* 
=  8(l-m)(i  +  '») 
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.-.  The  roots  are  equal  if  m  =  1,  or  —  J, 

real  and  unequal  if  m  lies  between  1  and  —  }, 
imaginary  if  m  >  1,  or  <  —  |. 

8.    (in-2)a^+ (m-6)a:  +  2m  — 6  =  0. 

62-4ac=(m-6)«-4(m-2)(2m-6) 
=  —  7in«  4.26m  — 15 

=  7(J-m)(m-3) 

/.  The  roots  are  equal  if  m  =  f ,  or  3, 

real  and  unequal  if  m  lies  between  f  and  3, 
imaginary  if  m  >  3,  or  <  f . 

3.  2nw:a  +  a:«  — 6mx  — 6x  +  6m  +  l  =  0. 

(2m  +  l):<*  — 6(m+l)«  +  6in  +  l  =  0 

62-4ao  =  36  (m  +  1)2 -  4  (2m  +  l)(6m  +  1) 
=  — 12m«  +  40m  +  32 
=  12(m  +  f)(4-m) 
.*.  The  roots  are  equal  if  m  =  4,  or  —  f , 

real  and  unequal  if  m  lies  between  4  and  -^  }, 
imaginary  if  m  >  4,  or  <  —  J. 

4.  mx3  +  2j:a  +  2m-3wx  +  da:  — 10  =  0. 

(m  +  2)  x^  -  3  (m  -  3)  X  +  2  m  -  10  =  0 

62-4oc  =  9(m-3)2-4(m  +  2)(2m-.10) 
=  m2-30m  +  161 
=  (m-7)(m-28) 

.'.  The  roots  are  equal  if  m  =  7,  or  23, 

real  and  unequal  if  m  >  23,  or  <  7, 
imaginary  if  m  lies  between  7  and  28. 

6.   6mx2  +  8mx  +  2m  =  2x  — x2  — 1. 

(6m  +  l)x2+2(4m-.l)x+2m  +  l  =  0 

62-4ac  =  4(4m-l)2-4(6m+l)(2m  +  l) 
=  4(4ma-16m) 
=  16(m2-4m) 
=  16m(m-4) 

.'.  The  roots  are  equal  if  m  =  +  4,  or  0, 

real  and  unequal  if  m  is  >  4,  or  <  0, 
'    imaginary  if  m  lies  between  0  and  4. 
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Pind  the  maximum  or  minimum  yalue  of  each  of  the  following  ex- 


pressions, and  determine  which : 

6.  a:a-6ar+13. 

Let        a:^  — 6jr+13  =  TO 
Then      a:*  — 6x  +  9  =  m-4__ 
X  —  3  =  ±  y/m  —  4 


ar=  ±3Vfn— 4 
.*.  m  is  not  less  than  4. 
The  minimum  yalue  is  4. 

7.  4ar8-12a:  +  16. 

Let   4a:3_i2a:+16  =  OT 
Then  4j^  — 12jf  +  9=  tn  —  T 

2jf--3=±VTO  — 7 

^     3±\/ot-7 

2 
.'.  m  is  not  less  than  7. 

The  minimum  yalue  is  7. 

8.  3+12x  — 9x«. 

Let     3+12x^9xAsfli 

Then         9a^»-.12x  =  3  — to 

9x2  — 12jf  +  4  =  7-m__ 

3x  — 2  =  J:V7->n 

^     2±V7-TO 
X  = 

3 

.'.  m  is  not  greater  than  7. 

The  maximum  yalue  is  7. 


9.  x2  +  8x  +  20. 

Let        x3  +  8x  +  20  =  TO 
Then     x3  +  8x+16  =  to  — 4 


X  +  4  =-.  ±  Vni  —4 
x=r— 4±  Vto  — 4 

.*.  m  is  not  less  than  4. 

The  minimum  yalue  is  4. 

10.  4x3^12x-f  25. 

Let    4x3-12x+26  =  TO 
Then  4x2  — 12x  +  9=m-ld 
2x-3=±  Vw-ia 


x  = 


3  J:  Vm  —  16 
2 


.*.  m  is  not  less  than  16. 
The  minimum  yalue  is  16. 

11.  26x2-40x-16. 

Let     25x3  — 40x-16  =  to 
Then  26x2-40x+ 16=_m  +  32 
5x  — 4  =  ±  y/m  +  32 
^     4  ±  Vto  +  82 
5 
.*.  TO  is  not  less  than  —  32. 
The  minimum  yalue  is  —  32. 


12. 


X  — 6 


Let 
Then 


X  — 6 


=  TO 


x^ 

X  —  6  =  TOX^ 

mx2  —  X  =  —  6 
4wi8x2  — 4tox-H  =  1  — 24to 

2tox  — 1  =  ±  Vl— 24to 


x  = 


li:  Vl-24 


TO 


2n 


.'.  m  is  not  greater  than  ^j.    The  maximum  yalue  is  ^. 
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18.    (^+12Xx-3X 

Let  ''  (x+12)(.-3)^^ 

Then  {x  +  12)  (ar  —  3)  =  mar^ 

(l-m)x3  + Oar- 36  =  0 
(1  -  m)%a  +  9  (1  -  m)  =  36  (1  -  to) 
(1  -  w)2a^»  +  9  (1  -  to)  +  -8;^  =  2f i  -  36  m 


(1  -  ot)x  +  J  =  ±  i  \/226  -  144  m 


^^.9j:\/225-144ot 
2(1 -to) 
.'.  m  is  not  £p*eater  than  }}}.    The  maximum  value  is  ff}. 

14.        ^* 


Let  _-i£--.  =  m 

{x  +  2)2 

Then  4x  =  tox2  +  4tox  +  4jii 

ma:«+(4TO— 4)ar  +  4TO  =  0 

TO^a^  +  4  TO  (to  -  l)a:  +  4(to  -  1)2  =  4  -  8to 

war  +  2(to  —  1)  =  ±  2Vl  — 2to 


j.^2(1^to)  Jr2Vl-2TO 

in 
.*.  TO  is  not  greater  than  }.    The  maximum  yalue  is  \, 

16.  gri£r^l. 

a:2  — x  +  1 

Let  ^""^•"^  =  w 

a:2_ar4-l 

Then        (1  —  to)x2  +  (to  —  1)x  —  1  —  to  =  0 

a  TO  +  1 

7^^X-=  — -!— 


a:3«a;  +  j  = 


1  — TO 

3to  +  6 


4(1 -to) 

^    1  —TO 
'    1  —  TO 

a:=  ■= 

2 

.*.  TO  is  not  greater  than  1,  nor  less  than  —  f . 

The  maximum  value  is  1,  and  the  minimum  value  is  —  }. 
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16     ^  +  23:  — 3 
x8-2a:  +  3' 

Let  -—^ -=  m 

x2-2x  +  3 

Then 

(1  —  m)x^  +  2(1  +  »i)a:-3(l  +  m)  =  0 

(1  -  »i)2x2  +  2(1  -  to2)  =  3(1  _  ^2) 
(1  -m)2a:2  ^  2(1  -  fn2)  +  (1  +  »w)2  =  4  +  2 /«  - 2m2 


(1  — 7n)a:+  l  +  »n=dbV4  +  2m  — 2ifi2 


—  1  —  in±\/4  +  2m  —  2m2 
Xz= 

1  —  m 


_  —  1  -  m  J:  V(2  -  »i)(2  +  2 m) 
1  —  wi 
.'.  m  is  not  greater  than  2  nor  less  than  —  1. 
The  maximum  yalue  is  2,  the  minimum  value  is  —  1. 


17. 


2  +  x 

2- 

-X 

Let 

1            1 
=  m 

2  +  a:     2  —  x 

Then 

~2ar=»n(4  — j;*) 
»ix2  —  2  a:  —  4  TO 
iii2aj«-2TOa:+l  =  4m2+l 

ma:  —  1  =  ±  \/to2  +  1 

^        ldkV4TO2+l 

m 
There  is  no  maximum  or  minimum  value. 

jg    x2  +  83?+6 
a^+l 

Let  ^L±3£±5^^ 

a:2+  1 

Then  (1  —  m):^  +  3x+5  —  to  =  0 

a\o  Q  •  oAi         \     1  0     — 11  +  24  TO  — 4  m^ 
—  m)2x2  +  3(1  —  m)x  +  f  = 


(1  -  m)x  +  I  =  ±  JV-  11  +  24to  - 4to2 


^^-3j:V(ll-2TO)(2TO-iy 

2(1 -to) 
.*.  TO  is  not  greater  than  ^  nor  less  than  J. 
The  maximum  value  is  ^^,  the  minimum  value  is  J. 
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a^»  — a:+l 
Then 

(1  -  m)3fl  +  (2  +  m)x  +  (1  -  to)  =  0 

/I         \«^  .  /I         \/o  .      \     ./'2+wiV      12to  — 3to2 
(l-m)V  +  (l-»»)(2  +  iii)x  +  f  — ^j  = J 

2h 


_2  +  TO±  V12to— Smg 

2(to-1) 

_2  4-tii±  V3to(4  — w) 

2(m  - 1) 
.*.  m  is  not  greater  than  4,  nor  less  than  0. 

The  maximum  value  is  4,  the  minimum  yalue  is  0. 

aO.   2x^-2a:+6, 
x2-2a:  +  3 

T   *                                 2ar2  — 2ar  +  5 
Let  -^  =  III 

xa  — 2x  +  3 
Then 

(2  -  to)*^  ^  2(m  —  1)x+6-3to  =  0 
(2  -  ift)2x3  +  2(2  -  to)  (to  -  l)x  +  (m  -  1)«  ==-2to2  +  9toj- 9 

(2  —  to)x  +  to  -  1  =  ±  >/— 2TOg-f  9to  —  9 

1  — TO±  V-2to2  +  9to-9 


x  = 


2  — TO 


^l~TOJ:V(TO-3)(3-2m) 

.*.  TO  must  lie  between  }  and  3. 

The  maximum  value  is  3,  the  minimum  value  is  f . 

21.  Divide  a  line  2  a  inches  long  into  two  parts  such  that  the  rec- 
tangle of  these  parts  shall  be  the  greatest  possible. 

Let  X  =  number  of  inches  in  the  one  part. 

Then      2a  —  x  =  number  of  inches  in  the  other  part, 
and       X  (2  a  —  x)  =  number  of  square  inches  in  the  area  of  the  rec- 
tangle. 
Let  x(2a  — x)  =  m2 

x3-2ax  =  -w2 

x^  —  2ax  +  a2  =  a3  —  to« 

X  —  a  =  ±  Va^  — TO^ 
x  =  a  ±  Va2  —  w^ 
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.*.  m^  is  not  greats  than  a^.    The  mazimum  area  is  a>. 
If  a:(2a  — x)  =  oa 

a^-2ax  +  a2  =  0 
/.  X  =  a 
.*.  The  line  must  be  bisected,  and  the  rectangle  is  a  square. 

22.  Diyide  a  line  20  inches  long  into  two  parts  such  that  the  hypot- 
iMise  Of  life  right  triangle  of  which  the  two  parts  are  the  legs  sball  be 
the  least  possible. 

Let  X  =  number  of  inches  in  the  one  part. 

Then       20  —  a:  =  number  of  inches  in  the  other  part, 
and  x^  -f  (20  —  a*)^  =  square  of  the  number  of  inches  in  the  hypotenuse. 
Then  x^  +  (20  —  x)^  is  to  be  a  minimum. 
Let  a:3+(20-x)*  =  w* 

2a^» -40  a:  +  400=  in^ 

:r3-20x  +  100  =  ^»i=l^ 


X-.10=i:^^ 


-200 


x=10.^^-^-200 


4 


:.  nfi  is  not  less  than  200. 

If 

m2  =  200 

then 

ar=10 

.*.  The  line  must  be  bisected,  and  the  right  triangle  is  isosceles. 

23.  Diyide  2  a  into  two  parts  such  that  the  sum  of  their  square  roots 
shall  be  a  mazimum. 

Let  X  =  the  one  part. 

Then  2  a  **  x  =  the  other  part, 

and  Vx  +  V2a  —  x  is  to  be  a  mazlmnm. 
Let  y/x  +  VSo"^^  =  m 

V(2a  — x)  =  w  —  Vx 

2o  —  x=:m2  —  2m  Vx  +  x 
2(a  — x)— fli2-._2wi  Vx 
4a2  —  8ax  +  Ax^  —  Aam^  +  4  m^x  +  w*  =  4  m^x 
4x2  —  8ax  +  4a2  =  w-2  (4 a  -  ,„'i) 
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2a:  — 2a  =  ±m  y/^a^m^ 


x  = 


»\  m  is  not  greater  than  2  Va. 

If  m 

then  X 

.*.  The  line  must  be  bisected. 


2 


2Va 
a 


84.  Find  the  greatest  rectangle  that  can  be  inscribed  in  a  given 
triangle. 


Let 

and 


2a  = 

P  = 
2x=z 

y  = 

2xy  = 


the  base  of  the  triangle, 

its  altitude, 

the  base  of  the  rectangle, 

its  altitude, 

its  area. 


Then,  by  similar  triangles,  ^     ^  =  ^ 


2x 


p-y  = 


_P_ 
2a 


y  = 


px 
a 

P(a-x) 
a 


x(a 
Let 


2xy 

ar)  is  to  be  a  maximum. 

x(a  —  a:)  = 


_  2px(a  —  x) 


a 
X 

2 


x  = 


a^  — 4fn 

4 

±iVa2- 

■4m 

a±Va2- 

-  4m 

.*.  m  is  not  greater  than  —  • 
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4  2  '   ^      2 

That  is,  the  altitude  of  the  rectangle  ia  half  the  altitude  of  the 
triangle. 

The  area  of  the  rectangle  is  2  xy,  or  ^,  which  is  }  the  area  of  the 

triangle.  It  makes  no  difference  therefore  which  side  of  the  triangle 
is  taken  for  the  base  of  the  rectangle,  since  the  areas  of  the  three 
maximum  rectangles  are  all  equal. 

85.  Find  the  greatest  rectangle  that  can  be  inscribed  in  a  given 
circle. 


Let  2  a  =  diameter  of  the  circle, 

and  X  =  the  length  of  one  side  of  the  rectangle. 

Since  the  angles  of  the  rectangle  are  right  angles,  the  diagonals  are 
diameters  of  the  circle. 
Then,  V4  a^  —  x^  =  the  length  of  the  other  side  of  the  rectangle. 

a:V4  a^  —  x^  =  the  area  of  the  rectangle. 
.'.  ar\/4a3  — a?2  jg  to  be  a  maximum. 
Let  a:V4a2  — x3=m 

4a3x2  — ar*  =  ma 
a:*  —  4a2ip2  +  4a*  =  4a*  —  to2^_ 
3?a-.2ogrrj:  V4a*  ~iw"a 

jfl  =  2a^±  V4a*-)n2 
.'.  m  is  not  greater  than  2  a^. 

If  m  =  2a^ 

ar2  =  2a2 

x  =  aV2 

and  V4a2  — ar2=a\/2 

The  rectangle  is  the  inscribed  square. 
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96.  Find  the  rectangle  of  greatest  perimeter  that  can  be  inscribed  in 
a  giyen  circle. 

See  flgnre  for  example  26. 

Let  2  a  =  diameter  of  the  circle. 

X  =  length  of  one  side  of  rectangle. 

Then  V4o2  — x^  =  length  of  the  other  side  of  rectangle. 

Then  x  +  y/^a^  —  s^  is  to  be  a  maximum. 
Let  jf+ V4a^-^=2m 

V4a2-.ar2  =  2m-ar 

ar^  —  2  mar  +  w^  =  2  gg  —  m« 

X  — «  =  ±  V2  a*  —  n? 
x=mdb  V2a«  — iii^ 
.'.  m  is  not  greater  than  ay/2. 
If  m  =  aV2 

X  —  m  =  o\/2 
and  V4a»-x2=aV5 

.'.  The  rectangle  is  the  inscribed  square. 

Exercise  30. 
Extract  the  square  roots  of : 


1.  14  +  6V6. 

Let 

\/J+V^=  Vl4  +  6\/5 

Then 

v^-V5=  V14-.6V6 

By  mnltipljiog, 

ar-y=  VIO 

:t-y  =  4 

But 

x  +  y  =  14 

.••  «  =  » 

y  =  6 

Vi+ Vy  =  3+\/6 

2.  17  +  4\/i6. 

Let  Vi  +  V5  =  Vl7  +  4  Vi5 

Then  >/x- Vy  =  Vl7-4vT5 

By  multiplying,  a;  — y=  VS 

ar-.y  =  7 
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But  i:  +  y  =  17 

/.  X  =  12 

>/5+ V^=  Vl2  + V5 

=  2V3+V6 

8.  10  +  2\/2l. 

Let  Vx+Vy  =  V1O  +  2V2I 

Then  Vi-V^  =  V1O-2V2I 

By  multiplying,  x-y  =  x^ 

But  a:  +  y  =  10 

.'.  X  =  7 

\/i+ Vy=  V7  + V3 
4.  I6+2V55. 


Let  VJ  +  Vy  =  V16  +  2V66 

Then  Vx  —  >/y  =  V16  -  2  V66 

By  multiplying,  x-^y-  v^ 

ar  — y  =  6 
But  ar  +  y  =  16 

/.  a:  =  11 
y  =  5 

\/i  + Vy  =  Vli  + V5 

6.  9-2Vl4=7-2VIi  +  2. 
/.  V9-2\/ii=  \/7  -  V2. 

6.  20-8V6  =  20-.2\/96=12-2v^  +  8. 

.-.  V20-.8Vg=  Vl2-\/8  =  2V3-2V2. 

7.  9-6\/2  =  9-2Vl8  =  6-2Vl84-3. 
...  V9-6V^=  V6-\/3. 


8.  94  -  42  V6  =  94  -  2  \/2205  =  49  -  2  \/2206  +  46. 
/.  V94-42>/5=7- V46  =  7-3V6. 
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9.   13-2V3iO=10-2V30  +  3. 

/.  V13-2V30  =  Vio-  V3. 

10.   ll-6>/2  =  ll-2Vi8  =  9^-.2Vl8  +  2. 


.-.  Vll-6>/2  =  3- V2. 

11.   14-4V6=:14-2V^=12-2V24  +  2. 

.-.  Vl4-4V6=  \/l2- V2  =  2V3-\/2. 

13.  38-12vl0  =  38-2  V360  =  20-2V360+18. 
.-.  V38-12VlO=  V^-Vl8  =  2\/6-3\/2. 

18.   103-.12>/ll=  103-2  V396  =  99-2\/396  +  4. 
.-.  V103-I2  Vn=\/99-2  =  3vTT-2. 

14.  57-12  Vl6  =  57-2V5i0  =  45-2V'5i0+ 12. 


.-.  V57-I2  Vl6=  V46-Vl2  =  3V6-2V3. 


16.   3i-Vi0  =  7-2Vl0^14^4Vl0^14 

2  4 

10-2  V40  +  4 
4 

.  V3jrv!s=:^^^l^^=}Vio-i. 

2        ^ 


-2\/40 


16.   2o  +  2  \/a2  -  62  =  a  +  6  +  2  Va^-  6^+  a  -  6. 
.-.  V2 a  +  2  \/a2 - 62  =  VaT6+  Vo"^. 


17.  a2«26  Va2irp  =  o2«j2_26Va2-62  +  52. 
.-.  Vo2-.26>/a^-62=  Va2 - 62 - 6. 

18.  87-12Vi2  =  87-2vl612  =  63-2vl6l2  +  24. 

...  V87-12\/i2=\/63- V24  =  3V7-2V6. 

19.  (a  +  6)2-.4(a-6)Va6  =  (a-6)2_4(a-6)>/^+4a6. 
.-.  V (a  +  6)2  -  4  (a  -  6)  Va6  =  a  -  6  -  2  V^. 


teachers'  edition.  217 


Exercise  31. 
1.  Multiply: 

S^v^n:  X2*V^  =  -  Vl6  = -4. 

(2  X  3J  VITi)  X  (4  X  27J  V=T)  =  -  8  VSI  =  -  72. 


3vc:6x-^=^^^=3*vc:5=v:n6. 

V^       3V3 

8.  DiTide: 

V7by  V^;  V^^by  V^;  SV^by  v^V^. 

vC:8-^V^  =  V4  =  2. 

3  Vi:6-r  V2  Vir3  =  3  V^-*- V^  =  3. 

8.  Beduce  to  the  tjrpical  form : 

4+ VTSi;  5  +  2 V^;  (S+y/ZT^f)^. 

4+ vT8i  =  4  +  Sl^VIof  =  4  +  9  Vn. 

6  +  2Vir6  =  6  +  2x6^V^. 

(3+ Vi:27)2  =  « 18  + 6  V=27  =  - 18  + 6  X27*  V^ 
=  -18  +  18x3^  VITl. 

1  Multiply  4+  V^  by  4-  V^. 

(4+ V=^)(4- VITS)  =  16  + 3=  19. 

6.  Multiply  V3-2V=^  by  V3  +  2V^. 
( V3  -  2  VI^ )  ( V3  +  2  V=r2 )  =  3  +  8  =  1 1 . 
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6.  Multiply  7.  Multiply 

7  +  vCr27  by  4  +  v^^^a.  6  +  2  V^  by  3  -  6  y/^^. 

7  +  V^r27  =  7  +  3  V^.  6  +  2  V^  =  5  +  4  V^. 

7  +  3>/ir8  6  +  4vC^ 


28+7\/^  15  +  12V^ 

12V^-9  -26Vir2  +  40 


19+19V^  56-13V^ 

8.  Multiply  2V3-6V^  by  4  \/3-vCni. 


2V3-6V^ 
24  -  24  V^n:5 

-6-26 -/^ns 

* 

9.  Multiply  Va  +  fcV^  by  Vc  +  a V^. 

Va  +  6V— c 
Vc  +  aV— 6 

>/ac  +  6cV— 1 

+  aV— o^  — o6\/6c 

Vac  +  6c V—  1  4-  aV^ V—  1  —  a6"\/6c 
=  Vac  —  a6  V6c  +  (6c  +  aVa6)  V— 1 

10.  Divide  26  by  3  +  V^^i;  86  by  6V^. 

26^(3+ V:r4)=       26_^        26        ^ 26(3^2^^1)  _ 

3+V-4     3  +  2\/^     (3+2>/^)(3-2>/-l) 

=26i3-2VEil=6-4V::rr. 

13 

86:(o     ^^-7)-        86       ^         86(6  + Vir7)_    _  86(6  +  ^:^7) 

6-V^      (6-.V-7)(6+ V-7)  ^ 

=  12  +  2^^. 


F 
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11.  Divide  3  +  V^  bj  4  +  Zy/^. 

(3+V=ri)-^(4  +  3V^l)=^+^^  =  (^  +  ^^)(^-^^^) 

4  4.3Vn      (4+3V'=l)(4-3V^ri) 

25  ^      ^ 

12.  DiYide  -  9  +  19  V^  bj  3  +  V^. 

(-9+  19V^)  --  (3  +  V'=^)=  ~9+19\/--2 

3  + V--2 


^(-9  +  i9V:r2)(3-V:r2)^in-66V:r2^^  ^  ^^/—^ 

(3  +  V^)  (3  -  V^)  11 


18.  Extract  the  square  root  of  1  +  4V— 3. 

1  +  4V^  =  1  +  2Vin[2  =  4  +  2Viri2-3. 


...  Vl  +  4V^  =  2+ V^. 

14.  Extract  the  square  root  of  10  — 8V— 6. 

10  -  8  V^  =  10  -  2\/=^9B  =  16  -  2  V^^I^  -  6. 


/.  VTo-Sv^  =  4 -  v/^. 


15.  Extract  the  square  root  of  —  17  +  ^y/— 16. 

-  1 7  +  4  V^^IS  =  -  1 7  +  2  V^^^  =  3  +  2  V^^^  -  20. 
.-.  V-17  +  4\/iri6=  V3+ V;^^=\/3  +  2\/^. 


16.  Extract  the  square  root  of  —  38  —  15  V— 28, 

-38-15V^^28  =  -38-30\/^  =  -38-2V-1675 

=  26  -  2  V- 1575  -  63. 

...  V-38-15^/^^28  =  6-^/;^63  =  5-3^/:^7. 

17.  Show  that  4x^  —  12x  +  26  is  positiye  for  all  real  values  of  x,  and 
find  its  minimum  value. 

4i3-12ar  +  25=4ar2-12ar  +  9+16=(2x-3)2  +  4a 

This  is  positive  for  all  real  values  of  k. 

Its  minimum  value  occurs  when  2  x  =  3,  or  x  =  |,  and  is  equal  to  16. 
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18.  Show  that  6x  —  4  —  9x3  is  negatire  for  all  real  values  of  x,  and 
find  its  maximum  value. 

6ar-4-9xa  =  -3-l  +  6x-.9xa  =  -8-(1^3x)a 

This  is  negative  for  all  real  values  of  x. 

Its  maximum  value  occurs  when  1  —  3  x  =  0,  or  x  =  |,  and  is  —  3. 


19.  If  w  be  one  of  two  imaginary  roots  of  the  equation  afl  =  l,  show 
that  the  other  is  c^. 

Solve  ^^-i^yirs 

2 

Let  «  = ■ 

2 


Then    ^^a^  ^  "2\/^-3^~2-2V:r3     -  1  -  VITg 


Again,  let  «  = 

Then    t^  =  - 


4  2 


2 

42\/^~3^-2  +  2vcr3^~i.f  yiTs 

4  4  2 

.*.  Each  of  the  imaginary  roots  is  the  square  of  the  other. 


20.  Show  that  ot*  +  (w^)**  =  —  1,  if  n  is  any  integer  which  is  not  a 
multiple  of  3. 

»»  +  («**)»  =»*  +  «*•  =  o»«(l  +  »*) 

Now  if  n  is  not  a  multiple  of  3  it  must  be  of  one  of  the  forms 

n  =  3ifc+l, 


or 


Q  L  •  o  I  ^^cre  ik  is  an  integer. 


Suppose  n  =  3A:+l 

Then  «»» =  ««*+i  =  o^a> 

Now  »'  =  1  since  w  is  a  root  of  the  equation  a:>  =  1. 


.'.    O)**  =  » 


But 


0»»(1  +  «»)  =  »(1  +«)  =  •+  «* 

■,1+ yra 
«  =  — ■ 

2 


and  ^^.1,V=:3 
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Again  suppose  n  =  Sk  +  2 

Then  o>n^jUH-i  =  afi^=z  9^ 

If  n  is  a  multiple  of  3,  we  maj  write  n  =  Zk 
Then  w»=af>*=l 

.-.  «*»(!  +  •»)  =2 

81.  Show  that 

a:  +  o^y  +  »« 
X  +  ay  +  a^z 

a;®  +  a^xy  +  «a:« 

+  «ary                                        +  «8y2  +  M^y^ 
+»^xz +»*yg ^+»%» 

But  from  Example  20,  when  n  =  l,  a^+«0  =  —  1 

«r»=l 

«tf*  =  fltfS  X  ^  -.  ^ 

.*.  The  product  above  =  a:*  —  xy  —  a-a  +  y*  —  y«  +  «a 

arS  —  xy  —  ar«  +  y*  —  y«  +  «* 

3?  +  y  +  g 

a«  —  a:2y  _  a-ij  -}.  xy*  —    xyz  +  a?a* 

+  a:*y  -arya—    ary2  +y«-y«2  +  y22 

+  a:%  —    xyz  —  xz^         ^  yiz -- yz^  ■\- afi 

3fl  ^Sxyz  +y«  +«• 

28.  Find  all  the  fourth  roots  of  - 1. 

Let  ar*  =  -l 

Then  ar*  +  1  =  0 

Diyide  b y  x^  x^  +  i  =  0 

a^ 

Add  2  to  both  sides,         a:^  +  2  +  -  =  2 
Extract  square  root,  a:  +  i  =  ±  v^ 
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7^^  V^x=  — 1 

The  four  roots  are : 

V2  +  V^     \/2  -  yf^    -  V2  +  V^    -  v^  -  vCr2 
2  2  2  2 

88.  Find  all  the  sixth  roots  of  +  1. 
Let  a«  =  l 

Then  a*  - 1  =  0 

(x«+l)(x«-l)  =  0 
If  x«+l  =  0 

.'.  a;  =  — 1 
or  x^  — x+l  =  0 

x2-a:  +  t  =  -i 

^       Ij:  V=3 

2 
If  a:«-l  =  0 

(x-l)(:ra  +  a:+l)  =  0 

.*.  ar  =  1 

or  x^  4-  X  +  1  =  0 


ar+J  =  ±iv/-3 


X  = 

2 
.'.  The  six  roots  are : 

1  +  y/ZIl    1 «  VTs    -  1  +  y^    ,i,x/Z:3 
'22  2  2 

S4.  Find  all  the  eighth  roots  of  +  1. 
Let  x8  =  1 

Then  x^  —  1  =  0 

(x4+l)(x4-l)  =  0 
If  X*  +  1  =  0 

the  f oar  roots  are  by  Example  22 : 

v^+  vC:2     v^-V^    -v^+VZ^    -V2-v/^ 
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If  a:*-l  =  0 

(a:2+l)(ar2_l)  =  0 
.-.  a^2  +  1  =  0 

x  =  ±  V—  1 
or  x2— 1  =  0 

x=  ±  1 


.-.  The  eight  roots  are  :  1,  —  1,  V— 1,  —  V—  1, 

2  '  2  '  2  '  2  " 

25.  Reduce  to  the  typical  form 

(6  +  4\/^)(16  -  8  V^) 


(2-3>/-T)(  34-4vC:T)_  18-%/^ 


(6  +  4V=n:)(16-8\/-  1)   122  +  12v/-  1 

^  (18~>/^)(122-12-/ri) 

(122  4- 12  V^)  (122  -  12  V^) 
^  2184  -  338  >/^_  84  -  13  V-  1 
16028         678 

Exercise  32. 

Show  that,  the  letters  beiog  unequal  and  positiye : 

1.         a2+362>26(a4-6)  2.             a% -^  al^  >  2  a^lf^ 

That  is,  a2  4-  3  62  >  2  a6  +  2  62  That  is,  a6(a2  +  6')  >  2  a262 

a2+  62  >  2a6  a2  +  62  >  2a6 

But         a2+62>2a6  But             a2  + 62  >2a6 

.'.  a2+362>26(a4-6)  .-.  a86  +  a68  >  2 a262 


3. 

That  is,  a' 


(a2  4-  62)  (a*  +  6*)  >  (a^  +  68)2 
,6  +  a4fc2  4.  a26*  +  66  >  a6  4.  2a868  +  6^ 
a*62  4.  a26*  >  2  a^l/^ 


a2  4-62>2a6 
But  a2  4-62>2a6 

.-.  (a2  4-  62)  (a*  4- 1*)  >  icfi  4-  l^y 

4.  a26  4-  a2c  4-  a62  4-  62c  4-  ac2  4-  6c2  >  6a6c. 

For  a2  4.c2>2ac 

.-.  (a2  4.c2)6>2a6c 
or  a26  4-6c2>2a6c  (1) 


L 
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Also,  aa+62>2a6 

/.  (a»  +  62)c>2a6c 
or  a^c-\-bk':>2abc  (2) 

And  62+ca>26c 


or  ab'^-{-ac^>2abc  (3) 


1/     T  c.     ^--  *i«/o 

/.  (6a+c2)a>2a6c 
r  ab^-^ac^>2abc 

Add  (1),  (2),  and  (3), 
aV>  +  a^-\-ab^-^ly^c-\-ac^-\-b<^>  6abc 

6.  The  sum  of  any  fraction  and  its  reciprocal  >  2. 

Let  -  be  anj  fraction. 

b 

Then  -  is  its  reciprocal, 

a 

and  -  +  -  is  their  sum. 

b     a 

Now  -+->2 

6     a 

if  a2  4.62v>2a6 


But  a2  +  62>2a6 

0      a 


•••7  +  !>2 


6.   If  x2  =  a2+62^  and  y^=c^-}-cP,  xy>ac  +  bd,  or  ad  +  6c,  unless 

-  equals  -• 
c  d 

xy  "^  ac  +  bd 

if  ar2^2  >  a2c2  +  2  abed  +  62cP. 

But  ar2=o2  +  62 

and  y2=c2  +  cP 

Hence  xy  ^ac-^bd 

if  (a2  +  62)(c2  +  rf2)  >  a2ca  +  2a6cd  +  l^d^ 

if  a2c2  +  62c2  +  a2^  +  52^2  >  a2c2  ^  2  aftcd  +  62rf2 

if  62c2^a2<^>>2a6crf 

But  62c2  +  a2rf2  >  2  aftcrf 

Also  xy  '>  ad  -^  be 

if  a:2y2^a2cP4.2a6crf+62c2 

if  a^2  ^  52ca  +  a'ifP  4.  52^^  >  a2<f2  +  2  aterf  +  62c2 

if  a2c2 +62^2  >  2  aftcrf 

But  a2c2  +  62^>2a6crf 

.*.  xy'^ad-\-  be 
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7.  oi  +  ac  +  ^c  <  (a  +  6  -  c)2  4-  (a  +  c  —  6)2  +  (6  +  c  —  a)a 

if  a6  +  ac+ 6c  <3a2 +  362  + 3c2-2a6-2ac-26c 

if  3  (a6  +  ac  +  6c)  <  3  (a^  +  62  +  c2) 

if  a6  +  ac  +  6c  <  a2  +  62  +  c2 

But  a6  +  ac  +  6c<a2  +  62+c2 

/.  a6  +  ac  +  6c  <  (a  +  6  —  c)2  +  (a  +  c  -  6)2  +  (6  +  c  —  a)« 

8.  Which  is  the  greater,  (a*  +  62)  (c2  +  c^)  or  (^ac  +  bd)^  1 

(a2  +  62)(c2  +  ^2)  =  a2c2  +  a2(f2  +  62c2  +  62<fa 
[ac  +  6d)2  =  a2c2  +  2  a6crf  +  62rf2 

Subtract  the  second  equation  from  the  first, 

(a2  +  62)  (c2  +  cP)  -  (ac  +  6d)2  =  a2rf2  -  2  a6crf  +  62c2 

=  (ad-6c)2 
/.  (a2  +  62)  (c2  +  rf2)  =  (^ac  +  6rf)2  +  {ad  -  6c)2 
.-.   (a2  +  62)  (c2  +  cf2)  Xac  +  6rf)2 

9.  Which  is  the  greater,  a*  —  6*  or  4  a*  (a  —  6)  when  a  >  6 1 

a*  -  6*  =  (a8  +  a26  +  a62  +  6^)  (a  -  6) 
And  since  6  <  a, 

a26<a8 
a62  <  a8 
68  <  a* 
.-.  a*  +  a26  +  a62  +  68  <  4a8 
Since  a  —  6  is  positive, 

(a8  +  a26  +  a62  +  68)  (a  -  6)<  4  a8  (a  -  6) 

/.  a*  -  6*  <  4a8  (a-6)  if  a  >  6 

10.  Which  is  the  greater,  -\/—  +  \-  or  Va  +  V6 1 

*  6        ^  a 

a6 
as  a^Vb  +  b^Va  >  or  <  abVa  +  abVb 

as  (a2  — a6)V6+  (62  — a6)Va>  or<0 

as  (a  — 6)(a>/6  — 6Va)  >  or  <  0 

But,  if  a  >  6,  a  —  6  is  positive, 

and  a  \/6  —  6  Va  is  positive. 
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For 

which  is  positiye  since 
and,  therefore 

And,  if  a  <  6, 
and 

For 

which  is  negative  since 
and,  therefore 


aVb-^hVa        1 

1 

ab              V6 

Vi 

\/6<  Va 

1^1 

-^>-^ 

y/h      v^ 

a  —  6  is  negative, 

ay/b-'hVa  is 

negative. 

ay/b  —  bVa        1 

1 

«*  Vb      y/a 

y/b>\/a 

Vb       y/a 


.*.  (a  —  6)(a V6  —  by/a)  is  always  positive. 


>/! 


'62 


11.  Which  is  the  greater,  ^^i*  or  ^^  ? 

*  2  a  +  6 

^±i>or<2«* 


a  +  6 


as 
as 


But 


(a  4- 6)2  >  or  <4a6 
a2  +  62>  or  <2a6 
aa+62>2a6 

.    a  +  6^  2aft 


2      ^   a-\-b 

13.   Which  is  the  greater,  ^  +  A  or  -  +  1  ^ 

6^      a^        ft      a 


6-2 

fe2 


a? 


1  +  -= 


a»+68 


>or< 


rt2fta 
q  +  fe 
a6 

a-\-b 
ab 


as 
as 
as 


Bat 


a262 

(a*  +  68)  >  or  <  a6(a  +  6) 
a2-a6  +  62>  or  <  a6 
a2  +  62>.  or  <2a6 

•  •    M  +  „2  ^  A  +  ~ 


62 


a^ 


a 
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Exercise  33. 

1.  Write  down  the  ratio  compounded  of  3 :  5  and  8  :  7.    Which  of 
these  ratios  is  increased,  and  which  is  diminished  by  the  composition  ? 

fxf  =  |i. 

.'.  The  compound  ratio  is  24  :  35. 
As  3  : 6  =  21 :  36 

and  8  :  7  =  40  :  36 

.*.  3  :  6  is  increased, 

.*.  8:7  diminished. 

8.  Compound  the  duplicate  ratio  of  4 :  16  with  the  triplicate  of  5 :  2. 

i!.X-  =  — 
152     28      9 

.*.  The  compound  ratio  is  10 : 9. 

8.  Show  that  a  duplicate  ratio  is  greater  or  less  than  its  simple 
ratio  according  as  it  is  a  ratio  of  greater  inequality  or  a  ratio  of  less 
inequality. 

Let  m  :  n  =  a  ratio  of  greater  inequality. 

Then  7n';>n 


Let 

Then 


m 

>i 

n 

m  m 

>™ 

— ^  

n  n 

n 

m2 

^  m 

>   - 

n2 

n 

m:  n 

=  a  ratio  of  less 

inequality. 

m 

<n 

m 

<1 

n 

m  m 

^  wi 

<- 

n  n 

n 

m 


m 


^<- 


n^ 


n 


4.   Arrange  in  order  of  magnitude  the  ratios  3 : 4,  23 :  26,  10 :  11. 

3:4=   825:1100 
23:25=1012:1100 
10 :  11  =  1000  :  1100 
.*.  The  descending  order  of  magnitude  is  23  :  25, 10  :  11,  3 :  4. 
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6.  If  a  >  6,  which  is  the  greater  ratio, 

a  +  6:a  — 6  or  a2  + 63:  a2  — 621 

a  +  6  :  a  —  6  =  (a  +  6)(a  +  6)  :  (a  +  6)(a  —  6) 
=  a2  +  2a6+62:a2  — 62 
But  a2+2a6  +  62>a2+62 

/.  a  +  6:a  — 6  >a24-62:a2-62 

Find  the  ratios  compounded  of : 

6.  3:5,10:21,14:15. 

*xMxH  =  A. 

.*.  The  compound  ratio  is  4 :  15. 

7.  7:9,102:105,16:17. 

JxiMxH  =  f. 

.*.  The  compound  ratio  is  2 : 3. 

8.  a2-.a:2:a2  +  3aa:  +  2a:2anda  +  ar:a  — ar. 

a2  — x2  o  4-  X _   (g  +  r) (g  —  ar)       o4-  x _  a-^-  x 

g2  +  3gar4-2x2     g  — x~  (g  + j:)(g  +  2x)      o  — ar"~o  +  2a: 

.*.  JThe  compound  ratio  is  a  +  a? :  g  +  2a:. 

9.  x2  — 4:2a:2_5a.^3andx-l:z-2. 

X2..4        ^^g— 1_   (3:4-2)(x  — 2)       x— 1__  x  +  2 
2x2-6x  +  3     x-2~(2x-3)(x-l)      x-2      2x-3 
.*.  The  compound  ratio  is  x  +  2 :  2x  —  3. 

10.  Proye  that  a  ratio  of  greater  inequality  is  diminished,  and  a  ratio 
of  less  inequality  increased,  by  adding  the  same  number  to  both  its 
terms. 

Let  m  :  n  be  the  given  ratio, 

and  a  the  quantity  added. 

Then  !!L±_S1  the  second  ratio. 

»  +  g 

Then  ^i^>or<5 

n  +  g  n 

as  inn  +  gn  >  or  <  fwn  +  am 

as  gn  >•  or  -<  am 

as  n  >  or  <  TO 

as  wi  <  or  >  » 


teachers'  edition.  229 


11.  Prove  that  a  ratio  of  greater  inequality  is  increased,  and  a  ratio 
of  less  inequality  diminished,  hy  subtracting  the  same  number  from 
both  its  terms. 

Let  m  :  n  be  the  given  ratio, 

and  a  the  quantity  subtracted. 

The  ^Jlf>or<!? 

n^a  n 

as  mn  —  an  >  or  <  ron  —  am 

as  am  >  or  <  an 

as  TO  >  or  <  n 

18.  Show  that  the  ratio  aibia  the  duplicate  of  the  ratio  a  +  c : 5  +  c, 

if  c2  =  a6. 


/a_+c\a__  oa  +  2ac-f  €« 
\b-\-c)      6«  +  26c  +  ca 


But  c^  =  a6 

a  +  c\«__  ag  +  2aVa6  +  a6 


'  \h  +  c)      ^^2bVab-^ab 

_a(o  +  2\/a6  +  6)__a 
6(6  +  2v^+a)      * 


18.  Two  numbers  are  in  the  ratio  2  : 5,  and  if  6  be  added  to  each, 
they  are  in  the  ratio  4 :  7.    Find  the  numbers. 

Let  X  =  one  number, 

and  y  =  the  other. 

OIL  X        2 

Then  -  =  - 

y    ^ 

ar  ■f6_4 
y  +  6     7 
.'.  5ar=2y 
-4y  =  -18 

.-.  x=e 

y  =  l6 

14.  What  must  be  added  to  each  of  the  terms  of  the  ratio  to  :  n,  that 
it  may  become  equal  to  the  ratio  piq'i 
Let  X  =  number  to  be  added. 

.   m-\-x_p 
n-\-  X      q 
qm -{■  qx  =  pn  •\-  px 
{p  --  q)  X  =  qm  '^  pn 

P-Q 
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16.  If  X  and  y  be  such  that,  when  they  are  added  to  the  antecedent 
and  consequent  respectively  of  the  ratio  a :  6,  its  yalue  is  unaltered, 
show  that  x\y  =  aih. 

a-{-  X  :b  -{-y  =  a:b 

By  alternation,  a  +  x:a  =  &  +  y:& 

By  division,  x*:  a  =  y:  b 

"By  alternation,  x: y  =  a:b 


Find  X  from  the  proportions : 


16. 

27:90  =  45:ar 

.-.  27*  =  46X90 

ar=160 

17. 

llj:4i  =  3}:ar 

/.  Ilix  =  4jx3l 

^ar  =  fX^^ 

a:-i-li 

18. 

3a    12a      14c 
56     7c       166 

« 

.  3a^_12xl4ac_  8a 
56          7  X  166c       56 

.-.  x  =  f  =  2§ 

Find  a  third  proportional  to : 

19.  Hand^j. 

Let 

X  =  the  third  proportional. 

Then, 

f^A  =  A:^ 

.-.  H^  =  t¥? 

^_  10X25 

27  X  144 

^  =  tVA 

20.   «''-^^nd«-^ 

Let  X  =  the  third  proportional. 

Then,  ?iZL^:?J^*  =  ill_*:, 

c  c  c 

"  C  c2 

a  +  6)  a:  = 

c 

a  — 6 

X  ^^  — ^^— — — 

c  (a  +  6) 
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Find  a  mean  proportional  between  : 

21.  3  and  16f 

Let  X  =  the  mean  proportional. 

Then  a:  =  V3  X  16J  =  \/i9  =  7. 

22.  C'""^)^  and  (^  +  ^)\ 

m  +  5  in  —  6 

Let  X  =  the  mean  proportional. 

Then.  :.  =  JlEEl!^^I™±I2=VP:r26. 

'    m  +  6  m  — 6 

If  a :  6  =  c :  c?,  prove  that : 

23.  2o  +  6:6  =  2c  +  c?:rf. 

Since  a  :  6  =  c :  c? 

2a_2c 
6        rf 

6  d 

.    2a4-6_2c4-c? 
6  <; 


2a  +  6:6  =  2c  +  d:d 


24.  3a-6:a  =  3c  — d:c 
Since 


a 

:6  = 
a__ 

a 

c: 

c 

(^ 

d 
c 

(^ 

— 

b_ 
a 

— 

c 

3- 

b_ 
a 

3 

c 

3a- 

■_b_ 

3c-<; 

a 

c 

.-.3 

a  — 6: 

a  — 

3c-rf: 

c 
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25.  4a  +  3&:4a-36  =  4c  +  3(/:4c-3<f. 
Since 


Also 


a:b  = 

-c: 

d 

a  _ 
b~ 

c 
'  d 

4a_ 

b 

.4c 
'  d 

^«  +  3  = 
b 

4c 
d 

+  3 

4a  +  36_ 

4c 

+  3(/ 

b 

d 

4ta     Q 

4c 
d 

-3 

4a-36 

4c 

-3d 

6 

rf 

4o  +  36_ 

4c 

+  3rf 

4a-36 

4c 

-3rf 

(1) 


(2) 


DiTide  (1)  by  (2), 

/.  4a  +  36:4a-36  =  4c  +  3rf:4c  — 3d 

26.  2a8  +  368:2o8-36»  =  2c»  +  3cP:2c«-3<i». 
Since 


a:b  = 

•  cid 

a 

c 

b 

d 

a* 

c8 

68 

d8 

2  a* 

2c8 

68 

d8 

6»  ^  d8  ^ 

2a8  4.368_2c8  4-3(i8 

2a8-368_2c8-3d« 
68  d8 

Divide  (1)  by  (2),         ^oi+Sftf  ^  2e8.f3d» 
^  ^    "^  "^  ^'         2a8-368     2c8-3d8 

.-.  2a8  +  368:2a8-368  =  2c8  +  3d8:2c8-3d» 


(1) 


(2) 
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If  o :  6  =  6 :  c,  prove  that : 

37.  a2+o6:62+6c::o:c. 

If  a:b=:b:c 

By  composition  and  alternation, 

a  +  6:6  +  c  =  b:c 


Also 

Multiply  together. 
But 


o  +  6_ 

6 

6+  c 

c 

a_ 
6" 

_b 
c 

a(a  +  6) 

63 

6(6  +  c) 

ca 

62  = 

::ac 

.    «(o+6)_ 

a 

6(6  +  c) 

c 

a2  +  a6:62+6c  = 

-a:c 

28.  a:c::(a  +  6)2:(6  +  c)2. 

If  a:6  =  6:c 

By  composition  and  alternation, 

a  :b  =  a  +  6:6  +  c 

a  _  g  +  6 
6~6+c 

"  63      (6  +  c)a 
But  62  =  ac 

.   g_(g  +  6)« 
"  c      (6  +  c)a 

.-.  o:c=(a  +  6)a:  (6  +  c)a 

29.  If  a :  6  =  6 :  c,  and  a  is  the  greatest  of  the  three  numbers,  show 
thata+c>26. 

a:  6  =  6:  c 
/.  62  =  (ic 
Now  a2+c2>2ac 

.'.  a2  +  2ac  +  c2>4ac 
o2  +  2ac  +  c2>462 
.\  a  +  c  >26 
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80.  If   ^-— i^  =  2 — f  =  £ — £,  and  x,  y,  z  be  unequal,  show  that 

I  tn  n 

/  +  TO  +  n  =  0. 

X  —  If  _  y -^ z _z  —  X 
I  m  n 

Add  the  numerators  together  and  add  the  denominators  together. 

Then  J^~.y4-y-g4-g-3: ^  z--jo 

/+  TO  +  n  n 

0             g  — a: 
or  ; = 

(  +  't  +  n         n 

0=  («  — a?)(/  +  TO  +  n) 
But  z  is  nof  equal  to  x, 

.'.  /  +  TO  +  n  =  0 

Find  X  from  the  proportions : 

81.  ar+l:a:  — l  =  a:  +  2:x  — 2 

Bj  composition  and  division, 

2a::2  =  2r:4 
Sx  =  4iX 
.\  x  =  0 

82.  x  +  a:2ar  — &  =  3x+6:4r  — a 

By  division,  r  +  a:x  —  a  —  6  =  3r+6:ar  —  a  —  6 

(a?  +  o)  (a:  —  a  —  6)  =  (a?  —  a  —  6)  (3  X  +  6) 

/.  ar  +  a  =  3ar  +  & 

2x=a— 6 

a  — 6 
x  = 

2 

or  X  —  a  —  6  =  0 

/.  x  =  a-\-b 

88.  a:2-4x  +  2:x2  — 2a:  — l=ra^^  — 4a::a:2-2a:  — 2 

By  alternation, 

x2  —  4a:  +  2  :  xS  —  4ar  =  a:2  —  2a:  —  1 :  a:2  —  2t  —  2 
By  division,  2:x«  —  4x=l:xa  —  2x-2 

.-.  2(x2  — 2x  — 2)=ara  — 4r 
2x2-4x-4  =  ara  — 4x 
x2  =  4 
.*.  X  =  ±  2 
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84.  3  +  a;:4  +  ar  =  9  +  x:13  +  JC 

By  diyision,  3+a;:l  =  9  +  x:4 

4  (3  +  a:)  =  9  +  ar 
12  +  4a:=9  +  ar 
3a:=-3 
/.  a:  =  —  1 

35.  a  +  x:6  +  a:  =  c  +  a::rf  +  x 

By  division,  a— 6:6  +  r=c  —  rf:rf  +  x 

(a  -  6)(rf  +  t)  =  (c  -  d)(b  +  x) 

(a  —  6  —  c  +  rf)j:=6c  —  ac? 

6c  — arf 
.*.  X  = 

a  —  6  —  c  +  a 

86.  If  a  :  6  =  c  :  c/,  ghow  that 

a2  +  62  .  _?[!_  =  c2  +  rfa :  -^ 
a  +  6  c  +  « 

a  :  6  =  c  :  rf 
Then  a^  :  6«  =  c» :  rf» 

6'  :  a*  =  rf* :  c* 
By  composition,  a*  +  6^ :  a^  =  c*  +  cP :  c*  (1) 

Also,  b:a=  d:c 

By  composition,  a  +  6:a  =  c  +  rf:c 

and  a6  :  a2  =  erf :  c* 

Multiply  together,    a6  (a  +  6)  :  a'  =  cd  (c  +  rf)  :  c'  (2) 

Add  (1)  and  (2), 

a*  +  a6  (a  +  6)  +  68:  a8  =  c«  +  erf (c  +  rf)  +  cP:  c« 
(a2  +  62)(o  +  6)  :  a8  =  (e2  +  rf2)(e  +  rf)  :  c8 


a*  a   .     M        c* 


a2  +  62:-^i-  =  e2  +  rf2: 


a  +  6  c  +  rf 

37.  When  a,  6,  e,  rf  are  proportional  and  all  uneqnal,  show  that  no 
number  x  can  be  found  such  that  a  +  x,  6  +  a;,  c  +  x,  rf  +  ar  shall  be 
proportionals. 

a: 6  =  e: rf 
a  +  a::6  +  a:  =  c  +  a::rf  +  ar 
By  division,  a  —  6:6  —  a;  =  c  —  rf:rf  —  a: 

(a  —  6)  rf  —  (a  —  6)  a:  =  (e  —  rf)  6  —  (c  —  rf)  x 
(e  —  rf  —  a  +  6)  X  =  6e  —  arf 
But  6c  -  arf  =  0 
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.'.  (c  —  rf  —  a  +  6)  ar  =  0 
c  —  rf  —  a  +  6i8  not  0. 
ror,if  c-rf  — a  +  6  =  0 

a  — 6  =  c  — rf 
But  a  —  6:6  =  c  —  rf:rf 

.*.  if  a^b  =  C'~d 

b=d,  which  is  not  allowed. 
.•.  ar=0 


Exercise  34. 

1.  A  rectangular  field  contains  6270  acres,  and  its  length  is  to  its 
breadth  in  the  ratio  of  31 :  17.    Find  its  dimensions. 

Let  X  =  number  of  rods  in  length. 

y  =  number  of  rods  in  width. 
160  sq.  rds.  =  1  acre. 
Then  x :  y  =  31 :  17  (1) 

xy  =  5270  X 160  .  (2) 

From  (1),  17jr  =  31y 

x  =  ^ 
17 

Substitute  yalue  of  x  in  (2), 

5^  =  5270  X  160 
17 

y2  =  17  X  170  X  160 
.-.  y  =  17X40  =  680 
x  =  31X40=  1240 
The  field  is  1240  rods  long  and  680  rods  wide. 

2.  If  fiye  gold  coins  and  four  silver  ones  be  worth  as  much  as  three 
gold  coins  and  twelve  silver  ones,  find  the  ratio  of  the  value  of  a  gold 
coin  to  that  of  a  silver  one. 

Let  X  =  number  of  units  of  value  in  1  gold  coin. 

y  =  number  of  units  of  value  in  1  silver  coin. 
Then  5x  + 4y  =  3ar+ 12y 

2ar=8y 
x  =  4y 
.'.  j:  :  y  =  4  : 1 
The  ratio  is  4 : 1. 
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3.  The  lengths  of  two  rectangular  fields  are  in  the  ratio  of  2  :  3,  and 
the  breadths  in  the  ratio  of  5 :  6.    Find  the  ratio  of  their  areas. 

Let  X  =  number  of  units  in  length  of  one  field. 

y  =  number  of  units  in  breadth  of  this  field. 

2  =  number  of  units  in  length  of  second  field. 

w  =  number  of  imits  in  breadth  of  second  field. 
Then  xy  =  number  of  units  in  area  of  first  field. 

zw  =  number  of  units  in  area  of  second  field. 

y  :  m;  =  5:  6 

?  =  ? 
z     3 

J^  =  § 
w     6 

ZW     9 
a:y  :  ru;  =  5  :  9 
^   The  areas  of  the  fields  are  in  the  ratio  6 : 9. 

4.  Two  workmen  are  paid  in  proportion  to  the  work  they  do.  A  can 
do  in  20  days  the  work  that  it  takes  B  24  days  to  do.  Compare  their 
wages. 

Let  X  =  amount  of  work  A  can  do  in  20  days. 

Then  x  =  amount  of  work  B  can  do  in  24  days. 

—  =  amount  of  work  A  can  do  in  1  day. 
20 

—  =  amount  of  work  B  can  do  in  1  day. 

24  ^ 

A.                 T»                    X     X       \      \       120    120      «    K 
.*.  A's  waees  :  B  s  wages  =  — :  —  =  -  - :  —  = : =  6:6 

^  '^         20    24      20    24       20      24 

6.  In  a  mile  race  between  a  bicycle  and  a  tricycle  their  rates  were 
as  5 : 4.  The  tricycle  had  half  a  minute  start,  but  was  beaten  by  176 
yards.    Find  the  rate  of  each. 

Let  X  =  number  of  yards  the  bicycle  goes  in  1  minute, 

and  y  =  number  of  yards  the  tricycle  goes  in  1  minute. 

.'.  X :  y  =  6  : 4 
1760  yards  =  1  mile. 

=  number  of  minutes  in  which  the  bicycle 

goes  1  mile. 
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^  =  number  of  yards  the  tricjcle  goes  in  i  minute. 
1760  —  176  =  number  of  jards  the  tricycle  goes  in  all. 

— =  number  of  minutes  in  which  tricycle  goes 

^  1760  -  176  yards. 

.,  1760-1I?-U12«?  (2) 

y       2        X 

3168r-xy  =  3620y  (3) 

From  (1),  4x=  6a: 

Substitute  value  of  x  in  (3), 

3960y-Jj^2=3620y 
Jy2  =  440y 

ya  =  362y 
/.  y  =  0,  or  352 
X  =  0,  or  440 
.*.  The  rate  of  the  bicycle  is  440  yards  a  minute,  or  15  miles  an  hour; 
that  of  the  tricycle  is  352  yards  a  minute,  or  12  miles  an  hour. 

6.  A  railway  passenger  observes  that  a  train  passes  him,  moving  in 

the  opposite  direction,  in  2  seconds ;  but  moving  in  the  same  direction 

with  him,  it  passes  him  in  30  seconds.     Compare  the  rates  of  the  two 

trains. 

Let  X  =  number  of  units  the  first  train  moves  per 

second, 
and  y  =  number  of  units  the  second  train  moves  per 

second. 
Then  y  4.  a:  =  number  of  units  the  second  train  moves 

past  the  first  in  1  second  when  moving  in 
the  opposite  direction. 
y  —  x  =  number  of  units  the  second  train  moves 
past  the  first  in  1  second  when  moving  in 
the  same  direction. 
But  the  rates  of  motion  of  the  two  trains  are  inversely  proportional 
to  the  time  of  passing  each  other. 
.*.  y  +  a: :  y  —  a:  =  30  :  2 
By  composition  and  division, 

2y:2ar=32:28 
.'.  y  :  a:  =  8  :  7 
The  rate  of  the  second  train  is  to  the  rate  of  the  first  as  8  :  7. 
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7.  A  yessel  is  half  full  of  a  mixture  of  wine  and  water.  If  filled  up 
with  wine,  the  ratio  of  the  quantity  of  wine  to  that  of  water  it  ten  times 
what  it  would  be  if  the  yessel  were  filled  up  with  water.  Find  the  ratio 
of  the  original  quantity  of  wine  to  that  of  water. 

Let  X  =  number  of  gallons  of  wine  in  the  yessel  at  first. 

y  =  number  of  gallons  of  water  in  the  yessel  at  first. 
Then  x-\-  y=:  number  of  gallons  the  yessel  contains  when  half  full. 
x-\-  y  =  number  of  gallons  which  must  be  put  in  to  fill  it. 
2x  +  ^  =  number  of  gallons  of  wine  in  the  yessel  if  it  is  filled  up 

with  wine, 
a:  +  2y  =  number  of  gallons  of  water  in  the  yessel  if  it  is  filled 
up  with  water. 
.*.  2x  + y  :y  =  lOar  :a?  +  2^ 
.-.  (2ar  +  y)(a:  +  2y)=10ry 
2x2-1-  5a.y  ^  2y«=  lOary 

2x2«5a:y-j.2y2=o 
Factoring, 

(2ar-y)(a:-2y)  =  0 

.-.  ar  =  |,  or2y 

ar :  y  =  1  : 2, 
or  a: :  y  =  2  : 1 

The  ratio  of  the  original  quantity  of  wine  to  that  of  water  was  1 :  2, 
or  2 : 1. 

8.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio  4  : 5,  and 
then  3  gallons  are  sold ;  the  remainder  is  increased  in  the  ratio  6  :  7  by 
mixing  it  with  3  quarts  of  water.  How  many  gallons  of  milk  were 
there  at  first  ? 

Let  4  a:  =  number  of  quarts  of  milk  originally. 

Then  5x  =  number  of  quarts  of  milk  and  water  after 

first  watering. 
6x  — 12  =  number  of  quarts  remaining  after  3  gallons 
are  sold. 
J  (5  a:  —  12)  =  number  of  quarts  after  second  watering. 
6x  —  9  =  number  of  quarts  after  second  watering. 
...  J(5x-12)=(5x-9) 
36x-84  =  30x-54 
6x=80 
x  =  6 
4a:  =  24 
There  were  24  quarts  or  6  gallons  of  milk  at  first. 


240  COLLEGE   ALGEBRA. 


9.  Each  of  two  yesselB,  A  and  B,  contains  a  mixture  of  wine  and 
water;  A  in  the  ratio  of  7  : 3,  and  B  in  the  ratio  of  3:1.  How  manj 
gallons  from  B  must  be  put  with  6  gallons  from  A  to  give  a  mixture  of 
wine  and  water  in  the  ratio  of  11 : 4  ? 

Let  7 x=  number  of  gallons  of  wine  in  A. 

Then  3^  =  number  of  gallons  of  water  in  A. 

Jjet  3y=  number  of  gallons  of  wine  in  B. 

Then  y  =  number  of  gallons  of  water  in  B. 

Let  z  =  number  of  gallons  to  be  taken  from  B. 

A  contains  in  all  10  x  gallons,  ^  of  which  is  wine  and  ^  water. 

Hence  5  gallons  of  the  mixture  in  A  will  contain  fj  gallons  of  wine 

and  f^  gallons  of  water. 

B  contains  in  all  4  y  gallons,  }  of  which  is  wine  and  ^  water. 

Sz 
Hence  z  gallons  of  the  mixture  from  B  will  contain  —  gallons  of 

4 

wine  and  -  gallons  of  water.   ■ 
4 

.,36^3.^16      .^1^^4 

10      4    10     4 

4(3}+}^)  =  ll(l}  +  i^) 
U  +  Sz  =  ^  +  i^z 

z=10 
.'.  10  gallons  must  be  taken  from  B. 


10.  The  time  which  an  express  train  takes  to  travel  180  miles  is  to 
that  taken  by  an  ordinary  train  as  9  :  14.  The  ordinary  train  loses  as 
much  time  from  stopping  as  it  would  take  to  travel  30  miles ;  the  ex- 
press train  loses  only  half  as  much  time  as  the  other  by  stopping,  and 
travels  15  miles  an  hour  faster.     What  are  their  respective  rates  ? 

Let  X  =  number  of  miles  the  ordinary  train  travels  per  hour. 

Then    ar  +  16  =  number  of  miles  tlie  express  train  travels  per  hour. 

— —  =  number  of  hours  required  by  ordinary  train  to  travel 

^  180  miles. 

30 

—  =  number  of  hours  lost  by  express  train  in  stopping. 

2x 

180         30 
1 =  number  of  hours  required  by  express  train  to  travel 

a; +  16      2x         igQ  miles. 
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180 


+  -?2:M±^=9:14 
x+ 16     2j;  X 


u( 


'i) 


180 
Vx+16 

2520      210^ 

jr+ 16       X 

2620 


X 

1890 


ar+  15 
3 


X 

1680 
2 


ar+  15 

3ar  =  2a:  +  30 
x  =  30 
a:  +  16  =  45 

.*.  The  ordinary  train  travels  30  miles  an  hour,  the  express  train 
travels  45  miles  an  hour. 


11.  A  and  B  trade  with  different  sums.  A  gains  |200  and  B  loses 
1 50,  and  now  A's  stock  is  to  B's  as  2  :  j^.  But  if  A  had  gained  f  100 
and  B  lost  $85,  their  stocks  would  have  been  as  15:3^.  Find  the 
original  stock  of  each. 


Let 

and 


From  (1), 


X  =  number  of  dollars  in  A's  stock  at  first, 
y  =  number  of  dollars  in  B's  stock  at  first. 

a:  +  200  :  y  —  50  =  2  :  i 

ar+ 100:  y -85=  15  :3J 

^±222  =  2y-100 


(1) 
(2) 


From  (2), 


r  — 4y  =  — 400 

4 

13x-60y  =  -6400 
13a: -62y  =  - 6200 

8y=      1200 

y  =  150 
a:  =  200 
.*.  A's  original  stock  was  $200,  B's  was  $160. 

12.  A  line  is  divided  into  two  parts  in  the  ratio  2  : 3,  and  into  two 
parts  in  the  ratio  3:4;  the  distance  between  the  points  of  section  is  2. 
Find  the  length  of  the  line. 


242  COLLEGE   ALGEBRA. 


Let  36  X  =  length  of  the  line. 

Then  14  j:  =  length  of  one  part  after  first  diyision. 

21  a:  =  length  of  second  part  after  first  division. 

16  x=  length  of  one  part  after  second  diyision. 

20  x=  length  of  second  part  after  second  diyision. 
.-.  16r  — 14jr  =  21j:-20x  =  2 

.-.  X=:2 

36ar  =  70 
The  line  is  70  units  long. 

IS.  A  railway  consists  of  two  sections ;  the  annual  expenditure  on 
one  is  increased  this  year  6%,  and  on  the  other  4%,  producing  on  the 
whole  an  increase  of  4j^^%.  Compare  the  amounts  expended  on  the 
two  sections  last  year,  and  also  the  amounts  expended  this  year. 

Let  X  =  amount  expended  on  the  first  section  last  year. 

y  =  amount  expended  on  second  section  last  year. 
Then         x-\-  y  =  amount  expended  on  both  sections  last  year. 

^^x  =  amount  expended  on  first  section  this  year. 

ToJy  =  amount  expended  on  second  section  this  year. 

^-^t 1  —  amount  expended  on  both'  sections  this  year. 

100  "^ 

But THAH       ~  amount  expended  on  both  sections  this  year. 

.    1043(jr  -i-  .y)  _  106  j-  -f  104  y 
1000  100 

7x  =  Sij 
x=?y 
106jr  =  45y 
1063:^  45 
104 y      104 
a::y  =  3  :7 
W^ -1**^  =  45: 104 
.-.  The  amounts  expended  last  year  are  to  each  other  as  3:7;  this 
year  the  ratio  is  45 :  104. 

Exercise  35. 

1.   If  y  «  X,  and  y  =  4  when  x  =  6,  find  y  when  x  =  12. 

Here  y  =  mx 

When  y  =  4,  ar  =  5 
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.*.  4  =  5  m 

When  r=12,  y  =  ^=9| 

2.  It  y  cc  x,  and  when  x=  i,  y  =  \,  find  y  when  x=  \, 

Here  y  =  war. 

When  X  =  J,  y  =  J 

When  x=J,y=J 

8.  If  2  yary  jointlj  as  x  and  y,  and  3,  4,  5,  be  simoltaneouB  values 
of  x,  y,  z,  find  z  when  x  =  y  =  10. 

Here  z  =  mxy. 

When  a:  =  3,  y  =  4,  2  =  6 

.-.  6=  12  m 

When  a:  =  y  =  10 

4.  If  y  X  -,  and  when  y  =  10,  x  =  2,  find  the  value  of  x  when  y  =  4. 

X 


Here 

m 

When 

y=10.X=2 

.-.  10  =  ^ 
2 

fn  =  20 

X 

When  y  =  * 

i. 

4_20 

X 

x  =  6 

6.  If  2  oc  -, 

and  when  « 

=  6,  x=4,  and  y  = 

y 

X  =  5  and  y  = 

:7. 

Here 

mx 

z  =  — • 

y 
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When  3;  =  6,  a?  =  4,  y  =  3 


6: 

4m 
3 

m: 

=  1 

Z- 

9ar 

- 

X: 

=  6,y: 

=  7 

Z: 

=  «  = 

3A 

When 


6.  If  the  square  of  x  vary  as  the  cube  of  y,  and  x  =  Z  when  y  =  4, 
find  the  equation  between  x  and  y. 

Here  a^  =  my* 

When  ar  =  3,  y  =  4 

/.  9  =  64m 


m  = 


_     9 


^f 


64x2  =  9^8 

7.  If  the  square  of  x  yary  inverselj  as  the  cube  of  y,  and  ar  =  2  when 
y  =  3,  find  the  equation  between  x  and  y. 

Here  a:*  =  ^ 

When  a:  =  2,  y  =  3 

/.4  =  ^ 

27 

m  =  108 

a:2y8  =  108 

8.  If  X  vary  as  x  directly  and  y  inversely,  and  if  when  «  =  2,  a:  =  3, 
and  y  =  4y  find  the  value  of  z  when  x  =  15  and  y  =  8. 


Here 

mx 

z  =  — 

y 

When 

«  =  2,  a:  =  3,  y  =  4 

...2  =  3- 
4 

m  =  } 

3y 

When 

x=16,  y  =  8 

z  =  jjyi  =  6 
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9.  If  y  oc  a;  +  c  where  c  is  constant,  and  if  y  =  2  when  x^l,  and  if 
5f  =  6  when  x  =  2,  find  y  when  x  =  3. 

Here  y  =  wi  (x  +  c)  (1) 

When  x=l,y  =  2 

.-.  2  =  m  +  wic  (2) 

ar  =  2,  y  =  6 
.-.  5  =  27n+i»c  (3) 

m  =  3,  i»c  =  —  1 
/.  y  =  3x  —  1 
x=3,  y  =  8 

10.  The  velocity  acquired  by  a  stone  falling  from  rest  varies  as  the 
time  of  falling ;  and  the  distance  fallen  varies  as  the  square  of  the  time. 
If  it  be  found  that  in  3  seconds  a  stone  has  fallen  146  feet,  and  acquired 
a  velocity  of  96|  feet  per  second,  find  the  velocity  and  distance  fallen 
at  the  end  of  5  seconds. 

Let  V  =  velocity  in  feet  per  second, 

t  =  number  of  seconds, 
X  =  distance  in  feet. 


When 


From  (2)  and  (3), 


When 


Then  vcct,  and  x  oc  t^. 

Put 

When 


v=  mt 
.-.  96j=3m 

When  «  =  6,  v=  169 J 

Pat  X  =  nf2 

When  X  =  146,  t  =  3 

146  =  9n 

x=^^t^ 
When  t  =  6,x  =  402} 

11.  If  a  heavier  weight  draw  up  a  lighter  one  by  means  of  a  string 
passing  over  a  fixed  wheel,  the  space  described  in  a  given  time  will 
vary  directly  as  the  difference  between  the  weights,  and  inversely  as 
their  sum.  If  9  ounces  draw  7  ounces  through  8  feet  in  2  seconds,  how 
high  will  12  ounces  draw  9  ounces  in  the  same  time  ? 

Let  X  =  heavy  weight, 

y  =  light  weighty 
z  r^  space. 
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zrx. 


x_:rl 


z  = 


_  (x^y)m 


x-\-y 
m  = 


z(x  +  .y) 


Substitute  values,  m  =  ^  ^      ^ 

9  —  7 

/.  m  =  64 

12-9 

64  =  ?li 
3 

7^=64 

/.  z  =  9f 

18.  The  space  will  yary  also  as  the  square  of  the  time.  Find  the 
space  in  Example  11,  if  the  time  in  the  latter  case  be  3  seconds. 

We  have  from  last  example,  9|  feet  for  2  seconds. 
Since  space  varies  as  square  of  time,  we  have 

9f:x::2a:32 
.-.  4x  =  9xV 

a:  =  9x-V  =  if^  =  20^feet. 

IS.  Equal  volumes  of  iron  and  copper  are  found  to  weigh  77  and  89 
ounces  respectively.  Find  the  weight  of  10}  feet  of  round  copper  rod 
when  9  inches  of  iron  rod  of  the  same  diameter  weigh  31^%  ounces. 

Let  X  =  required  weight. 

9  inches  =  f  of  a  foot. 

If  f  of  a  foot  weigh  31.9  ounces,  }  of  a  foot  would  weigh  10.03} 

ounces,  and  10}  feet  would  weigh  440.60  ounces. 

And,  as  equal  volumes  of  iron  and  copper  weigh  77  and  89  ounces 

respectively, 

77  :  89 : :  446f  :  x 

.*.  X  =  616J  ounces. 

14.  The  square  of  the  time  of  a  planet's  revolution  varies  as  the 
cube  of  its  distance  from  the  sun.  The  distances  of  the  Earth  and 
Mercury  from  the  sun  being  91  and  35  millions  of  miles,  find  in  days 
the  time  of  Mercury's  revolution. 
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Let  X  =  time  of  Mercury's  revolution. 

91«:368::12:ar2 
138:58::l:«a 

Whence,  x^  =  .066896 

/.  X  =  .238,  time  in  years, 
=  87.1,  time  in  days. 

15.  A  spherical  iron  shell  1  foot  in  diameter  weighs  ^^  of  what  it 
would  weigh  if  solid.  Find  the  thickness  of  the  metal,  it  being  known 
that  the  Yolume  of  a  sphere  varies  as  the  cube  of  its  diameter. 

Let  D  =  diameter  of  shell, 

d  =  diameter  of  sphere  required  to  fill  the  shell, 
and  1  represent  the  weight  of  iron  sphere  having  diameter  =  D. 

Then  1  —  ^^  will  represent  the  weight  of  iron  sphere  having  diam- 
eter =  d. 
Now  the  weights  vary  as  the  cubes  of  their  diameters, 

,'.  I>^:d^::l:l-^^ 

Thatis,  2)S:rf8::l:}f4 

or,  by  extracting  the  cube  root  of  each  term, 

Z>:rf::l:f 
or  d=^D 

Since  the  thickness  of  the  shell     =  ^  (i>  —  rf) 
the  thickness  of  the  shell  =J(l  —  J)  =  ^j 

Hence,  the  thickness  of  the  shell  is  ^^  of  a  foot,  =  1  inch. 

16.  The  volume  of  a  sphere  varies  as  the  cube  of  its  diameter.  Com- 
pare the  volume  of  a  sphere  6  inches  in  diameter  with  the  sum  of  the 
volumes  of  three  spheres  whose  diameters  are  3, 4, 6  inches  respectively. 

Let  X  =  volume  of  first  sphere  in  cubic  inches, 

and  ^  y  =  suiQ  of  volumes  of  other  three  in  cubic  inches. 

Then  a::  y  =  O*:  3*  + 48  + 6^ 

ar:y  =  216:216. 
The  volumes  in  question  are  equal. 

17.  Two  circular  gold  plates,  each  an  inch  thick,  the  diameters  of 
which  are  6  inches  and  8  inches  respectively,  are  melted  and  formed 
into  a  single  circular  plate  1  inch  thick.  Find  its  diameter,  having 
given  that  the  area  of  a  circle  varies  as  the  square  of  its  diameter. 
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Let 

X  =  required  diameter  of  plate, 

y  =  volume  of  first  plate. 

z.=  volume  of  second  plate. 

Then 

y  -\-  z=  volume  of  required  plate. 

Now 

y  +  z:  j;2  =  y:36  =  «:64 

In  the  last  two  ratios 

y  +  2  :  100  =  y  :  36 

But 

y  +  z:  x^  =  y:SQ 

.-.  x2  =  100 

X  =  10  in. 

Table  on  Page  179. 

1. 

The  series  is  a,  a  +  c?,  a  +  2  cf, 

.-.  nth  term  is  a-\-  (n--  l)d 

Let  /  denote  last  or  nlh  term. 

Then  /  =  a+(n-l)rf 


2. 

/  =  a  +  (n-l)rf 

nd  =  l'~a-{-  d 

/  — a  +  rf 
n  = ■ — 


n  = 


28 

_2s__r— aj-jrf 
a  +  /  d 

Simplify,  2  sd  =  l^  -  a^ -\-  ad  +  Id 

P  +  dl  =  2sd  +  a^'^ad 

Complete  the  square. 

Extract  the  root, 


2/ +  <^  =  ±  VSsrf  +  4a2  -  4a(i  +  <^ 


/  =  -Jc/i:  \2(is  +  a2-a(i+- 
4 
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8.  .  =  =  (a  +  0  *•  l  =  a  +  (.n-l)d       (1) 

o       ^  ^   I  »  =  |(<'  +  0  (2) 

2  s  =  na  +  fu  2 

Transpose,  2  s  =  na  +  n/ 

2s  — na  =  «/  .    -_2»      » 

y  _  2  g  —  ng  n 

n  Substitute  value  of  a  in  (1), 

n  n  2 

6. 

/  =  a  +  (n-l)rf  (1) 

s  =  ^(a  +  0  (2) 

Substitute  in  (2)  a  +  (n  -  l)rf  for  /, 

s  =  |[2a  +  (n-l)(f] 

6. 

Z  =  a  +  (n-l)rf  (1) 

.  =  |(a  +  0  (2) 

From  (1),  Z=a  +  nrf  — rf 

From  (2) ,  2  s  =  «a  +  n/ 

,                                                        2s 
and  n  = 

a-\-l 

/•~o  +  rf_    2s 
•  •  •        ~~"         , 

rf  a  +  / 

p  — a2  +  afl?+cf/  =  2srf 

•'•  *  = T3 — ^ — 

2(i 

OP  s  = — ' — 

2<f  2 

7. 

s=      a     +(a  +  rf)+(a  +  2<f)+ +  (Z-rf)  +  / 

OP  s=       Z       +(/  — rf)  +  (/  — 2c/)+ 4-(a  +  c?)  +  a 

/.  2s  =  (a  +  0+(a+  0  +  («+  0     + +  (a  +  0  +  («  +  0 

2s  =  «(a  +  /) 


•   • 


2 
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8. 

/  =  a  +  (n-l)rf 

«=}n(a  +  0 

From  (1), 

a=Z-(n-l)rf 

From  (2), 

2«-/n 
a:= 

n 

Then 

n 

2s=2/n-(n-l)rfn 

.-.  s  =  }n[2/-(n-l)rf] 

9. 

/=a  +  (n-l)rf 

Transposing, 

o  =/-(n-l)rf 

10. 

/=a  +  (n-l)rf 

5=in(a+0 

From  (2), 

2s  =  na  +  ft/ 

;  _  2  s  —  na 
•  •  t  — 

n 

• 

•  /        i\j     2s  —  na 

n 
na  +  rfn^  —  c?n  =  2  s  —  na 

2na  =  2s  — rfn2+rfn 


n 


11. 

/  =  a  +  (n-l)rf 

l  —  a  +  d 


n  = 


d 
s=  J«(a  +  /) 

2s 


n  = 


.    /  — a4-</_    2g 


0) 
(2) 
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...  /2-a2  +  arf  +  /rf  =  2rf«. 


.-.  a  =  }rf±  V(/+}rf)2-2rf» 

13.  16. 

s  =  }n(a  +  0  /  =  a  +  (n-l)rf 

Multiply  by  ?,  ...  „  =  (^  +  1 

n  d 


/.  0  =  -^-/ 


2»     ;  a  +  / 


n  .   '-«+!=   2» 


d  a  +  l 

18.  .•.P-a«  +  <M/  +  W  =  2rf» 

a  =  /  — (n  —  l)rf  .-.  2(/«  — at/  — (/;  =  /S  — a> 

d(n-l)  =  /-a  .-.  rf(2»-/-a)  =  P-a« 


n  — 1  2s->/  — a 

W.  16. 

/  =  a+(n-l)rf  /  =  a  +  (n-l)rf 

2»  =  an  +  nZ  »  =  }n(a  +  /) 


n 


ft 

.-.  a  +  nrf-rf=    ^""^"  ... /-(„«1W=  2s-Wii 

"  n 

an  +  n2rf-«rf  =  2s-an  /n-rfn3  +  rfn  =  2»-/n 

•i2rf-nrf  =  2s-2an  -rfn2  +  rfn  =  2s-2/n 

rf(na  -  n)  =  2(5  -  an)  d(n  -  l)n  =  2(Zn  -  «) 

^^2(5~«n)  j_2C/n^.) 

17. 

/  =  a  +  (n  — l)flf 
/  =  a  +  (in  —  </ 
rfn  =  /  —  a  +  rf 

...„  =  Li£+i 
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18.  (1) 

/=a+(n-l)rf  (2) 

»=in(a  +  /) 

From  (2),  /  =  ^  -  a. 

n 

ft 
an  +  cPn  —  rfn  =  2  »  —  an 
rfna  +  n(2a  — rf)=2s. 
Complete  the  square, 

4d2na+(  )  +  (2a-rf)2=(2a-<0^  +  8rf5. 
Extract  the  root, 

2rfn  +  (2a-rf)  =  ±  V(2a-rf)^  +  8</5 

2rfn  =  rf-2a±  \/(2 o  —  (i)2  +  8 rfs 

.   „^rf~2gj:V(2o-rf)2+8rf< 

2rf 


19. 

8=in(a  +  l) 
2  s  =  an  4-  /n 
2« 


n  = 


20. 

/=a  +  (n-l)rf  (1) 

»=}n(a  +  Z)  (2) 


From(l),  a  =  /-(n-l)d 

From  (2),  a  =  ^l^zll 

n 

...  /«(„.l)rf=2s-^ 

n 

.'.  /n  — rfn2+(in  =  2s  — /n 

rfn2-(2/+cf)n=:-2s 

4d2n2«(  )  +  (2/  +  </)2=(2/+rf)2-8rf» 


2</n-(2/+<0=  v(2/+rf)a-8rf« 


.    ^_2Z+rf±VC2/4-rf)2-8rfs 

2</ 
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Exercise  36. 

1.  Find  the  10th  term  of  3,  8, 13 

/  =  a  +  (n  -  l)rf  =  3  +  9  X  5  =  48. 

2.  Find  the  8th  term  of  12,  0,  6 

/  =  a  +  (n-l)rf  =  22  +  7(-3)  =  -9. 

8.  Find  the  12th  term  of  -  4,  -  9,  -  14 

/=a  +  (n-l)rf  =  -4+ll(-6)=-69. 

4.  Find  the  11th  term  of  2^,  If,  l\ 

/=a+(n-l)rf=21  +  10(-§)  =  -4i. 

6.  Find  the  14th  term  of  1},  },  —  f 

/  =  a+(n-l)rf=li  +  13(-|f)  =  -.V  =  -12t. 

d.  Find  the  sum  of  8  terms  of  4,  7,  10 

Z=a+(n-l)rf=  4+ 7x3  =  26. 
s  =  -  (a  +  0  =  4  (4  +  25)  =  116. 

7.  Find  the  sum  of  10  terms  of  8,  6,  2 

/  =  a  +  (n-l)rf  =  8  +  9(-3)  =  -19. 
s  =  ?  (a  +  0  =  5  (8  - 19)  =  -  65. 

8.  Find  the  sum  of  12  terms  of  —  3,  1,  6 

/  =  a+(n-l)rf  =  - 3+ 11x4  =  41. 
«=^  (a +  0  =  6  (-3  +  41)=  228. 

9.  Find  the  sum  of  n  terms  of  2, 1|,  | 

/  =  a  +  (n-l)rf  =  2  +  (n-l)(-0  =  2-in  +  |  =  lI^. 

o 

.        —  fi  n2 


2^        ■'      2\  6       J  12 
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10.  Find  the  sum  of  n  terms  of  2|,  If,  1^^ 

/  =  a+(n-l)rf=2i  +  (»-l)(-A)  =  |-||  +  A  =  32-5». 

2^         ^     2U  12      J  24 

11.  Givena  =  3, /=66,  n  =  13.    Find  rf and*. 

Z=a  +  (n-l)rf.        66  =  3+ 12rf.        rf  =  Y- 
,  =  ?(a  +  0  =  ¥(«+56)  =  3r7. 

13.  Given  a  =  3},  /  =  64,  n  =  82.    Find  d  and  s. 
Z  =  a  +  (ii-l)rf.        64  =  3i+81rf.        81rf  =  iJ^.        rf=f. 
,  =  n  (a  +  0  =  41(3i  +  64)  =  il^  =il52?  =  2767J. 

18.  Giyen  a  =  1,  n  =  20,  3  =  306.    Find  c?  and /. 

Z  =  a  +  (n-l)rf  .-.  Z  =  Jyi. 


,  =  2(0  +  0 

In(l), 

J^=l  +  19rf 
67  =  38d 

l=l  +  19d 

(1) 

d  =  i=U. 

806=10(1  +  0 

(2) 

14.   Given  /  =  106,  n  =  16,  s  =  840.     Find  a  and  d. 

/  =  a  +  (n  —  l)rf  From  (2), 

s  =  ?(a  +  0  a  +  106=106 

2^         "^  a  =  0 

106  =  a  +  16  rf  (1)       In  (1),          16  rf  =  106 

840  =  8(a  +  106)  (2)                                d=7 

16.  Given  rf  =  7,  n  =  12,  «  =  694.    Find  a  and  /. 

Z=a  +  (n-l)rf  /  +  a  =  99 

,  =  !?Ca  +  0  ^^^«>          2/=  176 

2^         "^  /  =  88 

Z  =  a  +  77  Subtracting,  2a  =  22 

694  =  6(a  +  0  a  =  11 

/-a=77 
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16.  Giyen  a  =  9,d  =  i,8  =  624.    Find  n  and  L 

/  =  a  +  (n-l)rf  4ii2+14n  +  V  =  ^l"' 

2^        ^  n  =  16,  or-V 

/  =  9  +  4(n-l)  Ifn=16,       /  =  5  +  4n  =  69. 

/=6  +  4n         (1)  Ifn=-V.  /  =  6  +  4ii  =  -^3. 

©24  =  -(9  + A  This  last  answer   may  be  re- 

^  jected.    It  may  be  retained,  how- 

9  n  +  n/  =  1248            (2)  ever,  if  we  interpret  the  Vth  term 

Substitute  in  (2)  the  value  of  to  be  a  +  ^t/,  and  interpret  the 

I  obtained  from  (1),  _  gign  to  mean  that  the  terms  are 

9n  +  n(5  +  4n)=  1248  to  be  counted  before  a. 
4n2+14n=1248 

17.  Given  rf  =  6,  Z  =  77,  «  =  623.    Find  a  and  n. 

/=a+(n-l)rf 

77  =  a  +  6  (n  -  1) 
a  +  5n  =  82  (1) 

623  =  -  (a  +  77) 

aii+77n=1246  (2) 

From  (1),  o  =  82-5n 

Substitute  in  (2),  82  n  -  5  n^  +  77  n  =  1246 

5n2- 169  =  -1246 
100n2  -  (  )  +  (159)2  =  25281  -  24920  =  361 
10n-159=±19 

n  =  14,  or  ^ 
a  =  82-6n 
If  n  =  14,  a  =  12 

If  n  =  Aj^  a  =  -  7 

This  last  answer  may  be  rejected  or  retained. 

18.  When  a  train  arrives  at  the  top  of  a  long  slope,  the  last  car  is 
detached  and  begins  to  descend,  passing  over  3  feet  in  the  first  second, 
three  times  3  feet  in  the  second  second,  five  times  3  feet  in  the  third 
second,  etc.  At  the  end  of  12  minutes  it  reaches  the  bottom  of  the 
slope.    What  was  its  velocity  in  the  last  second  ? 

l  =  a+  (n  — l)rf 
Here  a  =  3,  rf  =  6,  n  =  120 

/  =  3  +  119  X  6  =  717  feet  per  second. 
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19.  Insert  eleyen  arithmetical  means  between  1  and  12. 

Counting  1  and  12  the  number  of  terms  is  13. 

Z  =  a  +  (n  —  1)  rf 
12=1  +  12</ 

The  means  are  HJ,  2|,  3},  4},  6 A,  Qh  7A,  8^,  9},  10|,  11  A. 

20.  The  first  term  of  an  arithmetical  series  is  3,  and  the  sum  of  six 
terms  is  28.    What  term  will  be  9  ? 

n  .     ,  r^  If  9  is  nth  term, 

«  =  -(«  +  0  ^      - 

2^         "^  9  =  3  +  *(n-l) 

28  =  3  (3  +  0  27  =  9  +  2  (n  -  1) 

1  =  Y,  6th  term.  n  —  1  =  19 
/  =  a  +  (n  -  l)rf  n  =  10 

Y-  =  3  +  6  cf  The  10th  term  is  9. 

d=i 

21.  How  many  terms  of  the  series  —  6  —  2+1  + must  be  taken 

in  order  that  their  sum  may  be  63  ? 

Here      a  =  —  5,  d=S,  s  =  63.  Substitute  in  (4)  the  value  of  / 

/  =  a+(n  —  l)d  obtained  from  (3), 

_n.        ,v  3n3  — 8n  — 5n  =  126 

'"2^"*       ^  3n2-13n  =  126 

/=-6  +  3(n-l)  (1)  „2«i3»^.lC?^4j^l69^1681 

e3  =  ?(-6  +  0  (2)        "         ^         ^^       .,     f^       ^ 

2  ^^13  ±41 

Z=3n-8  (3)  "         36 

/n-5n  =  126  (4)  „  =  9,or-Y 

Nine  terms  must  be  taken. 

22.  The  arithmetical  mean  between  two  numbers  is  10,  and  the  mean 
between  the  double  of  the  first  and  the  triple  of  the  second  is  27.  Find 
the  numbers. 

Let  X  =  first  number,  and  y  =.  second  number. 

^L±l  =  iO  2ar+3y  =  54 

2  2ar  +  2y=40 

2£_+3j^^27  y  =  ^^ 

2  .-.  x=   6 

a:  +  y  =  20  The  numbers  are  6  and  14. 
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23.  The  first  term  of  an  arithmetical  progression  is  8,  the  third  term 
is  11.    Find  the  sum  of  seven  terms. 

Third  terra  IS  a +  2rf. 
3  +  2d=ll 
rf  =  4 
/  =  a  +  (n-l)d  =  3  +  6x4  =  27 

5  =  -(a  +  0=K3  +  27)=tl06. 

84.  Arithmetical  means  are  inserted  hetween  8  and  32,  so  that  the 
sum  of  the  first  two  is  to  the  sum  of  the  last  two  as  7  is  to  25.  How 
many  means  are  inserted  ? 

The  first  two  means  are  S  +  d  and  8  +  2  </. 
The  last  two  means  are  32  —  d  and  82  —  2  e^ 

I  .-.  8  +  rf+8+2rf-32-rf  +  82-2rf=7:26 

16  +  3<f^  7 
64  +  3rf     25 
400  +  76rf  =  448-21rf 
96(/  =  48 
d=i 
/=a  +  (n-l)rf 

31i=8i+J(«-l) 
n-l  =  46 

n  =  47 

47  means  are  inserted. 

25.  In  an  arithmetical  series  the  common  difference  is  2,  and  the 
square  roots  of  the  first,  third,  and  sixth  terms  form  a  new  arithmetical 
series.    Find  the  series. 

Let  a  =  first  term. 

Then  a  +  4  =  third  term. 

a  +  10  =  sixth  term. 
/.   Va  +  10  —  Va  +  4  =  Va  +  4  —  Vo 
Va  +  Va  +  10  =  2  Va  4-  4 
2a  +  10  +  2Va'^+  10a  =  4a  +  16 
Va2+10a  =  a  +  3 
a2+10a  =  a24.6a  +  9 
4a  =  9 
a  =  f=2i 
.-.  The  series  is  2  J,  4  J,  6  J, 


I 

L 
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M.  Find  three  numbers  in  arithmetical  progression  of  which  the  sum 
is  21,  and  the  sum  of  the  first  and  second  }  of  the  sum  of  the  second 
and  third. 

Let  a^d=  the  first  number. 

a  =  the  second  number. 
Then  a  +  </  =  the  third  number. 

...  a  — rf+o  +  a  +  rf  =  21  (1) 

a  —  rf  +  a  =  f(a  +  a  +  rf)  (2) 

From(l),  3o  =  21 

a  =  7 
From  (2),  Sa^^d  =  6a-\'Sd 

2a  =  7d 
.-.  d=2 
a-rf=6 
a+rf=7 
.*.  The  numbers  are  6,  7,  and  0. 

S7.  The  sum  of  three  numbers  in  arithmetical  progression  is  33,  and 
the  sum  of  their  squares  is  461.    Find  the  numbers. 

Let    a  -^  d,  a,  a  •{■  d  he  the  three  numbers. 

Then  a  — rf+a  +  a  +  d  =  33  (1) 

(a  -  c/)a  +  a2  +  (a  +  d)^  =  461  (2) 

From  (1),  3a  =33 

a  =  11  (3) 

From  (2),  3a2  +  2 rf^  =  461 

Substitute  yalue  of  a  from  (3),      363  +  2  (f^  =  461 

rfa=49 
rf=±7 
a-rf  =  4or  18 
a  +  rf=l8or4 
.*.  The  three  numbers  are  4, 11,  and  18. 

28.  The  sum  of  four  numbers  in  arithmetical  progression  is  12,  and 
the  sum  of  their  squares  116.    What  are  these  numbers. 

Let    a^Sdf  a^d,  a  +  c/,  and  a  +  3 cf  be  the  numbers. 
Then  a-3</  + a-rf+a  + rf  +  a+ 3rf=  12  (1) 

(a-3rf)2  +  (a-rf)2  +  (a  +  d)^+(a  +  3c/)2=116  (2) 

From  (1),  4a  =12 

a  =  3  (3) 
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From  (2),  4a2  +  20d«=116 

Substitute  yalue  of  a  from  (3),       3d  +  20 cT^  =  ne 

da=4 

From  (3),  a  =  3 

a  — 3(f  =  — 3or9 
a  —  rf  =  1  or  6 
a  +  (/  =  5  or  1 
a  +  3</=0or  — 3 
.'.  The  numbers  are  —  3, 1,  6,  and  9. 

29.  How  many  terms  of  the  series  1,  4, 7 must  be  taken,  in  order 

that  the  sum  of  the  first  half  may  bear  to  the  sum  of  the  second  half 
the  ratio  7:22? 

Let  2n  =  number  of  terms, 

8  =  sum  of  the  whole  series, 

a'  =  sum  of  the  first  half. 
For  first  half, 

/  =  a+(n-l)d=l  +  3(n-l)=3n-2 
,'  =  ?(l  +  3n-2)=|(3n-l) 

For  the  whole  series, 

/  =  l  +  3(2n-l)=6n-2 

«=n(6n->l) 
Now  «' :  s : :  7 :  29 

5(3n-l) 
.2^  ^7 


n(6n-l)      29 

87n-29  =  84n-14 

3n=rl6 

n=   5 

2n=10 

10  terms  must  be  taken. 

80.  The  sum  of  the  squares  of  the  extremes  of  four  numbers  in 
arithmetical  progression  is  200,  and  the  sum  of  the  squares  of  the 
means  is  136.    What  are  the  numbers  ? 

Let  a  —  3(^,  a  —  (i,  a+^^yO  +  Stibe  the  four  numbers. 
Then  (a-3rf)2+ (a  + 3rf)2  =  200  (1) 

(a  -  ef)2  +  (a  +  dy  =  136  (2) 
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rrom(l),  2a2+18d«=200 

From  (2),  2a2+   2da=136 

.-.  16rfa  =  64 

d=±2 
,'.  a=±S 
o  — 3c/ =±2,  or  ±14 
a  —  rf  =  ±  6,  or  ±  10 
a  +  rf=±10,  ordb6. 
a-\-Sd=±U,0T±2 
.-.  The  numbers  are  2,  6, 10, 14,  or  —  2,  —6,  — 10,  —  14. 

81.  A  man  wishes  to  haye  his  horse  shod.  The  blacksmith  asks  him 
1 2  a  shoe,  or  1  cent  for  the  first  nail,  3  for  the  second,  6  for  the  third, 
etc.  Each  shoe  has  8  nails.  Ought  the  man  to  accept  the  aecond 
proposition  ? 

Here  a  =  1,  d  =  2,  n  =  82 

/=1+31X2  =  63 
»=  16(1 +  63)  =  1024 
The  shoeing  would  therefore  cost  ^  10.24  if  the  second  proposition 
were  accepted.    At  ^2.00  a  shoe  it  would  only  cost  ^8.00. 

82.  A  number  consists  of  three  digits  wliich  are  in  arithmetieal  pro- 
gression; and  this  number  divided  by  the  sum  of  its  digits  is  equal 
to  26 ;  if  198  be  added  to  the  number,  the  digits  in  the  units'  and  hun- 
dreds' places  will  be  interchanged.    Required  the  number. 

Let  a  —  6,  a,  a  +  6  be  the  three  digits. 
Then 

100  (a  —  6)  +  10a  +  a  +  6  =  the  number, 

100(a  +  6)  +  10o  +  a  — 6  =  the  number  if    the   first  and  thhrd 

digits  are  interchanged. 
.    100(a->6)  +  10a  +  a  +  6  ^  go  (1) 

3a 
100(a  -  6)  +  10a  +  a  +  6  +  198  =  100(a  +  6)  +  10a  +  a  -  6  (2) 

From(l),  111  a- 996  ^^g 

3  a 
llla-996=78a 

33a  =  995 

a  =  36 
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From  (2),  111  a -99  6+ 198=  111  a +  996 

1986=198 

6=1 

a  =  3 

a-6  =  2 

a  +  6  =  4 
.*.  The  number  is  2M. 

88.  There  are  placed  in  a  straight  line  upon  a  lawn  60  eggs  3  feet 
distant  from  each  other.  A  person  is  required  to  pick  them  up  one  by 
one  and  carry  them  to  a  basket  in  the  line  of  the  eggs  and  3  feet  from 
the  first  egg,  while  a  runner,  starting  from  the  basket,  touches  a  goal 
and  returns.  At  what  distance  ought  the  goal  to  be  placed  that  both 
men  may  have  the  same  distance  to  pass  over  ? 

In  picking  up  the  eggs  the  man  goes  successiyely  6, 12, 18, feet. 

Hence  the  distances  form  an  arithmetical  series  for  which  a  =  6, 
<f=6,n  =  50. 

/  =  6  +  49x6  =  300 
s  =  26(16 +  300)  =  7650 
.'.  The  first  man  travels  7650  feet.    The  goal  must  therefore  be 
placed  at  a  distance  of  3825  feet. 

84.  Starting  from  a  box,  there  are  placed  upon  a  straight  line  40 
stones,  at  the  distances  1  foot,  3  feet,  6  feet,  etc.  A  man  placed  at  the 
box  is  required  to  take  them  and  carry  them  back  one  by  one.  What 
is  the  total  distance  that  he  has  to  accomplish  ? 

The  man  goes  successively  2,  6, 10, feet. 

Hence  a  =  2,  c?  =  4,  n  =  40 

/  =  2  + 39x4=  168 

s  =  20(2 +  158)  =  3200 
.-.  He  has  to  travel  3200  feet. 

85.  The  sum  of  fLre  numbers  in  arithmetical  progression  is  46,  and 
the  product  of  the  first  and  fifth  is  |  of  the  product  of  the  second  and 
fourth.    Find  the  numbers. 

Let  the  number  be  a  —  4  6,  a  —  2  6,  a,  a  +  2  6,  a  +  4  6. 
Then, 

a-46  +  a  — 26  +  a  +  a  +  26  +  a  +  46  =  46  (1) 

(a  -  46)(a  +  46)  =  f  (a  -26)(a  +  26)  (2) 
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From  (1), 
From  (2), 


5a  = 

a  = 

8(a2-1662)  = 

8a2  = 

2  — 


a 

Substitute  ralue  of  a  from  (3),        81 

.-.  b 
a-46: 
a  — 26: 

fl-f  26: 

a  +  45 
/.  The  numbers  are  3,  6,  0, 12,  and  15. 


45 

0 

5(a2-462) 

10862 

3662 
3662 

3,  or  15 
6,  or  12 
12,  or  6 
15,  or  3 


(3) 


1.       Ist  term  =r  a 
2d  term  =  ar 
3d  term  =  ar^ 

nth  term  =  ar^~^ 


Tablb  on  Page  186. 
3. 


8  = 


W  — a 


r-1 

W  =  a  +  (r  —  1)« 


8. 


From  (1), 


W  =  ar*» 
/ 


(1) 
(2) 


a 

r 


Also, 


^^aCr»-l) 
r-1 


«r  —  s  =  ar*  —  a 
«r  —  ar^  =  8  —  a 
Substitute  rl  for  a?-*, 

«r  —  r/  =  »  —  a 
r(s  —  /)  =  s  —  a 
—  a 


r  = 


r-/ 


i»-l;T 


••    >a      «-/ 


Z  =  ar»-i 

/ 
.-.  a  =  — - 

^^aCr*-l) 
r-1 
5(r-l)  =  a(r*-l) 

a  =  'i-^ 
r»— 1 

...  J «Cr-l) 

/(r«-l)  =  »r*-i(r-l) 
y  _  gr^'Kr  —  1) 
f«-l 


/(s  —  ?)«-!  —  a(»  -  a)»-i  =  0 
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5. 

8  =  a-{-ar-{-  ar^  +  at*  + +  ar*~^ 

Multiply  by  r,  r«  =         or -\-  ar^ -\-  ar* -^ +  af*"*  +  ar^ 

Subtract,  r«  —  «  =  at^  —  a 

«(r  — l)  =  a(r*  — 1) 

r-1 

6. 

s  =  a -\- ar  +  ar^ -{■  ar* -{■ +  ar*-i 

Multiply  by  r,         rs=        ar  •{•  ar^  +  at* -^ 4-ar*~i  +  ar» 

Subtract,  r»  —  »  =  ar*  —  a 

(r-l)»  =  a(r»-l) 
,  _  ar**  —  a 
r-1 
Since  /  =  ar^"^ 

rl=  ar* 

Substitute  rl  for  af',  s  =  ^1^ 

r  — 1 

7.  /  =  or»»-i  8.  l=zaf^-^ 

o  r  — 1 

''=(a)*^  rrom(l),     a  =  -L 

_  a(r^  -  1)  *; 

'"     r-1  From  (2),     o  =  *V'"V 

r»-«  =  a(r»-l)  ^"^ 

Substitute  value  of  r,  .*.  -^t — r"  =  — r 

J  '    ^  r»  — 1       r^-i 

8(l\i^i^8  =  a(l\^'-a  »(r*  -  r»-i)  = /r»  -  / 

fi);^-l  0.  /  =  ar»-i 

V"/  ar*-i  =  / 
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10. 


8 

(r-l),= 
/.  a  = 


r-1 
(f^  —  l)a 

r»-l 


11. 


»  = 


r/- 


a 


(r-.l>  =  r/- 


1)5 

a 


r 
rl 
rl 


1 
a 


=  r/-(r-l> 


12. 


r-1 
rrom(l),     r  =  (~^^ 


»  = 


(1) 

(2) 


ur 


From  (2),     r  =  i^^ 

•••(i>^-i=f 

.    /  ^  (*  -  o)»"^ 


18. 


r*~i  =  - 


r-1 

r»  —  «  =  ar*  —  a 

rs  —  ar*  =  »  —  a 

ar^  =  rs  —  («  —  a) 

s        «  —  a 

.'.  r^=  -r 

a  a 

8         «  — o 

...  r^^-r-{- =0 

a  a 


15. 


5  = 

r»  — » 
rs  —  r/ 

r(«-0 
/.  r  = 


r-1 
r/  — a 
5  — a 
«  — a 
<  — a 


16. 


Then 


r-l 
/ 


a  = 


r.n-1 


r»— 1 

...  -L  =  ?i!l:^ 

lr*^l  =  5r**  —  «r*~i 
«r«  —  «*»-!  — /r* +  /  =  0 
r«(5  — /)— *r»-i  +  /  =  0 

r» i-r»-i  +  -L-  =  0 


Exercise  37. 


1.  Find  the  eighth  term  of 
3,  a,  12, 

/  =  3X2T 
/=384 


2.  Find  the  twelfth  term  of 
2,-4,8, 

/=2(-2)ii 
/=-4096 
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8.  Find  the  twentieth  term  of 

h-i.h. 

319 

4.  Find  the  eighteenth  term  of 
3,  2,  IJ, 

316 
6.  Find  the  nth  term  of 

/=(-J)n-i 

6.  Find  the  sum  of  eleven  terms 
of  4, 8, 16, 

r-1 

2-1 

<  =  8188 

7.  Find  the  sum    of   nineteen 
terms  of  9,  3, 1, 

^^(ar*-l) 
r-1 

,  =  ?[Xi)i9-r| 

,-  27ca)i^-ii 
2 

«  =  V — ^ 
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8.  Find  the  sum  of  twelve  terms 
of  6, -3,  If, 

^^a(r*-l) 
r-1 

,-5rc-i)"-ii 
,-26[a)i^-n 

-8 

?^-26 

610 


»  = 


-8 


5  =  ?§-       ^" 


8      Sx^^ 
9.  Find  the  sum  of  n  terms  of 

ij,  f  A» 

^^a(r^-l) 
r-1 

^^_75_        3 
32     32  X  6«-a 


10.  Sum  to  infinity 
4-2  +  1-.. 


»  = 


a 


»  = 


1-r 
4 

1  +  J 


8  = 


11.   Sum  to  infinity 
a 


a  = 


1-r 
1- 


8  = 
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IS.  Sam  to  infinitj  18.  Sum  to  infinitj 


a                                                             a 
«  = »= 

1-r  1-r 


M.  Find  the  value  of  the  recurring  decimal  .153153  + 

a 

8  = 

1-r 


.153153  + =  tWj  +  TTrtJihny  +  etc. 

3  —  *tfo^  —  1  sji  —   17 

*""  999  —  999  —  trr 


tWi 


IT 


15.  Find  the  yalue  of  the  recurring  decimal  .123535  + 

a 
1-r 


.123535  + =  .12  +  .003535  +  ... 

.003535  + =  Tx/yW  +  Tuihns  + 


nfiftrs 


*  —     99  *  —  vifc       '^^  —  JJ 

....123535  + =.1188  +  35^1223 

9900  9900 


16.  Find  the  yalue  of  the  recurring  decimal  3.17272  + 

3.17272  + =  3.1  +  .07272  + 

.07272  + =  ^J^  +  ^,^JJ^+ 

a 
»  = 

1-r 
.-.  3.17272  + =  iii  +  ^f,  =  3^ 


..«•• 
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17.  Find  the  value  of  the  recurring  decimal  4.2661661  + 

4.2561661  + =  4.2  +  .0561661  + 

•0661561  + =  ^ii^  +  ^ii^^^  + 

a 


«  = 


1-r 

S  =  lSfe  ._    661 

«  =  3yA  4.2  =  fJ=:iy^ 

4.2561561  + =  TW5V+V=Wsy  =  4A% 

18.  Givena  =  36, /  =  2i,  n  =  5.    Find  r  and  ». 

l  =  ar^-^  f  =  36r« 


«  = 


r-1 


i(i)-36     -liJL 
'•=  +  i        s  =  ^^T_^     =-^^  =  ifa  =  69| 

^-Kf)-36_^-^i|i^ 

-i-1      -    -}    -¥-24t 


r  =  — J         s 


19.  Given/=128,  r  =  2,  n  =  7.    Find  a  and  a. 

/=ar»-i        128  =  ax28        a  =  2 
,^r7-a^256-2^2^ 
r~l        2-1 

20.  Given  r  =  2,  n  =  7,  «  =  635.     Find  a  and  /. 

.  =  °(^-^)  e35^a(2T-l) 

r-1  2-1 

636=  127a  a  =  5 

/=ar»-i  /  =  6x2«  =  320 

21.  Given  /  =  1296,  r  =  Q,8  =  1566.  Find  a  and  «. 

«  =  ^  —  ^  I  =  ar^-^ 

r-1  1296  =  6«-i 

im^Tnin^  n-l  =  4 
6-1  n=6 

a  =  7776  -  7775  =  1 
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22.  insert  three  geometrical  means  between  14  and  224. 
The  total  number  of  terms  is  5. 

/  =  ar^-i  r  =  +  2 

224  =  14r*  The  means  are 

r*  =  16  28,66,112 

r  =  ±2  r  =  — 2 

The  means  are 

-  28,  +  56,  - 112 

23.  Insert  flye  geometrical  means  between  2  and  145. 
The  total  number  of  terms  is  7. 

/  =  ar"*-^  r  =r  +  3 

1468  =  2X1*  The  means  are 

r«  =  720  6,  18,  64,  162,  486 

r=±3  r  =  -3 

The  means  are 

-  6, 18,  -  64, 162,  -  486 

24.  If  the  first  term  is  2  and  the  ratio  3,  what  term  will  be  162  ? 

/  =  ar*^^^  n  —  1  =  4 

162  =  2  X  3«-i  n  =  5 

S»-i  =  81  The  6th  term  wiU  be  162. 

25.  The  fifth  term  of  a  geometrical  series  is  48,  and  the  ratio  2. 
Find  the  first  and  seyenth  terms. 

Fifth  term  is  ar^,  r  =  2  Seventh  term  =  at* 

.'.  a2*  =  48  =3x2^ 

a  =  3  =192 

26.  Four  numbers  are  in  geometrical  progression ;  the  sum  of  the 
first  and  fourth  is  196,  and  the  sum  of  the  second  and  third  is  60.  Find 
the  numbers. 

Let  a,  ar,  ar^,  ar*  be  the  numbers. 

Then                                    a +  ar8=  196  (1) 

ar-^ar^=    60  (2) 

From  (1),                        a(l  +  r8)  =  196  (3) 

From  (2),                         ar(l  +  r)  =    60  (4) 

Divide  l-r+^^195 

r  60 
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60  — 60r  +  60r2=  195r 

60r2-256r  +  60  =  0 

4r2_l7r  +  4  =  0 

(4r-l)(r-4)  =  0 

.*.  r  =  4,  or  J 
Substitute  yalue  of  r  in  (4), 

20a  =   60,  or  T^  a  =60 

.-.  a  =r     3,  or  192 

ar-    12,  or   48 

ar^=   48,  or    12 

ar8=  192,  or      8 
.'.  The  numbers  are  3, 12,  48,  and  192. 

27.  The  sum  of  four  numbers  in  geometrical  progression  is  106 ;  the 
difference  between  the  first  and  last  is  to  the  difference  between  the 
second  and  third  in  the  ratio  of  7  ;  2.    Find  the  numberi. 

Let  a,  ar,  ar^,  ar^  be  the  numbers. 

a-{-ar-{-ar^  +  ar^=  105  (1) 

Then  ar» —  aiar^^ar-T  :2  (2) 

From  (2),  2(ar8  —  a)  =  7(ar2  —  ar) 

2(r2  +  r+l)  =  7r 

2r2-5r  +  2  =  0 

(2r-l)(r-2)  =  0 

.'.  r  =  2,  or  J 
Substitute  value  of  r  in  (1), 

a  (1  +  2  +  4  +  8)  =  105 

or  a(l  +  J  +  t  +  l)=105 

a  =    7,  or  66 

ar  =  14,  or  28 

ar^  =  28,  or  14 

a»-8  =  66,  or    7 

.-.  The  numbers  are  7,  14,  28,  56. 

28.  The  first  term  of  an  arithmetical  progression  is  2,  and  the  first, 
second,  and  fifth  terms  are  in  geometrical  progression.  Find  the  sum 
of  11  terms  of  the  arithmetical  progression. 

Let  d  =  the  common  difference  of  the  arithmetical  progression. 

Then  2,  2  +  </,  and  2  +  4  </  are  in  geometrical  progression. 

.  ,2±J^2±±d 
2  2-^d 

4  +  4rf+cP=4  +  8rf 
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rf  =  4 
Then  a  =  2,  cf  =  4,  n=  11 

/  =  a  +  (ii  — 1)</ 
=  2+10x4  =  42 

=  V(2  +  42)  =  242 
.*.  The  «um  of  11  terms  of  the  arithmetical  progpression  is  242. 

89.  The  sum  of  three  numbers  in  arithmetical  progression  is  6.  If 
1,  2,  5  be  added  to  the  numbers,  the  three  resulting  numbers  are  in 
geometrical  progression.    Find  the  numbers. 

Let  a-^df  a,  a-\-  dhe  the  three  numbers. 

Then  3a  =6  (1) 

a  +  2     _  a  +  rf  +  6  ^2^ 

a-c/+l  a  +  2  ^  ^ 

From  (1),  a  =  2 

Substitute  value  of  a  in  (2), 

4     ^7  +  cf 
3-rf         4 

16  =  21-4rf-<f2 

rf2+4rf-5=0 
(c/_i)(rf+5)  =  0 

.-.  cf  =  1,  or  —  5 
a  —  c?  =  1,  or  7 
a  +  c?  =  3,  or  -  3 
.*.  The  numbers  are  1,  2,  and  3,  or  7,  2,  and  —  3. 

80.  The  sum  of  three  numbers  in  arithmetical  progression  is  15 ;  if 
1,  4, 10  be  added  to  the  numbers,  the  results  are  in  geometrical  pro- 
gression.   Find  the  numbers. 

Let  a^d,  a,a-\-  dhe  the  numbers. 

Then  3a  =16  (1) 

a4-4         a4-c?+10 


a  — fl?+l  a  +  4 

From  (1),  a  =  5 

Substitute  yalue  of  a  in  (2), 

9     ^  24  4-  rf  ' 
G^d  9 


(2) 
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81  =  144-18cf-rf« 

(rf  +  21)(rf-3)  =  0 

.-.  fl?  =  3,  or-21 
a  — rf=2,  or26 
a  +  rf=:8,  or  — 16 
.*.  The  numbers  are  2,  6,  and  8 ;  or  26,  5,  and  — 16. 

81.  There  are  f  onr  numbers  of  which  the  sum  is  84  ;  the  first  three 
are  in  geometrical  progression  and  the  last  three  in  arithmetical  pro- 
gression ;  the  sum  of  the  second  and  third  is  18.    Find  the  numbers. 

Let  a,  ar,  ar^  be  the  first  three  numbers. 
Then  ar^  +  ar^  —  ar  is  the  fourth  number. 

.-.  a  +  ar  +  ar34.2ara  — ar=84  (1) 

ar  +  ar2=  18  (2) 

From  (1),  a  +  3  ar^  =  84  (8) 

Divide  (2)  by  (3).  f^  =  g 

1  +  3r2      14 
14r+14r2  =  3  +  9r2 
5r2+14r-.3  =  0 
(5r-l)(r  +  3)=0 

.-.  r  =  J,  or  —  3 
Substitute  yalue  of  r  in  (2), 

«a  +  ]i»!r)  =  18,  ora(-3  +  9)  =  18 
.*.  a  =  75,  or    3 
ar  =  16,  or  —  9 
ar^=   3,  or  27 
2ar3  — ar=--9,  or  63 
.-.  The  numbers  are  75, 15,  3,  and  —  9,  or  3,  —  9,  27,  and  63. 

82.  There  are  four  numbers  of  which  the  sum  is  13,  the  fourth  being 
8  times  the  second ;  the  first  three  are  in  geometrical  progression  and 
the  last  three  in  arithmetical  progression.    Find  the  numbers. 

Let  a,  ar,  at^  be  the  first  three  numbers. 
Then  2  ar^  —  ar  is  the  fourth  number. 

.-.  a  +  ar+ar2  4.2ar2~ar=13  (1) 

2ar^  —  ar  =  Zar  (2) 

From  (1),  a  +  3ar2  =  13  (3) 
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From  (2),  2ar2^4ar  =  0 

ar2-2ar  =  0  (4) 

/.  ar  =  0 
or  r=2 

Substitute  ar  =  0  in  (3),  a  =  13 

.-.  r  =  0 
This  pair  of  solutions  is  to  be  rejected. 
Substitute  r  =  2  in  (3),     a  +  12  a  =  13 

.*.  a  =  1 

ar  =  2 

ara  =  4 

2ar2  — ar=:6 

.*.  The  numbers  are  1,  2,  4,  and  6. 

88.  The  sum  of  the  squares  of  two  numbers  exceeds  twice  their 
product  bj  576 ;  the  arithmetical  mean  of  the  two  numbers  exceeds 
the  geometrical  by  6.    Find  the  numbers. 

Let  x  +  y  and  x^y  he  the  numbers. 

Then  (x  +  y)2  +  (or  -  y)2  =  2  (x  +  y)  (x  -  y)  +  576  (1) 

''■^y-^'"-y=y/(^x-^yX^-y)  +  (i  (2) 

From  (1),  2a:2  +  2y2  =  2x2-2y2+576 

4y2=676 
y2  =  144 
y  =  ±12 


From  (2),  x  —  6  =  Vx^  — y 


2 


Substitute  y  =  ±  12,  x  —  6  =  \/x=*  —  144 

x«-12x  +  36  =  x2-144 
12x=180 
x=16 
.'.  X  +  y  =r  27,  or    3 
X  —  y  =    3,  or  27 
.'.  The  numbers  are  3  and  27. 

84.  A  number  consists  of  three  digits  in  geometrical  progression. 
The  sum  of  the  digits  is  13 ;  and  if  792  be  added  to  the  number*  the 
digits  in  the  units'  and  hundreds'  places  will  be  interchanged.  Find 
the  number. 

Let  a,  ar,  ar^  be  the  three  digits  in  order. 
Then       100  a  +  10  or  +  ar^  =  the  number. 
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.-.  o  +  ar  +  ara=  13  (1) 

100a  +  lOar  +  ar«  +  702  =  a  +  lOar  +  lOOar*  (2) 

From  (2),        d9a  -  OOar^  +  792  =  0 

a  — ar2+8  =  0 

ara-o  =  8  (3) 

Divide  (1)  by  (3),         i$^=f 

8  +  8r  +  8r2=13ra-13 

6ra-8r-21  =  0 

(5r  +  7)(r-3)=0 

/.  r  =  3,  or  —  { 
Substitute  value  of  r  in  (3), 

9o  — a  =  8,  or  |f  a  — a  =  8 

.-.  a=  1,  or^ 

ar  =  3 

ara  =  9 
.'.  The  number  is  139. 

86.  Find  an  infinite  geometrical  series  in  which  each  term  is  five  times 
the  sum  of  all  the  terms  that  follow  it. 

Let  a  be  anj  term  of  the  series. 
ar  the  following  term. 

Then    "^    is  the  sum  of  all  terms,  beginning  with  ar, 
1  — r 

.-.  a  = 


1  = 


1-r 
br 


1-r 
l-r=5r 
.-.  r  =  J 
.*.  Any  series  for  which  r  =  ^  will  satisfy  the  requirement. 

86.  If  a,  h,  c,  d  are  four  numbers  in  geometrical  progression,  show 
that  (o*  +  68  +  c2)  (62  +  c2  +  cP)  =  (if6  +  6c  +  ccf )«. 

Let  r  be  the  ratio  of  the  series. 
Then  6  =  ar 

c  =  ar2 

c/  =  ar* 
.-.  (a*  +  62  +  ca)(6a  +  c^  +  rf^j  =^  (^a  +  aV»  +  aVXaV  +  aV*  +  aV) 

=  a*r2(l  +  r^  +  r*)(l  +  r2  +  r*) 
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And  (ab+bc-^  cd^  =  (aV  +  ah*  +  aV)^ 

=  aM(l  +  r2  +  r^)a 
/.  (a2+  62+  c2)(62  4.  cs  +  rf^)  =  (a6  +  6c  +  erf)* 

Exercise  38. 
1.  Insert  four  harmonicAl  means  between  2  and  12. 


d  = 

m+  1 

6  " 

1^1  A>  A>  A  =  arithmetical  means, 
.*.  6,  4,  3,  2}  =  harmonical  means. 

2.  Find  two  numbers  whose  difference  is  8,  and  the  harmonical  mean 
between  them  If. 

Let  X  =  one  number. 

Then  x  +  8  =  the  other  number. 

„       2ab 

xz  =  ■> 

a  +  6 
.   0^2^jM6£ 
"6         2x  +  8 
18x  +  72  =  10ia  +  80r 
10j:a  +  62x=72 
100a:«  +  ()  +  (31)«=1681 
10x  +  31  =  ±41 

a:  =  1,  or  —  7  J 
a:  +  8  =  9,  or  f 
Hence,  the  numbers  are  1  and  0. 


8.  Find  the  seyenth  term  of  the  harmonical  series  3,  3f,  4, 

l  =  a-\-(n-l)d 
Here  a  =  J,  n  =  7,  fl?=  A-  2^x  =  -  A 

Hence,  the  seyenth  term  is  12. 

4.  Continue  to  two  terms  each  way  the  harmonical  series  two  con- 
•ecutiye  terms  of  which  are  15, 16. 
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Harmonical  series,  16, 16. 
Arithmetical  series,  ^^3,  ^. 

Subtract  d  from  first  term,  ^  +  ^^  =  ^^ 

Subtract  d  from  ^y  iWjt  +  lir  =  t^ 

Add  d  to  last  term,  ^  —  ^Ji^  =  ^^ 

Addrfto^f^y,  AS-7b=AV 

Hence,  arithmetical  series  is  ^^,  ^^ ^,  ^^. 

Hence,  harmonical  series  is  13^,  14  j^ 17|,  18^. 

b.  The  first  two  terms  of  a  harmonical  series  are  5  and  6.    Which 
term  will  equal  30  ? 


/  =  a+(n-l)rf 

„=— +1 

«  =  A  +  ¥  +  i 

n  =  6 


6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8  and  12. 
Find  the  first  four  terms. 


l-a 
111  +  1 

:d 

4      ~ 

-d 

-A  = 

-.d 

J+A  = 

=  il  = 

1 

7A 

it  +  A  ~  if  ~  g7 

Hence,  the  first  four  terms  are  6,  6|,  6f,  Tj*^. 

7.  The  difference  between  the  arithmetical  and  harmonical  means 
between  two  numbers  is  If,  and  one  of  the  numbers  is  four  times  the 
other.    Find  the  numbers. 
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Let 

X  and  y  =  the  numbers. 

Then 

^"^■^,  — ^  —  the  arithmetical  and  harmonical 
2      *  +  y         means. 

Hence, 

x  =  4y                                             (1) 

and 

*  +  .V       2ry  _0                                                 ,2) 
2         *  +  y     6 

Substitute 

4y 

for 

« in  (2), 

2       6y      6 

.-.  y  =  2 

and 

x  =  8 

8.  The  arithmetical  mean  between  two  numbers  exceeds  the  geomet- 
rical bj  13,  and  the  geometrical  exceeds  the  harmonical  by  12.  What 
are  the  numbers  ? 

Let  a  and  h  =.  the  numbers. 

Then  ^"^  ,  Va6,  — ^  =  the  arithmetical,  geometrical,  and 

^  ^  harmonical  means. 

Hence  ^i-5  -  V^=  13  (1) 

2  ^  ^ 

V^^l^  =  12  (2) 

a+6 

Add  (1)  and  (2),      ?L±5  - 1£^  =  25  (3) 

2         a  +  6 

Transpose  in  (1),  55_ti  - 13  =  v^ 

a4.6-26  =  2Va6  (4) 

Square  (4),        aS4-2a6  + &*  — 52a  — 52&  +  676  =  4a5 
Simplify  (3),     aa  +  2a6+ 6*-50a-506  =4a6 

Subtract,  2  a  +  2  6  =676 

o  +  6  =  338  (6) 

Substitute  yalue  of  a  4-  6  in  (1), 

169-\/^=13 
"^  156=Va6 

From  (5),  a  =  338  —  6 

.-.  156  =  V  (838 -6)6 
.-.  1562  =  3386-62 
62 -3386  =  -24336 
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and 


62  -  ()  +  (169)3 
6-169 

/.  b 


a  = 


4225 
db66 

234,  or  104 
104,  or  234 


9.  The  sum  of  three  terms  of  a  harmonical  series  is  30,  and  the  third 
is  the  product  of  the  other  two.    Find  the  terms. 


Let 
and 

Then 


X  =  the  first  term, 
y  =  the  last  term. 


2xy 


=  the  middle  term. 


From  (1), 
From  (2), 


x  +  y  +  — r^  =  39 

a:*  +  4xy  +  ya  =  39(x  +  y) 
1-  2a^ 


x  +  y 
x-^y  =  2x^ 

y  =  2ar2  — a: 
Sahstitute  yalue  of  y  in  (3), 

4ar*  +  4ar«-80i»  =  0 

4x«(a:«  +  x— 20;=0 

4a:2(x+6)(ar-4)=0 

/.  X  =  0,  4,  or  —  6 
y  =  0,  28,  or  66 

|^  =  7.or_n. 
.•.  The  nnmben  are  4,  7,  and  28,  or  —  6,  — 11,  and  56. 


(1) 
(2) 
(8) 


10.  When  a,  6,  c,  are  in  harmonical  progression,  show  that 

a:c::a  —  6:6  —  c. 

If  a,  b,  c,  are  a  harmonical  series, 

1-1=1-1 
6     a      c      6 

Multiply  by  dbc,  ac~bc  =  ab'^ae 

or  c  (a  —  6)  =  a  (6  —  c) 

or  a:c:;o  —  6:6  —  c 
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11.  If  a  and  h  are  positiye,  which  is  the  greater,  Aot  Bf 


A  = 

a  +  6 
2 

H= 

2  ah 
a  +  6 

A> 

or<ir 

°t*>or<2«». 

as 
as 


But 


2     ^  ^a+6 

(a  +  6)2>or<4a6 
a2  +  63>or<2a6 
a2  +  63>2a6 
.-.  il  >  JT 


Exercise  39. 


Solve  in  positire  integers : 

1.  X  +  y  =  12 

Transpose,    x  =  12  —  y 
If        y  =  l,  x=ll 
If        y  =  2,  ar=10 


If      y  =  ll,x=l 


2.     2x+lly  =  83 
Transpose, 

2x  =  83-lly 

^        2 

Let  i=:i^  =  m 

2 

.*.  1  —  y  =  2  m 

y  =  l— 2»i 

Substitute  value  of  y  in  (1). 

.-.  a:  =  36+ll»i 

y=l— 2m 

If       m  =  0,  X  =  36,  y  =  1 

If  m  =  —  1,  X  =  26,  y  =  3 

If   »i  =  --2,  x=14,  y  =  6 

If   m  =  — 3,  x=    3,  y  =  7 


(1) 


8.       4x  +  9y  =  63 
Transpose, 

4x  =  63-9y 

x=13-2y+i:=i? 

Let         l=i^  =  m 
4 

.'.  1  —  y  =  4»i 

y=  1  — 4fii 

Substitute  value  of  y  in  (1). 

.-.  xr=ll  +  9jw 

y  =  1  — 4»i 

If       w  =  0,  x=ll,  y  =  l 

If  m  =  —  1,  x=   2,  y  =  5 

4.        8x  +  6y  =  74 
Transpose, 
6y  =  74-8x 

y  =  14— x  + 
Multiply  by  2, 


(1) 


4-3x 


2y  =  28-2x  + 
2y  =  29  — 3x  + 


5 

8~6x 

5 
3-x 


(1) 
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Let         ^-'=m                              Multiply  by  2. 

(1) 

x  =  S  --5to                                            X 
Substitute  value  of  x  in  (1).            ^*                3  =  "* 

"                                                           . .  x  =  om 
^  _  g  __  c                             Substitute  value  of  ar  in  (1). 
If   m=      0,a:  =  3,y  =  10                                      /.y  =  36-5m 

If   TO--l,ar-8,y  =  2                                             '  =  ^'" 

^                              If       TO  =  l,a:=3,y  =  30 

5.    5ar+3y  =  105                              I^       m  =  2,  a:=  6,  y  =  26 

Transpose,  3y  =  105  -  6x                    I^       m  =  3,  r  =  9,  y  =  20 

^                       3                If       m  =  6,x=lS,y  =  6 

6.                                       far+5j^  =  92 

3a:  +  20y  =  368 

Transpose,                              3  x  =  368  —  20  y 

x=122      6^  +  ^""^^ 

0) 

Multiply  by  2,                        2x  =  245      13y  +  ^^^ 

o 

Let                                      ^-^="1 

3 

.-.  1  — y  =  3m 

« 

y  =  l-.3iii 
Substitute  value  of  y  in  (1). 

.-.  ar=116  +  20i» 
y=l— 3to 
If  TO=     0,  a:=116,  y=l 
If  TO  =  —  1,  a:  =    96,  y  =  4 
If  TO  =  -  2,  X  =   76,  y  =  7 

If  TO  =  —  5,  X  =    16,  y  =  16. 

7.                                      }a:  +  i3^  =  27 

3x  +  y  =  108 

• 

Transpose,                                y  =  108  —  3  x 
If                                    x=l,  y=:105 
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If  ar=c   2,  y=102 

K  jr  =  36,  y  =  3 

8.  ia:+|y  =  53 

8x+ 15^  =  1060 
Transpose,  8  x  =  1060  — 15  y 


x=132-2y  +  i±2  (1) 

o 


Let  ^±l  =  m 

8 

/.  4  +  y  =  8  m 

y  =  8  ??t  —  4 

Substitute  ralue  of  y  in  (1). 

x=140  — 16to 

y  =  8m~4 

If  m  =  l,  x=126,  y  =  4 

If  m  =  2,  a:=110,  y=12 


If  m  =  9,  X  =  5,  y  =  68 

Soiye  in  least  possible  integers 

9.  7x-2y  =  12 

Transpose,  2  y  ==  7  x  — 12 


y  =  3x-6  +  |  (1) 


Let  ^  =  m 

2 

/.  x=  27n 
Substitute  value  of  x  in  (1). 

.•.  y  =  7ni  — 6 
x  =  2m 
If  m  =  1,  X  =  2,  y  =  1 

10.  9x  — 5y.=  21 

Transpose,  5  y  =  9  x  —  21 


y  =  2x-4-f^±l  (1) 


Let 


x+1 

— - —  =  m 
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Substitute  yalue  of 

/.  x  =  6i»  — 1 
arin  (1). 

x=:  6m  — 1 

U 

»i  =  l,x  =  4,y  =  3 

11. 
Transpose, 

7ar  — 4^  =  45 

4y  =  7ar-45 

Let 

y  =  2x-ll- 
: —  =  m 

x+1 
4 

4 

/.  a:=4m  — 1 
Substitute  yalue  of  x  in  (1). 

.-.  y  =  7m  — 13 
x=4ot— 1 
m  =  2,a:  =  7,y=l 


If 


12.  llx-5y  =  73 

Transpose,  5y  =  11  a:  -  73 


Let 


5 

.'.  j:  =  5  m  +  3 
Substitute  yalue  of  a:  in  (1). 

.'.  y=:  11  tn  — 8 
x=5m+3 
If  i»=l,  x  =  8,y  =  3 

13.  15ar-47y=ll 

Transpose,  15a:=ll  +  47y 

^  15 

Multiply  by  8,  8a:  =  26y  +  5  +  ^^  +  1^ 

15 

Let  li±J!  =  ». 

15 

.-.  y  =  15  m  — 13 


(1) 


y  =  2x~U  +  ^  (1) 

=  m 


0) 
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Substitute  value  of  y  in  (1). 

.-.  x  =  47»i  — 40 
y=15fn  — 13 
If  m  =  1,  a:  =  7,  y  =  2 


,14. 

23x-14y  =  99 

Transpose, 

14y  =  23x-99 

^                        14 

Multiply  by  11, 

lli^  =  14x     77 +  ^^^--11 

14 

111/- 18  T.      77  4-^""-?^ 

(1) 


14 


Let 

X  — 

14 

11_ 

m 

• 
•  • 

x  = 

14i 

TO +11 

Substitute  yalue  of 

X  in 

(!)• 

• 
•     • 

y  = 

23 

TO +11 

x  = 

:14 

TO +11 

If  m  =  0, 

x  = 

11, 

y  =  ii 

15.  Find  two  numbers  which,  multiplied  respectively  by  7  and  17, 
have  for  the  sum  of  their  products  1135. 

Let  X  and  y  be  the  numbers. 


Then 

7a 

:+ 17^  =  1136 

Transpose, 

7x=1136-17y 
x=162      2^  +  5-=!^ 

Multiply  by  6, 

5x  =  810-12y  +  5^::i? 

Let 

/.  y  =  5  — 7iii 

Substitute  value  of 

y  in 

(1). 

x=  17  m +150 

y  =  5  —  7  m 

(1) 
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If  TO  =     0,  a:  =  160,  y  =   6 
If  ra  =  -.l,x=133,y=12 

IfTO  =  -8,  x=    14,y  =  61 

16.  If  two  numbers  are  multiplied  respectirely  by  8  and  17,  the  dif- 
ference of  their  products  is  10.    What  are  the  numbers  ? 

Let  X  and  y  be  the  numbers. 

Then  8x— 17y  =  10 

Transpose,  8  x  =  10  +  17  y 

:r=l  +  2y  +  2±it  (1) 

Let  ^=»t 

8 

.•.  y  =  8m  — 2 
Sabstitute  ralue  of  y  in  (1). 

.-.  x=  17to  — 3 
y=8ra— 2 
If  to  =  1,  X  =  14,  y  =  6 

If  TO  =  2,  X  =  31,  y  =  14 


17.  If  two  numbers  are  multiplied  respectively  by  7  and  15,  the  first 
product  is  greater  by  12  than  the  second.    Find  the  numbers. 

Let  X  and  y  be  the  numbers. 

Then  7x— 16y=12 

Transpose,  7x=12  +  15y 

x=l  +  2y  +  ^  (1) 

Let  ^±^  =  m 

7 

.*.  y=7m^5 
Substitute  ralue  of  y  in  (1). 

.'.  X  =  15to  —  9 
y  =  7to  —  5 
If  TO=1,  x=6,  y  =  2 

If  TO  =  2,  X  =  21,  y  =  9 
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18.  Divide  89  in  two  parts,  one  of  which  is  divisible  by  3,  and  the 
other  by  8. 


Let  3x  and  8y  be  the  two  parts. 


Then 

3: 

r+83^  =  89 

Transpose, 

3x  =  89  — 8y 

o 

Multiply  by  2, 

2x  =  69-6y  +  i^ 

3 

Let 

/.  y  =  l  — 3m 

Substitute  value  of 

y  in 

0). 

.-.  x  =  27  +  8m 
y=l-3m 

If 

m  = 

0,a:  =  27,y  =  l 

If 

m  = 

:-l,a:  =  19,y  =  4 

If 

m  = 

:-2,x=ll,y  =  7 

If 

m  = 

:  —  3,  a:  =  3,  y  =  10 
.-.  3x=81,  57,  33,  or9 
8y  =  8,  32,  56,  or80 

(1) 


19.  Divide  314  in  two  parts,  one  of  which  is  a  multiple  of  11»  and 
the  other  a  multiple  of  13. 

Let  11 X  and  13y  be  the  two  parts. 
Then  llx  +  13y  =  314 

Transpose,  11  x  =  314  ^  13  y 

:,  =  28-y  +  «^ 
^         11 

Multiply  by  6,  6x=171-7y  +  ^^  (1) 

Let  ?:=^  =  m 

11 

.'.  y  =  3  — 11m 
Substitute  value  of  y  in  (1). 

.-.  x=13m  +  26 
y  =  3  — Urn 
If  m  =  0,  X  =:  26,  y  =  3 
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If  m  =  -  1,  a:  =  12,  y  =  14 

/.  lla:  =  275,  or  132 
13y  =  39,  orl82 

80.  What  is  the  smallest  number  which,  divided  by  5  and  by  7,  gires 
each  time  4  for  a  remainder  ? 

Let  X  =  the  number. 

a:  — 4 
Then  =  an  integer, 


5 

7 


=  an  integer. 


Let  ^^=m 

6 

and  ^^=n 


/.  x=5to  +  4 

ar=7n  +  4 

/.  6in=:7n 

6 

Multiply  by  3, 

3m  =  4n  +  ^ 
6 

Let 

i-" 

/.  n  =  &p 
Substitute  yalue  of  n  in  equation  5  m  =  7  n. 

.-.  m  =  7p 
n=:6p 

.-.  X  =  36;?  +  4 
If  ;?=1,  x  =  39 

.*.  39  is  the  smallest  number,  except  4  itself. 

SI.  The  difference  of  two  numbers  is  151.  The  first  divided  by  8 
has  6  for  a  remainder,  and  4  must  be  added  to  the  second  to  make  it 
divisible  by  11.    What  are  the  numbers  ? 

Let  X  be  one  of  the  two  numbers. 

Then  161  +  x  is  the  other. 

X  —  5  .  . 

/.  =  an  mteger. 

8 
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151  +  ar  +  4      „^  :«*««^« 
' ■ —  =  an  integer. 


Let 

^  TO 

8 

d 

11 

.'.  a?=8ni  +  5 

x=lln-155 

.-.  8to  — lln  =  -160 

8TO=llfi-160 

8 

Multiply  by  3, 

3TO  =  4n-eO  +  ^ 

o 

Let 

1=" 

.'.  n  =  8p 

x  =  88p-166 

161  +  x  =  88;?-4 

If 

p  =  2,x=   21, 161  +  x=172 

If 

/)  =  3,  x=  109, 161  +  x  =  260 

28.  Find  pairs  of  fractions  whose  denominators  are  24  and  16,  and 
whose  sum  is  }}. 


Letx 

and  y 

be  the  numerators. 

Then 

24     16     24 

2x  +  3y  =  38 

2x  =  38-3y 

x=.19-y-| 

Let 

.-.  y  =  2m 
2x  +  6iM  =  38 

.-.  x=19  — 3to 
y  =  2m 
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If  fR  =  l,  x=rl6,  y  =  2 

If  m  =  2,x=13,y  =  4 


If  j»  =  6,x=l,y  =  12 

.'.  The  fractions  are  }f  and  ^,  }}  and  ^, ^  and  |}. 


23.  How  can  one  paj  a  sum  of  $87,  giring  only  bills  of  |5  and  |2  ? 

Let  X  =  number  of  9  5  bills, 

and  If  =■  number  of  1 2  bills. 

Then  6a:  +  2y  =  87 

2y  =  87-6x 

y  =  43-.2a:  +  l-=^ 


Let 


1-ar 


2 

/.  a:  =  1  —  2  w 

/.  y  =  6  m  +  41 

a:=l— 2»i 

If  m  =  0,  x=l,y  =  41 

If  nirr-l,  x=-.3,  y  =  36 

If  Jii  =  -2,x=5,y  =  31 


If  fii  =  -8,x=17,y  =  l 

21.  A  man  buys  calves  at  $5  apiece,  and  pigs  for  f  3  apiece.    He 
spends  in  all  9 114.    How  many  did  he  buy  of  each  ? 

Let  X  =  number  of  calves, 

and  y  =  number  of  pigs. 

Then  6x  +  3y=114 

3y=114-5x 

^  3 

2y=76-3x-| 

Let  ^=m 

3 

x  =  3m 

y  =  38-5m 
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If 


If 


X  —  3in 
w  =  l,  jr  =  3,  y  =  33 
m  =  2,  a:  :=  6,  y  =  28 

w  =  7,  jr  =  21,  y  =  3 


85.  A  person  bought  40  animals,  consisting  of  pigs,  geese,  and 
chickens,  for  $40.  The  pigs  cost  $5  apiece,  the  geese  $1,  and  the 
chickens  25  cents  each.    Find  the  number  he  bought  of  each. 


Let 


Then 


Subtract, 


X  =  number  of  pigs. 
y  =  number  of  geese. 
z  =  number  of  chickens. 
ar  +  y  +  «=40 
6x  +  y  +  J«=40 

4x  —  iz=0 
16a:-3z  =  0 

Sz=  \6x 

z=  6x  +  - 


(1) 
(2) 


Let 


=  m 


3 
.'.  ar  =  3  m 
Sz=16x 

.'.    Z  =  16  TO 

X  +  y  -f  «  =  40 
3TO  +  y+16TO  =  40 

.-.  y  =  40  — 19m 
x  =  Sm 
y  =  40-19TO 
2=16m 
fn  =  l,  a:=3,  y  =  21,  2=16 
TO  =  2,  ar  =  6,  y  =    2,  «  =  32 

.'.  He  bought  3  pigs,  21  geese,  and  16  chickens,  or  6  pigs,  2  geese, 
and  32  chickens. 


(1)  is 


Then, 


If 
If 


26.   Solve  18a:  —  5y  =  70  so  that  y  may  be  a  multiple  of  x,  and  both 
positive. 

18a:-5y  =  70 
y  =  mx 
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18x  — 6OTar=70 

70 


a:  = 


18-6ni 
70m 
^      18-6« 

m  =  2,x  =  8f,y  =  17i 
TO  =  3,  X  =  23  J,  y  =  70 

87.  Solye  82:  +  12y  =  23  so  that  x  and  y  may  be  positiye,  and  their 
sum  an  integer. 

8x+12y  =  23 
x  +  y  =  i» 
a:  =  m  — y 
8ot  — 8y  +  12y  =  23 

4y  =  23-8m 

.'.  x=3m  — y 
If  «=,2,x  =  J,y  =  l} 

SB.  Biyide  70  into  three  parts  which  shall  giye  integral  quotients 
when  diyided  by  6,  7,  8,  respectiyely,  and  the  sum  of  the  quotients 
shall  be  10. 

Let  6x,  Ty,  and  82  be  the  three  parts. 

Then  6x  +  7y+8«=70  (1) 

x  +  y  +  2=10  (2) 

Subtract  6  X  (2)  from  (1), 

y  +  22  =  10 

y  =  10  — 2« 
Substitute  yalue  of  y  in  (2), 

x+10-«=10 
x  =  z 

y=  10  —  22 
If  «=l,x=l,y  =  8,6x=   6,7y=66,82=   8 

2  =  2,  x  =  2,  y  =  6,  6x=12,  7y  =  42,  82=16 
2  =  3,  X  =  3,  y  =  4,  6x  =  18,  7y  =  28,  82  =  24 
2  =  4,  X  =  4,  y  =  2,  6  X  =  24,  7  y  =  14,  8  2  =  32 
/.  The  parts  are  6,  56,  and  8;  or  12,  42,  and  16;  or  18,  28,  and  24; 
or  24, 14,  and  32. 


1 
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89.  Id  how  many  ways  can  9  3.60  be  paid  with  dollars  and  twen^- 
cent  pieces  ? 

Let  X  —  number  of  dollars, 

and  y  =  number  of  20  cent  pieces. 

Then  100x  + 20^  =  360 

6x  +  y  =  18 

y  =  18  — 5x 
If  ar  =  0,  y  =  18 

ar=l,y  =  13 
x  =  2,y  =  8 
x  =  3,y  =  3 
Hence  it  can  be  done  in  3  ways  (or  4  ways  including  the  case  in  which 
the  amount  is  all  paid  in  twenty>cent  pieces). 

80.  In  how  many  ways  can  300  pounds  be  weighed  with  7  and  9 
pound  weights  1 

I^t  X  =  number  of  7  pound  weights, 

and  y  =  number  of  9  pound  weights. 

Then  7ar+9y  =  300 

7x  =  300-9y 

r  =  42  —  V  -i *■ 

^  7 

4x=171-5y  +  ?^ 
Let 


If 


3- 

7 

J. 

=  m 

• 
•  • 

y 

=  3- 

■Im 

X 

=  39  +  9i 

m 

V 

=  3- 

-7m 

m 

=  0, 

X 

=  39, 

y  = 

3 

m 

=r 

-1, 

X 

=  30, 

y  = 

10 

III 

zsz 

-2, 

X 

=  21, 

y  = 

17 

m 

=r 

-3, 

X 

=  12, 

y  = 

24 

m 

=: 

-4, 

X 

=    3, 

y  = 

31 

.'.  It  can  be  done  in  5  ways. 

31.  Find  the  general  form  of  the  numbers  that,  divided  by  2,  3,  7, 
have  for  remainders  1,  2,  6,  respectively. 
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Let 

x=  &  number  of  the  required  kind 

• 

Then               ^  "  ^, 

2 

X  — 

3 

2    r 5 

-,  — — -  are  integers. 

Let                  ^-^ 

2 

=  »i, 

r-2            ar  — 5 
3     ="•       7     =' 

Then 

x  =  2m-{-l 

(1) 

x  =  3n  +  2 

(2) 

x=7p-{-  b 

(3) 

From  (1)  and  (2), 

2 

Let 

— ! —  =  a.             /.  n  =  2a  — 1 
2 

x  =  3n  +  2,    .-.  a:  =  6a  — 1 

(4) 

From  (1)  and  (3), 

m  =  2  +  3;j+| 

Let 

1  =  6,             .-.^  =  26 

a:  =  7;? +  6,    /.  a:=146  +  5 

(6) 

From  (4)  and  (5), 

6a 

-146  =  6 

a  =  l  +  26  +  | 

Let 

6 
3  =  ^ 

/.  6  =  8c 

ar=146  +  6 
/.  X  =  42  c  +  5 
.*.  The  numbers  are  of  the  form  42  c  +  5,  where  c  is  any  integer. 

33.  Find  the  general  form  of  the  numbers  that,  divided  by  7,  8,  9, 
have  for  remainders,  6,  7,  8,  respectively. 

Let  X  =  any  number  of  the  required  kind. 

Then  ^^,  ^^,  ?^  are  integers. 

7  8  9  ^ 

T^f                      g  — 6      _     T— 7             x  —  S 
Let  =  wi,   =  n,   =  p 

7                   8                  9  ^ 

j:=7ot  +  6  (1) 

x  =  8n  +  7  (2) 

a:=9/)  +  8  (3) 

From  (1)  and  (2),  t«  =  n  +  ^±i 
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Let 


From  (1)  and  (3), 


n  +  1 


=  a. 


/.  n  =  7a  — 1 


x  =  8n  +  7,   .-.  x  =  66a— 1 

^  7 

4m  =  5;)+l+£^ 


w 


7 

:6, 

.-.;?  = 

=  76- 

1 

x  = 

=  9f>  +  8. 

.*.  x  = 

=  d36. 

-1 

66a  = 

:636 

a  = 

■'■^1 

6_ 

8" 

:C,     .'.    6  = 

=  8c 

Let 

7 

From  (4)  and  (6), 


Let 

x  =  636  — 1,    /.  a:  =  504c  — 1 
.*.  The  numbers  are  of  the  form,  504  c  —  1,  where  c  is  any  integer. 

83.  A  farmer  bujs  oxen,  sheep,  and  hens.  The  whole  nnmber  bought 
is  100,  and  the  total  cost  £100.  If  the  oxen  cost  £5,  the  sheep  £1, 
and  the  hens  Is.  each,  how  many  of  each  did  he  buy  ? 


Let 


Then 


Subtract, 


X  =  number  of  oxen. 
y  =  number  of  sheep. 
z  =  number  of  hens. 

a:  +  y  +      «  =  100 

6^  +  y  +  A«=ioo 


(1) 

(2) 


4x        -iiz  =  0 

80x-.19«  =  0 

2  =  4x  +  ^x 
52  =  21x  — ^x 
Let  ^x=m 

.*.  x=  19m 
80x— 19«=:0 
80  XlOm- 192  =  0 

.-.  2=  80m 
Substitute  values  of  x  and  z  in  (1), 

19m  +  y  +  80»i  =  100 

.-.  y  =  100-99m 
If  in  =  l,  ar=19,  y  =  l,  2  =  80. 
.'.  He  bought  19  oxen,  1  sheep,  and  80  hens. 
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84.  A  farmer  sells  15  calves,  14  lambs,  and  13  pigs,  and  receives 
1 200.  Some  days  after,  at  the  same  price,  he  sells  7  calves,  11  lambs, 
and  16  pigs,  for  which  he  receives  $  141.     What  is  the  price  o)  each  ? 

Let  X  =  number  of  dollars  paid  for  1  calf. 

y  =  number  of  dollars  paid  for  1  lamb. 

z  =  number  of  dollars  paid  for  1  pig. 
Then  15ar+ 14y  + 13«  =  200  (1) 

7jt  +  lly  +  16«=141  (2) 

7x(l)i8    105x+    98y+   91«  =  1400 
16  X  (2)  is  106 or  +  165y  +  240*  =  2116 

Subtract,  Q7y  +  U9z=   715 

67y  =  716-149« 

iA     o     I  46  — 15« 
y  =  10  — 22+  • 


9y  =  94  — 202  + 


67 
67 


Let  ^  =  '» 

67 

.-.  2  =  3-67m 
67  y  +  447  - 149  X  67  TO  =  716 

y  =  4  + 149  m 
Substitute  values  of  y  and  2  in  (1), 
16  X  +  66  +  2086  TO  +  39-871m  =  200 

X  =  7  -  81  m 
If  in  =  0,  X  =  7,  y  =  4,  2  =  3. 
.*.  The  price  of  each  calf  was  $7,  of  each  lamb,  $4,  of  each  pig,  $3. 


Expand  Exercise  40. 

1.  (l  +  8a:)« 

=  X  +  6(3x)  +  ^9x2  +  i:i427x«  +  5ji4^81x* 
^     ^1-2  12. 3  1.2.3.4 

6.4.3.2-1^^3^ 
1.2.3.4. 6 

=  1  +  16ar  +  90x2  +  270  a-8  +  405  x*  +  243  a:^ 
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6. 


(-¥)* 


3  9  27        81 

1  .  8x^8xa  .  32x»  .  16x* 


('- 


3        3         27         81 


-'-'fn. 


4.    (2  +  *»)« 

=  (2)«  +  6(2)«(*»)  +  ^  (2)«(*»)»+  J^  (2)«(x»)« 

,  6-6«4»3'2-l  ,^v^ 
1.2. 3. 4. 6. 6^    ^ 
=  64  +  192  x«  +  240  X*  +  160  x«  +  60  x«  +  12  a:W  +  a:" 

-e)'-Hi)'(?)-!iie)'(?)-me)*(?)' 

6>4-3.2  /2\  /??\*_ 6-4.3.2.1  /^\« 
I.2.3.4U/U/       1-2.3.4.6U/ 

I  X       (2a)2; 

=  /?f  V- 5  /2ay/    a-a    \      6^  /2ay/    x^    \a 
Uy  \xl  V(2a)«r  I.2U/  U2a)V 

_ 6.4.3  /2ay/    x3    \»    6.4-3.2  /2a\  /    j«    \* 

1.2.3V  X  j  V(2«)V      l-2.3.4Vx  )\(2a)^} 
6-4. 3. 2.1  /    xa    \ft 

l-2.3.4.6V(2a)V 


32a6     20a«  ,  6x     6x*  ,     6xT  x^ 


xa       2  a     8  a*      128  a^      1024  a^ 


i 


TEACHEBS'   EDITION.  295 

7.  (3x-2y)« 

=  (3x)»-6(3r)»(2y)  +  |^(3x)«(2y)«-?^(3x)»(2y)« 

6. 6. 4. 3. 2.1  ^2  «N6 
12. 3. 4. 6. 6^  ^'^ 
=  729  a:«  -  2916  jfit/  +  4860  x^y^  -  4320  sfiy^  +  2160  xV 
—  676xy«  +  64y» 

-(T)'-'(y)'(^-H(T)"(^)' 

_  5.4.3  /22f  \2/^\« .  6.4.3.2  /2x^\  /  v2\* 

1.2.3V  y  )  \  ^  J     1.2.3.4V  y  JV  4  j 

y»         ^         J      8         128    *       1024' 

V  if 


'  (aI-I?)' 

V6       4a7 


■  (t)'-(t*)"(.4)-Ht)'{i!) '-'(^){.4)'-  (.4^' 


«; 


-.q^  _q^  .  3g  _  fc^        ^ 


^*     bi     86*     16ai      2560* 


10.  (l  +  4ar  +  3ar2)* 
=  [l  +  (4x  +  3a:3)]* 

=  1  +  4(4x  +  Sst^)  +  6(4a:  +  3x2)2  +  4(4x  +  3x2)8  +  (4  x  +  3x2)* 
=  l  +  16x+108x2  +  400x«+886x*+1200x6  +  972x«  +  432x7  +  81x« 

U.  (a2- ax -2x2)8 
=  [a2-(ax  +  2x2)]8 

=  a«  -  3a*(ax  +  2x2)  +  3a2(ax  +  2x2)2  _  ^^ax  +  2x2)« 
=  a*  -  3aSx  -  3a*x2  +  11  a8x8  +  6a2x*  -  12ax6  -  8x» 
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18.  The  fourth  term  of 


\        2x)      1.2.3      \2x) 


=  7x3 

10 


18.  The  eighth  term  of  f  2  -  —  V 

\         4x'^J 

Coefficient  of  8th  term  is  same  as  coefficient  of  4th  term. 


16 


266x1* 
14.  The  twelfth  term  of 


/I      v^y*^      U.13.12/l\YV]r\ii 

\x     4  y  1.2.3   U/  \  4  j 


91    I 

= x^ 

410 


15.  The  twentieth  term  of 


/ 2    \^^      23.22.21.20^/    2    X" 

V      3^j  1.2.3.4        \S*/i) 


23  .  11 .  7  .  6  .  219 

3Wx* 
8855  X  219 


319  X* 
16.  The  fourteenth  term  of 


V         2^1  1.2.3.4    ^      ^  \2Vi) 


595 


2048  x^ 
17.  The  (r  +  l)th  term  of 

Put  n  =  8.    We  have 


8 


-7 (9'-r)J^ (^\l(l\l  =  8-7 (9-r)  /3\ i^*-f 

1-2 r  V2/  Wy  1.2 r       \2) 
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18.  The  (r  +  l)th  term  of 

(€-f)"-'°".:.:!"r"(V£)'-'(T^)' 


1-2 r  5-J: 

2'"'3    « 


19.  The  (r  +  S)th  term  of  f  ^  -  -^  V^ 

V^y      V3ar/ 
Put  r  +  2  instead  of  r  in  the  formula.     We  have 

1-2 (r  +  2)  Uyj  [     V3^j 

_ii(n  — 1) (n  — r— 1)  /  x  \ *-*•-'/        y    \*H-« 

1-^ ('•  +  2)  Ui^j  I     Vs^j 

Put  n  =  12. 

12.11 qi-r)  /  X  yo-r/ ^x 


1.2 


(11 -.r)  /  xyo-r/ 
(r  +  2)     [2y)        [' 


VSx) 


r+2 


12.11 (11 -r^  .     .._,o/nw  "-/IX^  •-?  »•- 

1.2 ( 


aific-^-d)"-©'.*^." 


9-2: 


=  /     |Nrl2.11 (11 -r)  a:     ^  yg^-S 

1-2 (r  +  2)         ,0  r=±2 

2      3  a 

20.  Find  the  middle  term  of  (-^  -  V?~)" 
The  middle  term  is  the  7th. 

1.2.3.4.5.6     \^x)  V>2y        ^^    -«   ^   ^    '^46.28^ 

218 


21.  Find  the  two  middle  terms  of    -^  +  J^\ 

wrx    ^^a) 

The  two  middle  terms  are  the  8th  and  9th. 


15 


298  COLLEGE   ALGEBRA. 


The  8th  term  is 

i6«u-i3-i2.iiio-9  /_^y /^/fiy 

1.2.3.4.6.6.7        W2i/   W4a/ 

=  13. 11.  6.  9 (})♦(!) Ja*x"* 

^  13 .  11 .  6  ■  3"'^  g^  ^  173746  \/3  a^ 

2"  xi  2048       arj 

The  0th  term  is 

13.11.6.9[-^5-]V-^y  =  13.11.5.9(J)^(i)4a«ar* 

13 .  11 .  6 . 3«   a  i       5212.36    .  J^ 
2¥  2048  V2 

88.   Find  the  rth  term  from  the  end  of  (^  —  V")" 

The  rth  terra  from  the  end  is  the  (13  —  r)th  term  from  the  beginning. 
The  coefficient  of  the  rth  term  from  the  end  is  the  same  as  the  coeffi- 
cient  of  the  rth  term  from  the  beginning ;  and  the  former  term  is 

n(n-l) (n-r  +  2)  ^_i  ^^.^^.^ 

1.2 (r-1) 

Putn=ll. 


11.10 (i3-r)/v^\'-Y     My*-' 

(r-1)     V   4    j       V     '^'2; 


1.2 (1 

12    r    i(r-l)   8(12-r) 


f?:Tf<-')»-'(i)-(l) 


8r+8  104 -5r 


^  ,     IN^-Ml.lO (13 -r)  /1\    2     -T 

^       ^  1-2 (r-1)     ^2; 

104    6r 

=  C-  iyll-10 (13-r)j:    « 

^       ^      1-2 (r-1)        ?!±8 

2  ^ 

88.  In  the  expansion  of  (a  +  6)**  show  that  the  sum  of  the  coeffi- 
cients is  2\ 

The  expansion  is 

(o  +  6)»  =  a»  +  na^'^b  +  "(^~^)a*-«&»  + 

K  we  put  a  =  1,  6  =  1,  we  have 

(l  +  l)»=l  +  »  +  2i2^+ 


r 
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But  the  right  side  is  the  sum  of  the  coefficients  in  the  expansion 
of  (a  +  6)». 
.*.  2**  =  sum  of  the  coefficients. 


94.  In  the  expansion  of  (a  +  b)^  show  that  the  sum  of  the  even  co- 
efficients is  equal  to  the  sum  of  the  odd  coefficients. 


x  ne  espi^^roion  is 

(a  +  6)«  =  a»  +  na»-l6  +  "^"""^^  a«-«63  + 

If  we  put  a  =  1,  6  =  —  1,  we  have, 

(1  -  1)»  =  1  -  n  +  !?C!?-=lD  - 

But  the  right  side  is  : 

Sum  of  even  coefficients  —  sum  of  odd  coefficients  in  the  expansion 

of  (a  +  by. 

:.  (1  —  1)"  =  sum  of  even  coefficients  —  sum  of  odd  coefficients. 

But  (1-1)»  =  0»  =  0. 

.*.  sum  of  even  coefficients  =  sum  of  odd  coefficients. 

26.  Expand 

(-3)'  (^^ife)'^  (^^-;^)' 


2       2i»       16i« 


I 

L 
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(i-f)=i-^-^+io(:|i)«-io(f)V5(f)*-(fy 


8        82       266       1024 


-  (^^-^)• 


=  (i-t«*  +  ***-A*+rf»'*-T7iW**)V:-i 


2         aV^  2  a  \  2       o^ 


••■(^\-;b)'-<^''(T-jr-^(f-jr 

(^-J)'-(f)'-(f)'0-'»(T)'O' 

-»(T)'e)--'(x)e)-e)' 

__a^\/o     6a  ,     6 6_  .       6  1 

""    32        16      4VS     2aa     2a8Vi     «* 

.   /V^  ,       1     \-/     «*     g«,     5 5_4._^     i^^/-T 

"V    2      ^aVirfJ'l     32      16  +  4^}     2a^+2^}     a^j^""' 

96.  If  il  is  the  sum  of  the  odd  terms,  aod  B  the  sum  of  the  eren 
terms,  in  the  expAosion  of  (a  +  6)»,  show  that 

^«  -  ^  =  (a2  -  6a)n. 

(a  +  hy  =  a»  +  na»-i6  +  "(^""^^  a»-a6«  + 


Sum  of  odd  terms  in  expansion  of  (a  +  6)*  is 

2 
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Sum  of  eyen  terms  in  expansion  of  (a  +  6)*^  is 

»«•-!  +  n(«--l)(n"2)  ^^-8^  ^ ^  jj 

/.  (a  +  6)»  =  ^  +  -B 

.-.  (a  +  6)»(a  -  6)«  =  (4  +  B)  (ii  -  B) 


Exercise  41. 
Expand  to  four  terms : 

s.  _l_=(i_x)-* 


=  l  +  i*  +  }i»  +  W*»  + 


i  (l-x)-*  =  l-(-4)x  +  -j-2-^ 1.2.8       »*  +  "• 

=  1  +  4*  +  10*«  +  20aH«  + 
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7.   v^2-3x=(2-3x)*^ 
=  2^-1 2-*(3  x)  +  i-^  2-*(3  x)2  -  *'"|'7*  2-^(3  x)»  + 

81 


=  2^ ^x ?— a:3 ^^^^x«- 

6.2*        26. 2*         126.2* 

8.    v^(2-a:3)2=(2-j-2)* 
=  2*--}2-^xa  +  ^^2-*(xa)a--*'j";*;~M(a:a)8^ 


9. 


18. 2*         81.2 
=  (l  +  2i8) 


10.  The  eighth  term  of 


JUL 


[^L     zx;   -  1.2.3.4.6.6.7  ^  ^ 

^         3.6.7.9.11       7 

1.2.3.4.6.6.7* 

=  -}JxT 

11.  The  tenth  term  of 


1.2.3.4.6.6.7.8.9  ^  ^ 

_  2  .  6 .  8 .  11 .  14  .  17  .  20 .  23 .  26^-^^ 

1.2.3.4.6.6.7.8.9 
^11.17.10.23.13  -y  9 
81  "       * 

18.  The  (r+l)th  term  of 

i,.^.o.....f^ 

^  1.2.3 r         3*^   »•-» 

a     « 


[ 
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18.  The  (r+l)th  termof 

=  r-  ivr-  ly  ^•'^•^ (3  +  2r)  g,  _x^ 

^  ^       ^  1.2-3 r  a»H^ 

_6«7-9 (3  +  2r)o^   x^ 

1.2.3 r  o*"+* 

14.  Find  V65  to  five  decimal  places 

v^ =V64+i==v64(i+^)= 8  >/rrs 


128     8.642     16.648 
=  1  +  .0078126  -  .0000306  +  .0000002 
=  1.0077822 
.'.  V66  =  8(1.0077822) 
=  8.06226  + 

16.  Find  v  129  to  six  decimal  places. 

\/l29=  v/128 (1  +  xh)  =  2  \^1  +  Tk 

7  128        1.2    \128y 
_1  ,       1  3         , 

7  .  128     49  .  1282  ^ 
=  1  +  .00111607  -  .00000372 
=  1.00111236 
.-.  vl29  =  2.002224+ 

16.  Expand  (l  —  2x  +  3ar2)~i  to  four  terms. 

(l-2a:+3«8)-*=[l-.(2ar-3a:«)]~* 

=  1 -(-«)(2^-8a:3)  +  =:fl^  (2a:-3a:8)« 

1  •  ^ 


-''*'^7gV3"'^(2x-8x«)»  + 


=  l  +  ta:-tar2  +  J|aJ»-}|x«+ +  H4ar»  + 


• 
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17.  Find  the  coefficient  of  x^  in  the  expansion  of 

(l  +  2x)a      .J     2  .a^j     3^^., 
(l  +  3ar)«      ^  ^  ^  "^ 

^-'i-l's"'-'^^-)^-^ ] 

=  (l  +  4a:  +  4a:«)(l-9x+54x2-270a:8+1215ar* ) 

B7  multiplication,  coefficient  of  x*  is  361. 

18.  By  means  of  the  expansion  of  (1  +  xy  show  that  the  limit  of 
the  series 

J  ,  1 1      .      13  13.5 

2     2.2«     2.3.2«     2.3.4.2*     

is  V'2. 

V   -r   y         ^'    ^1.2  1.2.3  1.2.3.4  ^ 

^        2.22      ^2.3.2«  2.3.4.2* 

Put  x=l 

(1  +  1)^=1  +  1 L-+ J-L? Liiifi^  + 

^'^  2     2222.328     2. 3. 4. 2* 

V2  =  i  +  l--i-  +  -li3— JLl1i6_  + 

2      2.  22  ^2. 3.2*      2.3.4.2* 

19.  Find  the  first  negatire  tenn  in  the  expansion  of  (1  +  x)  '  . 

The  first  negative  term  is  the  sixth  from  the  beginning,  and  is 

V'^-4'^~i^j^^        11.8-6.2  ^ 
12.3.4.6  2.3.4.5.3» 

=  -22^ 
3« 

90.  Expand  \  in  asc^iding  powers  of  ar  to  six  terms. 

^1  —  X 

aA^= -4=1 = (1 + ^)  (1  -  ^r* 

(1  -  ^r*  =  1  -  (-  J):r2  +  ^i^  (x2)«  - 

.-.  (l  +  x)(l-xa)-i  =  l  +  ar  +  }x2+}x»  +  }x*  +  fx«+ 
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28.  Find  the  coefficient  of  a^  in  the  expansion  of  a/^^ — -  in  ascend- 
ing powers  of  x. 

(i-xa)-i=i+jx»+ii|x*+ ^;^'/'r^or^^+ 

2s  •  4  2  •  4  •  o sA; 


1  +  x  2-4 

1.3.6 2ifc  — 1 


(^a*  _  xa*+i)  + 


2. 4. 6. ....'2^1; 

If  r  is  even,  3  r  is  even,  and  the  required  coefficient  is 

13.6 3r  — 1 

2*4.6 3r 

If  r  is  odd,  3r  is  odd,  and  the  required  coefficient  is 

13.6 3r~2 

2.4.6 3r  — 1 

94.  FroTe  that  the  coefficient  of  r'  in  the  expansion  of  (1  —  4x)~~^  is 

\  *  ^  *  O  *****  ^T 

(1.2. 3 r)2* 

(l-4ar)"* 

=  l  +  2x+ +  (,l)r("i)("t)(-0 (*-'•)  (4xy+ 

.*.  The  coefficient  of 

j:>^1'3'5 C2r-l)o. 

l.^.o*....f* 

_  1  ■  3 .  5 (2r -  1)  .  (2  . 1)  .  (2  .  2) (2 .  r) 

~  1.2 r  1.2 r 

1.2.3.4.6 2r 


(12.3.4.6 r)a 
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Exercise  44. 
Find  by  logarithms : 

^     » i0007543;3g  X  78.343  X 8172.4^  X 0.00062 

^     64286*  X  164.27*  X  0.001  X  686.79* 

log  0.00764332  =5.7662 

log  78.343        =  1.8940 

log  8172.4*      =1.3044 

log  0.00052  =4.7160 
colog  64286*  =2.3973 
colog  164.27*  =  9.2468 
colog  0.001  =3.0000 

colog  686.79*      =  2.6168 

14.9392  =  36.9392  -  60 

Antilog  3.3868  =  0.002431  6)36.9292  ->  60 

7.3868  -  10  =  3.386» 


26. 


7  0.032712  X  63.429  X  0.776428 
\         32.769x0.000371* 

log  0.032712   =  3.0292 

log  63.429      =  1.7278 

log0.77642»   =  1.6688 

colog  32.769      =  2.4846 

colog  0.000371*  =  13.7224 

7)10.6327 
Antilog  1.6189  =  33.03  1.5189 


27.   -^• 


7.1206  X  VO.13274  X  0.067389 


V0.43468  X  17.385  X  VO.0096372 

log  7.1206  =  0.8626 

log  V0.13274     =  1.6616 

log  0.067389  =2.7688 
colog  V0.43468  =0.1809 
colog  17.386  =  2.7699 

colog  V0.0096372  =  1.0080 

1.1216  =  29.1216  -  30 

Antilog  1 .7072  =  0.5096  3)29.1216  -  30 

9.7072  -  10  =  1.7072 


' 
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Find  X  from  the  equations : 

6*=  12 

X  log  5  =  log  12 

j.1.  log  12 

log  6 

^  1.0792 

0.6990 

log  1.0792  =  0.0331 
colog0.6990  =  0.1565 

.-.  log  x  =  0.1886 

X  =  1.644 


4«=40 

X  log  4  =  log  40 

J  ^  log  40 

log  4 

^  1.6021 

0.6021 

log  1.6021  =  0.2047 
colog0.6021  =  0.2208 

/.  log  ar  =  0.4260 

x=2.66 


M.  7-  =  25 

X  log  7  =  log  26 

j^  log  26 

log  7 

^  1.3979 

0.8461 

log  1.3979  =  0.1464 
colog  0.8461  =  0.0730 

.-.  log  x  =  0.2184 

X  =  1.664 


81. 


88. 


(1.3)»  =  7.2 

xlogl.8  =  log7.2 

^  ^  log  7.2 

log  1.8 

_  0.8678 

0.1139 

log  0.8673  =1.9832 
log  0.1139  =1.0650 

.-.  log  x  =  0.8778 
x=  7.638 

(0.4)- =7 
—  X  log  0.4  =  log  7 
j.^  log7 
log  0.4 
0.8461 


9.6020  - 10 
0.8451 


0.3980 

log0.8451  =  1.9270 
colog  0.3980  =  0.4001 

log  x  =  0.8271 
.-.  X  =  2.124 


88.     (0.9)."  =  (4.7)"^. 
Ilog0.9  =  -Jlog4.7 


jpa_      3  log  0.9 

log  4.7 

_      3(9.9542  - 10) 

0.6721 
0.1374 


0.6721 

log  0.1374  =1.1380 
colog  0.6721  =  0.1726 

log  (x2)  =  1.3105 

log  x=  1.6562 
.-.  X  =  0.4621 


I 
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Exercise  45. 
Find  to  four  places  the  natural  logarithms  of  : 


1.  2. 


Iog.2  =  2.302xlog,o2 
=  2.302  X  0.3010 


log2.302  =  0.3621 
log0.3010=  1.4786 

1.8407 

/.  log.2  =  0.6930 


S.  3. 


Iog.3  =  2.302xlogio3 
=  2.302  X  0.4771 


log2.302  =  0.3621 
log0.4771=  1.6786 

0.0407 

/.  log,3  =  1.099 


8.   100. 


loge  100  =  2.302  X  logio  100 
=  2.302  X  2 
=  4.604 


4.  32.5. 


log,  32.6  =2.302  X  logio32.6 
=  2.302  X  1.6119 

log  2.302   =0.3622 
log  1.6119  =  0.1798 

0.6420 
/.  loge32.6  =  3.483 


6.   7.89. 

loga  7.89  =  2.302  X  logjo  7.89 
=  2.302  X  0.8971 

log  2.302  =  0.3621  , 
log0.8971=  1.9529 

0.3150 
.-.  loge  7.89  =  2.065 

6.  1.23. 

loge  1.23  =  2.302  X  logiol.23 
=  2.302  X  0.0899 

log2.302  =  0.3621 
log0.0899  =  2.9538 

1.3159 
/.  loge  1.23  =  0.207 

7.  2.001. 

log.  2.001  =  2.302  X  logio  2.001 
=  2.302  X  0.3012 

log  2.302  =  0.3621 
log0.3012=  1.4789 

1.8410 
.-.  loge  2.001  =  0.6935 

8.  0.0931. 

loge 0.0931  =  2.302  X  log,o 0.0931 
=  2.302  X  (8.968^-10) 
=  2.302  X  (-  1.0311) 

log2.302  =  0.3621 
log  1.0311  =  0.0133  - 

0.3754  - 

.-.  log.0.0931  =  - 2.374 
=  3.626 
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Find  to  four  places : 

9.              log,7  =  |2giJ                  18.  log,8  =  |2giiL| 

^  0.8461  ^  0.9030 

0.3010  0.9542 

log  0.8461  =  1 .9270  log  0.9030  =  1.9667 

colog  0.3010  =  0.6214  colog  0.9642  =  0.0204 

0.4484  1.9701 

/.  log,  7  =  2.808  .-.  logg  8  =  0.9465 

10.  log,4=|^                  14.  ^^»86  =  }^ 

'        logio3  logioo 

_  0.6020  ^  0.6990 

-  0.4771  0.9031 

logO.6020  =  1.7796  logO.6990  =  1.8446 

colog  0.4771  =  0.3214  colog  0.9030  =  0.0443 

0.1010  1-8889 

.-.  log34  =  1.262  .'•  logg 6  =  0.7743 

11.  iog^g  =  \mii^                  16.  log,14  =  l^o_li 

*        log,o4  logio7 

^  0.9542  ^1J461 

0.6020  0.8461 

log  0.9642  =  1 .9796  log  1.1461  =  0.0698 

colog  0.6020  =  0.2204  colog  0.8461  =  0.0730 

0.2000  0.1328 

.-.  log^9  =  1.686  .'•  log,  14  =  1.366 

12.  iog,7  =  lMial                  16.  log,102  =  l^&iLl22 

logio^  logio^ 

^  0.8451  _  2.0086 

0.6990  ~  0.6990 

log  0.8451  =  1.9270  log  2.0086  =  0.3029 

colog  0.6990  =  0.1554  colog  0.6990  =  0.1554 

.0824  0.4683 

.-.  logs  7  =  1.209  .-.  logs  102  =  2.873 
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17.  Find  the  logarithm  of  4  in  the  system  of  which  }  is  the  hose. 

log  .^logio4^   log,,4   ^     0.602Q 
*        logioJ     -logio3         0.4771 

log  0.6020  =1.7796 
colog0.4771  =  0.3214 

0.1010 

logj4=-1^62 

18.  Find  the  logarithm  of  ^  in  the  system  of  which  0.5  is  the  base. 

incr    _7  -  ^QgioA  -  ^Qgio^  -  tegipll 
^••*^"logio0.6  log,o0.6 

^  ->  0.1963   ^0.1963 
9.6990  - 1     0.3010 

log  0.1963  =  1.2930 
colog0.3010  =  0.5214 

1.8144 

•••  loga.5iV  =  0.6523 

19.  Find  the  base  of  the  system  in  which  the  logarithm  of  8  is  f. 

Let  a  be  the  required  base. 

Then  loga8  =  f 

.-.  8  =  a* 
a2  =  512  =  2» 
a  =  2*V2=16>/2 

80.  Find  the  base  of  the  system  in  which  the  logarithm  of  f  is  —  |. 

Let  a  be  the  required  base. 

Then  logaf  =  -* 

a"*  =  i  a*=| 

a  =  1.968 


^ 
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Exercise  46. 

1.  In  how  manj  yean  will  $  100  amount  to  $  1050,  at  6  per  cent  com- 
pound interest  ¥ 

Put  A=  1050 

P=100 

1?=1.05 
Then  1050  =  100  X  1.05* 

1.05*  =  irVt? 
Take  the  logarithms  of  both  sides  of  the  equation, 

n  log  1.05  =  log  1050  -  log  100 

^  _  log  1050  -  log  100 
log  1.05 

^  8.0212 -2  _  1.0212 
0.0212         0.0212 

log  1.0212  =  0.0091 
colog  0.0212  =1.6737 

.-.  logn=  1.6828 

n  =  48.18 
.*.  It  will  take  48.18  years. 

2.  In  how  many  years  will  ^A  amount  to  $B  (1)  at  simple  interest, 
(2)  at  compound  interest,  r  and  B  being  used  in  their  usual  sense  ? 

(1)  B  =  ^(l  +  nr)  (2)  B=AB^ 

B-A  rw        B 


n  = 


r  A 


B-A    ^^  n\ogB  =  log  J5  -  log  ^ 

r  '  ^  _  log  .B  —  log  A 

logR 
log  B^  log  A 

logB        ^^*"- 

9.  Find  the  difference  (to  fire  places  of  decimals)  between  the 
amount  of  $  1  in  2  years,  at  6  per  cent  compound  interest,  according  as 
the  interest  is  due  yearly  or  monthly. 
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(1)    Let  the  interest   be 

due 

(2) 

Let 

the  interest   be   due 

yearly. 

monthly. 

A=PB^ 
P=l 

-i'-kT 

i?=1.06 

P  =  l 

n  =  2 

r  =  0.06 

/.  ^=1X  (1.06)2 

1  + 

''  -.  1.005 

=  1.1236 

12 

Tin  =  24 

.-.  ^=1X1.0052* 

log  ^  =  24  log  1.006 

=  0.0528 

^=1.12926 

$  1.12926  -  9 1.1236  =  $0.00366. 
The  difference  is  $0.00366. 

4.   At  5  per  cent,  find  the  amount  of  an  annuity  of  9  A  which  has 
been  left  unpaid  for  4  years. 

,._s(B-^l)  ,,_^  (1.05^-1) 

^  -  "^:  0.05 

8  =  A  ^^1 0-2155 

B  =  1.06  0.05 

r  =  0.06  =  ^  X  4.31 

n  =  4 

The  amount  is  4.31  X  A  dollars. 

6.  Find  the  present  value  of  an  annuity  of  $  100  for  5  years,  reckon- 
ing interest  at  4  per  cent. 


By  logarithms, 


The  present  value  is  $  444. 


jr  — 

i?n^^ 

i?-l 

s= 

100 

B  = 

1.04 

n  = 

5 

P  = 

100 
1.045 

^1.04- 

1 
1 

P  = 

100 
1.216 

V  0.216 
^0.04 

P= 

:444 
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6.  A  perpetual  annuity  of  $  1000  is  to  be  purchased,  to  begin  at  the 
end  of  10  years.  If  interest  is  reckoned  at  3^  per  cent,  what  should 
be  paid  for  it  ? 

Let  P=  present  yalue. 

Then  P^Jo  =  value  at  end  of  10  years. 

But  —  =  value  of  perpetual  annuity. 

r 
P=-f. 

5=1000 

i?=  1.036 

r  =  0.036 

1000 


P  = 


1.03610x0.036 
By  logarithms,  p  =  20270 

$20,270  should  be  paid. 

7.  A  debt  of  $1850  is  discharged  by  two  payments  of  $1000  each, 
at  the  end  of  one  and  two  years.    Find  the  rate  of  interest  paid. 

Let  r  =  rate  of  interest. 

Then  1860(1  +  r)  =  amount  of  debt  at  end  of  first  year. 

1850(1  +  r)  —  1000  =  amount  of  debt  after  first  payment. 
[1850(1  +  r)  —  1000]  (1  +  r)  =  amount  of  debt  at  end  of  second  year. 
.-.  [1860(1  +  r)  -  1000](1  +  r)  =  1000 
860  +  2700  r  +  1850  r«  =  1000 
1860r2  +  2700r=160 
37r2+54r  =  3 

.      _~27±2v^l0 
"^-^  37 

By  logarithms,  r  =  0.06361 

The  rate  of  interest  is  0.06361. 

8.  Reckoning  interest  at  4  per  cent,  what  annual  premium  should  be 
paid  for  30  years,  in  order  to  secure  $2000  to  be  paid  at  the  end  of 
that  time,  the  premium  being  due  at  the  beginning  of  each  year  ? 

p_        Ar 

J?(/2*  - 1) 
^  =  2000 
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r  =  0.04 
R=IM 
n  =  30 
.    p^      2000x0.04 


1.04(1.0480-1) 
By  logarithms,  P=  34.40 

.\  The  annual  premium  is  $  34.40. 

9.  An  annual  premium  of  $  160  is  paid  to  a  life-insurance  company 
for  insuring  $  5000.  If  money  is  worth  4  per  cent,  for  how  many  yean 
must  the  premium  be  paid  in  order  that  the  company  may  sustain  do 
loss? 

p__    At 

P(i^-l)  =  ^r 

n  log  U  =  log  (^r  +  P)  -  log  P 
.    „^logMr+P)-logP 
log/2 
P=160 
u4=6000 
22  =  1.04 
r  =  0.04 
_  log 360 -log  160 

log  1.04 
^03680^21^5 
0.0170 
.*.  The  premium  must  be  paid  21.65  years. 

10.  What  may  be  paid  for  bonds  due  in  10  years,  and  bearing  semi- 
annual coupons  of  4  per  cent  each,  in  order  to  realize  3  per  cent  semi- 
annually, if  money  is  worth  3  per  cent  semi-annually. 

9  (1  +  ar)« 
/S'=100 
7  =  0.03 
r  =  0.04 
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X  =  0.03 
n  =  20 
.    p^  3  +  4(1.0330^1) 
0.03(1.03)» 

By  logarithms,  P  =  -Mli.  ==  114.8 

^     *  0.06409 

The  bonds  must  be  bought  at  114.80. 

11.  When  money  is  worth  2  per  cent  semi-annually,  if  bonds  having 
12  years  to  run,  and  bearing  semi-annual  coupons  of  3^  per  cent  each, 
are  bought  at  114}^,  what  per  cent  is  realized  on  the  investment  ? 

Let  X  =  rate  of  interest  received  on  the  investment. 

Then  i  +  ,=  (^S^-^Sr(l  +  ^)n^Sry_ 

s=ioo 

q  =  0.02 
r  =  0.036 
n  =  24 
P  =  114.126 


.   1  /2  4-3.6Xl.02a*~3.6\A: 

\       114.126x0.02      ) 
^/_03_\^^j^j2g 
^2.2826; 


x  =  0.026 

.'.  2 J  per  cent  semi-annually  is  realized  on  the  investment ;  that  is  6 
per  cent  per  annum. 

IS.  If  $126  is  paid  for  bonds  due  in  12  years,  and  yielding  3}  per 
cent  semi-annually,  what  per  cent  is  realized  on  the  investment,  pro- 
vided money  is  worth  2  per  cent  semi-annually  ? 

Let  X  =  rate  of  interest  received  on  the  investment 

Then  l  +  x  =  /^y+^^(y-y)"-^^)^ 

q  =  0.02 
r  =  0.036 
n  =  24 
P=126 
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.    .      ^^/2  +  3.6xl.02^-3.6\A 
**  V  126x0.02  J 

=  fiJ^W?=  1.021 

x  =  0.021 
.*.  4^  per  cent  per  annum  is  made  on  the  inyestment. 


18.  A  person  borrows  $600.25.  How  much  must  he  pajr  annually 
that  the  whole  debt  may  be  discharged  in  35  years,  interest  being 
reckoned  at  4  per  cent  ¥ 

Let  p  =  amount  of  debt 

8  =  annual  payment. 

Then  fi»=^(^--^) 

i?»-l 

P=  600.25 

r  =  0.04 
iJ=1.04 

fi  =  35 

^^  600.25  X  0.04  Xl.04« 
1.0485  _  1 

=  iM  =  32.3 
2.035 

.*.  He  must  pay  982.80  per  year. 

14.  A  perpetual  annuity  of  $100  a  year  is  sold  for  $2500.  At  w^t 
rate  is  the  interest  reckoned  ? 

r 

P 

P=2500 
8=100 

•'•  ^  =  as  oV 
r  =  0.04 

.'.  The  interest  is  reckoned  at  4  per  cent. 
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15.  A  perpetual  annuity  of  $  320,  to  begin  10  jears  hence,  is  to  be 
purchased.  If  interest  is  reckoned  at  3^  per  cent,  what  should  be  paid 
for  it? 

Let  P  =r  present  value  of  the  annuity. 

Then  P(1.032)io  =  its  value  10  years  hence. 

320 
But  — --  =  its  value  10  years  hence. 

0.032  ^ 

.-.  P  (1.032)10  =  .?20  ^  jQ^jQ^ 
^         ^        0.032 

p  _  _10000_  __  7077 

^-(1032)^" 
.*.  17377  should  be  paid  for  the  annuity. 

16.  A  sum  of  '1^  10,000  is  loaned  at  4  per  cent.  At  the  end  of  the 
first  year  a  payment  of  %  400  is  made ;  and  at  the  end  of  each  following 
year  a  payment  is  made  greater  by  30  per  cent  than  the  preceding 
payment.    Find  in  how  many  years  the  debt  will  be  paid. 

Let  n  =  number  of  years  in  which  the  debt  will  be  paid. 

Then 

10000(1.04)'*  =  ram  to  which  10,000  dollars  will  amount  at  the  end 

of  that  time. 

400  (1.04)«-i  +  400  X  1.30  (1.04)«-2  +  400  (1. 30)2(1. 04)"-«  +  etc. 

==  sum  to  which  the  payments  would  amount  at  the  end 

of  that  time. 

.-.  10000  (1.04)«  =  400  (1.04)"-i  +  400  X  1.30  (1.04)«-a 

+  400  (1.30)2(1.04)»-«  +  etc. 

=  400  [1.04*-i  + 1.30(1. 04)«-«  +  (1.30)2(1.04)«-«  +  etc.] 

But  1.04«-i  +  1.30(1.04)»-«  +  (1.30)2(1.04)»-8  +  etc.  is  a  geometrical 

1  .SO 
progression  of  which  the  ratio  is  -^-—^  and  the  sum 

_  ^'^""'  [ (l^oi)  "  ^]  _  1.30n  - 1.04^ 
1.30      .  1.30-1.04 

1.04 
1.30^-1.04^ 
1.30-1.04 

1.30»-1.04« 


.-.  10000(1.04)*  =  400 


25(1.30-1.04)  = 


1.04» 
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{my-- 


nlogj^  =  log7.6 


n  = 


log  7.5 


log  1.30 -log  1.04 
^•^^^1  =  9.032 


0.0969 
.*.  The  debt  will  be  paid  in  9.032  years. 

17.  A  man  with  a  capital  of  $  100,000  spends  every  year  $  9000.  If 
the  current  rate  of  interest  is  5  per  cent,  in  how  many  years  will  he  be 
ruined  ? 

Let  n  =  number  of  years  in  which  he  will  be  ruined. 

Then 
100000(1.05)*=  sum  to  which  his  capital  will  amount  in  n  years. 

9000(1.05)«-i  +  9000(1.05)«-2  +  etc. 

=r  sum  to  which  his  expenditure  will  amount  in  n  years. 
.'.  9000(1.05)«-i  +  9000(1.05)«-2  +  etc.  =  100000(1.05)* 


1.05«- 


V 1  06»*        / 
9000 \^^ ^  =  100000(1.06)* 

— -1 
1.05 

(  —  'A 
\  1  05«        / 

9000  /!  ^     =100000 

(^--1)1.05 
U.05       ) 

-1—1 
1.05«        _  100 

1-1.06  ~   9 

1     ^i_5^4 


1.05"  9     9 

1.05«=f 
n  log  1.05  =  log  9  —  log  4 

—  ^og  ^  ^  log  ^ 
log  1.05 
0.3621 


0.0212 
.*.  He  will  be  ruined  in  16.23  years. 


=  16.23 
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18.  Find  the  amount  of  $865  at  compound  intereBt  for  20  yean, 
at  5  per  cent. 

^  =  365(1.06)20  =  969 
$969  is  the  amount. 

Exercise  47. 

1.  How  many  numhers  of  five  figures  each  can  be  formed  with  the 
digits  1, 2,  3,  4,  5,  no  digit  being  repeated  ? 

The  5  digits  can  be  arranged  in  [5  ways,  and  each  arrangement  gires 
a  number.     Hence,  [5,  or  120,  numbers  can  be  formed. 

2.  How  many  even  numbers  of  four  figures  each  can  be  formed  with 
the  digits  1,  2,  3,  4,  5,  6,  no  digit  being  repeated  ? 

The  last  place  can  be  filled  in  3  ways,  by  2,  4,  or  6.  The  first  place 
in  5  ways ;  and  so  on. 

Hence  there  are  5  X  4  X  3  X  3  =  180  numbers. 

8.  How  many  odd  numbers  between  1000  and  5000  can  be  formed 
with  the  figures  1,  2,  3,  4, 5, 6, 7, 8, 9, 0,  no  figure  being  repeated  ?  How 
many  of  these  numbers  will  be  divisible  by  5  ? 

The  last  place  can  be  filled  only  by  1,  3,  5,  7,  or  9. 

The  first  place  can  be  filled  only  by  1,  2,  3,  or  4. 

If  5,  7,  or  9  occupies  tlie  last  place,  the  first  figure  may  be  1, 2, 3,  or  4. 

But,  if  1  or  3  occupy  the  last  place,  only  2,  3,  and  4,  or  1,  2,  and  4, 
can  occupy  the  first  place. 

The  first  and  last  places  can  therefore  be  filled  in  4  +  4  +  4  +  3  +  3,  or 
18  ways. 

These  2  places  haying  been  filled,  the  remaining  2  places  can  be  filled 
from  the  remaining  8  digits  in  56  ways. 

Hence  there  are  in  all  18  X  56  =  1008  numbers. 

Of  these,  those  that  are  divisible  by  5  must  have  5  for  the  last  figure. 

The  first  figure  may  be  1,  2,  3,  or  4. 

These  two  places  having  been  filled,  the  remaining  figure  can  be 

selected  in  p  =  56  ways. 
Hence  4  X  56  =  224  of  the  numbers  are  divisible  by  5. 


822  COLLEGE   ALOEBBA. 


4.  How  many  three-lettered  words  can  be  made  from  the  alphabet, 
no  letter  being  repeated  in  the  same  word  ? 

26.26.24=16,600 

6.  In  how  many  ways  can  4  persons.  A,  B,  C,  D,  sit  at  a  round  table? 

A  can  take  any  one  of  the  four  seats :  4  possibilities. 

A  being  seated,  B  can  take  any  one  of  the  three  remaining  seats : 
8  pofisibilittes. 

A  and  B  being  seated,  C  can  take  either  of  the  two  remaining  seats: 
2  possibilities. 

D  must  take  the  remaining  seat :  1  possibility. 

Hence  there  are  in  all  4  x  3  x  2  x  1  =  24  ways. 
'     If  howeyer  only  the  order  in  which  A,  B,  C,  and  D  sit,  not  the  par- 
ticular seats  they  occupy,  be  regarded,  then  A  may  take  any  seat,  and 
the  others  can  then  arrange  themselves  in  3x2x1  =  6  ways. 

6.  In  how  many  ways  can  6  persons  form  a  ring  ? 

Any  one  of  the  6  being  selected  as  a  starting  point,  his  neighbor  on 
either  side,  say  on  the  right,  can  be  selected  in  6  ways,  the  second 
man's  right-hand  neighbor  in  4  ways,  and  so  on. 

Hence  there  are  in  all  6  X  4  X  3  x  2  X  1  =  120  different  wayd^. 

The  120  arrangements  can  be  dirided  into  pairs,  such  that  in  eaelk 
pair  the  order  of  succession  from  right  to  left  in  the  one  arrangement 
is  the  same  in  the  order  of  succession  from  left  to  right  in  the  other. 
If  such  a  pair  be  regarded  as  a  single  arrangement,  there  will  be  only 
60  ways. 

7.  How  many  words  can  be  made  with  9  letters,  3  letters  remaining 
inseparable  and  keeping  the  same  order  ? 

The  three  inseparable  letters  may  be  regarded  as  one  letter. 
There  are  therefore  practically  7  letters. 
Hence  there  are  [7  =  6040  words. 

8.  What  will  be  the  answer  to  the  preceding  problem  if  the  3  in- 
separable letters  can  be  arranged  in  any  order  ? 

In  each  of  the  [7  words  of  the  last  problem,  the  3  inseparable  letters 
may  be  arranged  among  themselves  in  6  ways. 
Hence  there  are  6  x  [7  =  30,240  words  in  this  case. 
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9.  A  captain,  haying  under  his  command  60  men,  wishes  to  form  a 
guard  of  8  men.   In  how  manj  different  ways  can  the  guard  be  formed  f 

[60 

mi 


10.  A  detachment  of  30  men  roust  furnish  each  night  a  guard  of  4 
men.  For  how  many  nights  can  a  different  guard  be  formed,  and  how 
many  times  will  each  soldier  serve  ? 

130 
-%-  =  27,405  nights. 

Any  soldier  being  selected,  the  remaining  3  can  be  chosen  from  the 

129 
remaining  29  in    —    different  ways. 

[26  [3 

129 
Each  soldier  therefore  serves     —   =  3664  times. 

[26(3 


11.  Out  of  12  Democrats  and  16  Republicans,  how  many  different 

committees  can  be  formed,  each  committee  consisting  of  3  Democrats 

and  4  Republicans  ? 

112 
The  3  Democratfl  can  be  selected  in  ~=^,  or  220  ways. 

[9[3 

The  4  Bepubllcant  can  be  selected  in  -!^>  "^  1820  ways. 

Any  3  Democrats  can  serve  with  any  4  Republicans.  ^ 

Hence  220  X  1820  =  400,400  different  committees  can  be  formed. 

12.  Out  of  26  Republicans  and  14  Democrats,  how  many  different 
committees  can  be  formed,  each  committee  consisting  of  10  Republicans 
and  8  Democrats  ? 


1 26 
The  10  Republicans  can  be  selected  in  .  —     ways. 

1 14 
The  8  Democi^ts  can  be  selected  in  ^^^ways. 

[816 

Any  10  Republicans  can  serve  with  any  8  Democrats. 

[26         114 
Hence     —    X  r=-  different  committees  can  be  formed. 

[letio    \s\6 
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IS.  There  are  m  different  things  of  one  kind  and  n  different  things 
of  another  kind ;  how  many  different  sets  can  be  made,  each  set  con- 
taining r  things  of  the  first  kind  and  s  of  the  second  ? 

\m 
The  r  things  of  the  first  kind  can  be  selected  in  ; — ==——  ways. 

'w  — r|r 


The  8  things  of  the  second  kind  can  be  selected  in —  ways. 

n  —  8\8 


Any  r  things  of  the  first  kind  can  go  with  any  s  things  of  the  second 

kind. 

\m                In 
Hence  there  are  — = —  X different  sets. 

\m^r\r     \n  —  s\s 


14.  With  12  consonants  and  6  vowels,  how  many  different  words  can 
be  formed  consisting  of  3  different  consonants  and  2  different  vowels, 
any  arrangement  of  letters  being  considered  a  word  ? 

1 12 
The  3  consonants  can  be  selected  in  -=^,  or  220  ways. 

[3  [9 


|6 
The  2  vowels  can  be  selected  in  — ^,  or  16  ways. 

[4[2' 

Hence  3  consonants  and  2  vowels  can  be  selected  in  15  X  220,  or 
8300  ways. 

When  any  3  consonants  and  2  vowels  have  been  selected,  they  may 
be  arranged  in  [6,  or  120  ways. 

Hence  in  all  120  X  3300  =  396,000  words  can  be  formed. 

15.  With  10  consonants  and  6  vowels,  how  many  words  can  be 
formed,  each  word  containing  6  consonants  and  4  vowels  ? 

110 
The  5  consonants  can  be  selected  in  -=^,  or  252  ways. 

[6|6' 

16 
The  4  vowels  can  be  selected  in  -^:^,  or  15  ways. 

|_4[2 

Hence  5  consonants  and  4  vowels  can  be  selected  in  15  X  252,  or 
8780  ways. 

When  any  5  consonants  and  4  vowels  have  been  selected,  they  may 
be  arranged  in  |^  different  ways. 

Hence  m  all,  3780  X 1 9  words  can  be  formed. 
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16.  How  many  words  can  be  formed  with  20  consonants  and  6 
rowels,  each  word  containing  3  cunsunants  and  2  vowels,  the  vowels 
occupying  the  second  and  fourth  places  ? 

120 
The  3  consonants  can  be  selected  in  ,  or  1140  ways. 

16 
The  2  vowels  can  be  selected  in  -^=^,  or  16  ways. 

L4[2 

Any  3  selected  consonants  can  occupy  the  first,  third,  and  fifth  places 
in  3x2  X  1,  or  6  ways. 

Any  2  selected  vowels  can  occupy  the  second  and  fourth  places 
in  2  ways. 

Hence  in  all  there  are2X6xl5xll40  words. 

17.  An  assembly  of  stockholders,  composed  of  40  merchants,  20 
lawyers,  and  10  physicians,  wishes  to  elect  a  commission  of  4  mer^ 
chants,  1  physician,  and  2  lawyers.  In  how  many  ways  can  the  com- 
mission be  formed  ? 

[40 
The  4  merchants  can  be  selected  in  — —  ways. 

[36[4       ^  / 


[20 
The  2  lawyers  can  be  selected  in  .         ,  or  190  ways. 

[18 1 2  *^ 

The  1  physician  can  be  selected  in  10  ways. 

Any  4  merchants  can  serve  with  any  2  lawyers  and  with  any  1 

physician. 

^  140 

Hence  the  commission  can  be  formed  in  190  X  ;       X 10  =  173,641,000. 

[3b  [4 

18.  Of  8  men  forming  a  boat's  crew,  one  is  selected  as  stroke.  How 
many  arrangements  of  the  rest  are  possible  ?  When  the  4  men  who 
row  on  each  side  are  decided  on,  how  many  arrangements  are  still 
possible  ? 

(1)  There  remain  7  men  and  7  places.  The  7  men  can  fill  the  7 
places  in  [7  =  6040  different  ways. 

(2)  The  3  men  who  row  with  the  stroke  can  be  arranged  in  [3,  or  6 

ways.    The  4  men  on  the  opposite  side  can  be  arranged  in  [4  or  24 

different  ways. 

Hence  6  X  24,  or  144  different  arrangements  are  possible. 
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10.  A  boat's  crew  consists  of  8  men.  Either  A  or  B  must  row  stroke. 
Either  B  or  C  mnst  row  bow.  D  can  pull  only  on  the  starboard  side. 
In  how  many  ways  can  the  crew  be  seated  ? 

If  A  rows  stroke,  either  B  or  C  must  row  bow :  2  possibilities. 
If  B  rows  stroke,  C  must  row  bow :  1  possibility. 
Hence  stroke  and  bow  can  be  selected  in  3  ways. 
There  remain  6  men,  and  3  places  on  each  side  to  be  filled. 
Since  D  can  only  row  on  the  starboard  side,  there  are  only  5  men 
who  can  row  on  the  port  side. 

From  these  5,  3  can  be  selected  to  row  on  the  port  side  in  '—  =  iQ 
ways.  I?  i? 

The  remaining  2  row  with  D  on  the  starboard  side. 
The  3  men  on  the  port  side  can  be  seated  in  3x2x1  =  6  ways. 
The  3  men  on  the  starboard  side  can  be  seated  in  3  X  2  X  1  =  6  ways. 

4 

Hence  the  crew  can  be  seated  in3xl0x6x6  =  1080  ways. 

90.  A  boat's  crew  consists  of  8  men.  Of  these,  3  can  row  only  on 
the  port  side,  and  2  only  on  the  starboard  side.  In  how  many  ways 
can  the  crew  be  seated  ? 

3  must  row  on  the  port  side  and  2  must  row  on  the  starboard  side. 
There  remain  3  who  can  row  on  either  side. 

From  these  3,  the  fourth  man  on  the  port  side  can  be  chosen  in  3 
ways. 
The  remaining  2  row  on  the  starboard  side. 
The  4  men  on  the  port  side  can  be  seated  in  [4  =  24  ways. 
The  4  men  on  the  starboard  side  can  be  seated  in  |4  =  24  ways. 
Hence  there  are  3  x  24  x  24  =  1728  ways  of  seating  the  crew. 

21.  Of  a  base  ball  nine,  either  A  or  B  must  pitch;  either  B  or  C 
must  catch  ;  D,  E,  and  F  play  in  the  field.  In  how  many  ways  can  the 
nine  be  arranged  ? 

A  pitcher,  B  catcher,  D,  E,  F  can  be  arranged  in  [3  ways,  the  other 
4  men  in  [4  ways ;  total,  [3  x  [£  =  144  ways. 
A  pitcher,  C  catcher,  144  ways. 

B  pitcher,  C  catcher,  144  ways. 

Total,  432  ways. 

28.  How  many  signals  may  be  made  with  8  flags  of  different  colors, 
which  can  be  hoisted  either  singly,  or  any  number  at  a  time  one  abote 
another  ? 
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With  8  flfigs  8x7x6x5x4x3x2x1  signals. 

With  7  flags  8x7x6x6x4x3x2 

With  6  flags  8x7x6x5x4x3 

With  5  flags  8x7x6x5x4 

With  4  flags  8x7x6x5 

With  3  flags  8x7x6 

With  2  flags  8x7 

With  1  flag  8 

In  all  109,600  signals. 

Of  30  things,  how  many  must  be  taken  together,  in  order  that 
having  that  number  for  selection,  there  may  be  the  greatest  possible 
variety  of  choice  ? 

15  must  be  taken. 

ti.   The  number  of  combinations  of  n  +  2  objects,  taken  4  at  a  time, 
is  to  the  number  of  combinations  of  n  objects,  taken  2  at  a  timei  Rs 

11  is  to  1.     Find  n. 

|n  +  2 
11  +  2  objects  taken  4  at  a  time  give  -===-  combinations. 


In 
n  objects  taken  2  at  a  time  give  -. — = —  combinatipns. 

|w  --2|2 


ln  +  2  In 

^-^—  *-       =11;1 


n  +  2  n\n 


w-2|4     |n-2|2 


(n  +  g)(w  +  !)«(«  - 1)  ^  11  n(n  -  1) 
4x3x2x1  2X1 

(n  +  2)(n+l)  =  132 
„a^3„_  130  =  0 
(n-10)(n+13)  =  0 
.-.  n  =  10 

85.  The  number  of  combinations  of  n  things,  taken  r  together,  is  3 
times  the  number  taken  r — 1  together,  and  half  the  number  taken  r-\-l 
together.    Find  n  and  r. 

In 
The  number  of  combinations  of  n  things  r  at  a  time  is  — == 

n  — r|r 


828 


COLLEGE   ALGEBRA. 


The  number  of  combinations  of  n  things  r  —  1  at  a  time  is 

la. 


n  — r  4-  1  |r  —  1 


The  number  of  combinations  of  n  things  r  +  1  at  a  time  is 

In 


From  (1), 


From  (2), 


n  — r— l|r+  1 


L!L 


=  3 


\n 


n  —  r\r         |n  — r-}-  l|r--  1 


l5 


I"-'"!'" 

\n-r+l 
n  —  r 


=  i 


=  3 


in: 


n— r-l|r+  1 


r-1 


n  — r+l  =  3r 
n-4r+l  =  0 

|r-f  1      ,     \n-r 

=  i    


\L 


n-r-1 


From  (3)  and  (4), 


2r  +  2  =  n  — r 
n  — 3r  — 2  =  0 
n  =  ll 
r  =  3 


(1) 
(2) 


(3) 


(4) 


86.  At  a  game  of  cards,  3  being  dealt  to  each  person,  any  one  can 
have  425  times  as  many  hands  as  there  are  cards  in  the  pack.  How 
many  cards  are  there  in  the  pack  ? 


Let 
Then 


la 


n  =  number  of  cards  in  the  pack. 


n-3|3 


=  426n 


n(n~l)(n-2)^^^g^ 

3x2x1 

n8-3n2  +  2n  =  2650» 
n»-3n2-2548n  =  0 
n(n2-3n-2648)  =  0 
But  n  cannot  be  0. 

...  n2-3n-2648  =  0 
(n-62)(n  +  49)  =  0 
.-.  n  =  52 
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27.  It  is  proposed  to  divide  16  objects  into  lots,  each  lot  containing 
3  objects.     In  how  many  ways  can  the  lots  be  made  ? 

|15 
.  —    =  466  ways. 
[1213  ^ 

Exercise  48. 

1.  How  many  three-lettered  words  can  be  made  from  the  6  vowels, 
when  repetitions  are  allowed  ? 

The  first  letter  can  be  selected  in  6  ways. 

The  second  letter  can  be  selected  in  6  ways. 

The  third  letter  can  be  selected  in  6  ways. 

Hence  the  3  letters  can  be  selected  in  6  X  6  X  6  =  216  ways. 

8.  A  railway  signal  has  3  arms,  and  each  arm  may  take  4  different 
positions,  including  the  position  of  rest.  How  many  signals  in  all  can 
be  made  ? 

Each  arm  can  take  4  positions. 

Hence  4x4x4  —  1  =  63  different  signals  can  be  made. 

8.  In  how  many  different  orders  can  a  row  of  7  white  balls,  2  red 
balls,  and  3  black  balls  be  arranged  ? 

There  are  in  all  12  balls,  and  these  admit  of  1 12  arrangements. 

But  given  7  white,  2  red,  and  3  black  balls,  arranged  in  any  order, 
the  7  white  balls  can  be  interchanged  among  themselves  in  [7  ways,  the 
2  red  balls  in  [2  ways,  and  the  3  black  balls  in  [3  ways,  without  chang- 
ing the  appearance  of  the  row. 

Hence  every  distinct  order  gives  [7  X  |2  x  [3  of  the  [_12  arrangements. 

112 
Hence  there  are  , != =  7920  different  orders. 

IIX[2x[3 

4.  In  how  many  ways  can  the  letters  of  the  word  Mathematics,  taken 
all  together,  be  arranged  ? 

The  word  contains  2  a's,  2  m's,  and  2 1*9. 

The  11  letters  can  be  arranged  in  |_11  ways. 

But  given  the  11  letters  arranged  in  any  order,  the  2a'8  may  be  in- 
terchanged, as  likewise  the  2  m's  and  the  2  t*B.  Every  distinct  order  of 
the  letters  gives  therefore  2x2x2  =  8  of  the [11  arrangements. 

Hence  there  are  —  distinct  orders  or  words. 

8 


"fl 
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5.  How  many  different  signaU  can  be  made  with  10  flags,  of  which 
3  are  white,  2  red,  and  the  reet  blue,  always  hoisted  aU  together,  and 
one  above  another  ? 

The  10  flags  can  be  arranged  in  1 10  ways. 

But,  given  the  flags  arranged  in  any  order,  the  3  white  flags  can  be 
interchanged  among  themselves  in  [3  ways,  the  2  red  flags  in  [2  ways, 
and  the  6  blue  flags  in  [6  ways,  without  changing  the  signal.  Every 
distinct  signal  therefore  corresponds  to  [3  x  [2  X  [5  of  the  [10^  arrange- 
ments. 

110 

Hence  the  number  of  distinct  arrangements  is =  2520. 

13[216 

6.  How  many  signals  can  be  made  with  7  flags,  of  which  2  are  red, 
1  white,  3  blue,  and  1  yellow,  always  displayed  all  together  and  one 
above  another  ? 

The  7  flags  can  be  arranged  in  [7  ways. 

But,  given  the  flags  arranged  in  any  order,  the  2  red  flags  can  be 

interchanged  with  each  other  in  2  ways,  and  the  8  blue  flags  in  |3  ways, 

without  changing  the  signal.  Each  distinct  signal  therefore  corresponds 

to  2  X  [3  =  12  of  the  [7^  arrangements. 

17 
Hence  the  number  of  distinct  signals  is  ==  ^  420. 

■-  l« 

7.  In  how  many  ways  can  5  letters  be  selected  from  a,  b,  c,  d,e,f,\t 
each  letter  may  be  taken  once,  twice,  up  to  five  times,  in  making  the 
selection  ? 

All  letters  alike,  6  selections. 

4  letters  alike,  6  X  5  =  30  selections. 

3  letters  alike,  2  different,  6  X  ^^  =  60  selections. 

3  letters  alike,  2  alike,  6  X  6  =  30  selections. 

2  letters  alike,  3  different,     6  x  ^^^^^  =  60  selections. 

1X2X3 

2  letters  alike,  2  alike,  ^^  X  4  =  60  selections. 

6,  all  different,  6x6x4x3x2^   6  selections. 

1X2x3x4x6  

Total,  252  selections. 
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8.  In  how  many  ways  can  6  rugs  be  selected  at  a  shop  where  2  kinds 
of  rugs  are  sold  1 

6  of  the  first  kind  may  be  selected,  or  5  of  the  first  kind  and  1  of  the 
second,  or  4  of  the  first  and  2  of  tlie  second,  etc. 
In  all  7  selections  are  possible. 

9.  How  many  dominos  are  there  in  a  set  numbered  from  double 
blank  to  double  ten  ? 

As  many  as  there  are  pairs  of  numbers  from  0  to  10  inclusive. 
There  are  11  numbers  to  choose  from. 
The  first  number  can  be  selected  in  11  ways. 
The  second  number  can  be  selected  in  11  ways. 
Hence  the  two  numbers  can  be  selected  in  121  ways. 
But  this  mode  of  selection  gives  every  domino  except  the  doubles 
twice.    Thus  0,  1  appears  also  as  1,  0. 
There  are  11  doubles. 

Hence  there  are  — 1- 11  =  66  dominos. 


10.  In  how  many  ways  can  3  letters  be  selected  from  n  different 
letters,  when  repetitions  are  allowed  ? 

Three  letters  alike,  n  selections. 

Two  letters  alike,  n(n  —  I)  =  n^  —  n  selections. 

Three  letters  different,     "(»-l)(^-2).  =  n^-Sn^  +  2n  selections. 

1X2X3  6 


>l:otal  number,  n^-^Sn'^^2n  ^  n(n +  !)(»  + 2)  ,,^,,,^^^,^ 

6  6 


11.  Five  flags  of  different  colors  can  be  hoisted  either  singly,  or  any 

number  at  a  time,  one  above  anotlier.  How  many  different  signals  can 
be  made  with  them  ? 

If  all  are  hoisted  together,  5x4x3x2x1  signals. 

If  4  are  hoisted  together,  5x4x3x2 

If  3  are  hoisted  together,  6x4x3 

If  2  are  hoisted  together,  5x4 

If  1     is  hoisted,  5 


In  all,  325  signals. 
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18.  If  there  are  m  kinds  of  things,  and  1  thing  of  the  first  kind,  2  of 
the  second,  3  of  the  third,  and  so  on,  in  how  many  ways  can  a  selection 
be  made  1 

(p+l)(9+l)(r+l) 1 

Here  P  =  1,  9  =  2,  r  =  3,  etc. 

Hence  the  number  of  selections  is  : 

2.3.4 (i»  +  1)  —  1  =  |iit  +  l  —  1 

IS.  How  many  selections  of  6  letters  each  can  be  made  from  the 
letters  in  Democracy  f    How  many  arrangements  of  6  letters  each  ? 

The  word  Democracy  contains  9  letters,  among  which  are  2  c's. 

Selections : 

(a)  A  selection  of  6  letters  may  contain  both  c's. 

Then  the  remaining  4  letters  can  be  selected  from  the  remaining  7  in 

LI 


14|8 


=  35  ways. 


(6)  A  selection  of  6  letters  may  contain  only  one  c. 

Then  the  remaining  5  letters  can  be  selected  from  the  7  arailable  in 

li =''"''• 

(c)  Or,,  a  selection  of  6  letters  may  contain  no  c's. 

17 
Then  the  6  letters  can  be  selected  from  the  7  available  in  -==-  =  7  ways. 

16[1 

Hence  the  numbef  of  selections  is  35  +  21  +  7  =  63. 
Arrangements : 


I 


1^ 

(a)  Each  selection  can  be  arranged  in  —  =  360  ways. 

35  X  360  =  12600  arrangements. 

(b)  Each  selection  can  be  arranged  in  [6  =  720  ways. 

720  X  21  =  15120  arrangements. 

(c)  Each  selection  can  be  arranged  in  [6  =  720  ways. 

7  X  720  =  5040  arrangements. 
Hence  the  number  of  arrangements  is  12600  + 15120  +  5040  =  32,760. 
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14.  If  of  p  ■{■  q -\- r  things,  p  are  alike,  and  g  are  alike,  and  the  rest 
different,  show  that  the  total  number  of  selections  is 

(p  +  l)(7  +  l)2'--l. 

Of  the  p  things  none  may  be  taken,  or  1,  2,  3, p  may  be  taken. 

(P  +  1)  possibilities. 

Of  the  g  things  none  may  be  taken,  or  1,  2, g  may  be  taken. 

(q  +  1)  possibilities. 

Of  the  r  things  any  one  may  be  either  taken  or  not  taken. 

2^  possibilities. 

.*.  There  are  in  all  (;>  +  l)(9+l)2*'  possibilities.  But  the  case  when 
no  things  are  taken  must  be  excluded. 
Hence  then  (;>  +  1)  (9  +  1)  2*"  —  1  selections  possible. 

15.  Show  that  the  total  number  of  arrangements  of  2  n  letters,  of 
which  some  are  a*s  and  the  rest  6's,  is  greatest  when  the  number  of  a*t 
is  equal  to  the  number  of  6's. 

Let  X  =  number  of  a's. 

Then  2  n  —  a:  =  number  of  6's. 

|2n 
The  number  of  arrangements  is  — — 

\2n  —  x\x 

But  (§206)  this  number  is  greatest  when  2n  — x=:x,  or  xs=n, 
2n  — 3r  =  n. 

16.  If  in  a  given  number  the  prime  factor  a  occurs  m  times,  the 
prime  factor  6,  n  times,  the  prime  factor  c,  p  times,  find  the  number  of 
different  divisors  of  the  given  number. 

There  are  as  many  divisors  as  there  are  selections  of  m-\-n-\-p 
things,  of  which  m  are  equal  to  a,  n  to  6,  and  p  to  c. 
Hence  there  are  (to  +  l)(n  +  l)(p  +  1)  —  2  divisors. 
This  does  not  include  the  number  itself  or  1. 

Exercise  49. 

1.  The  chance  of  an  event  happening  is  f.  What  are  the  odds  in 
favor  of  the  event  ? 

The  chance  of  its  not  happening  is  1  —  ^  =  f . 
The  odds  in  its  favor  are  therefore  4  to  3. 
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6.  Find  the  chance  of  throwing  doublets  in  one  throw  with  a  pair 
of  dice. 

There  are  36  throws,  6  of  which  are  doublets. 
Hence  the  chance  of  throwing  doublets  is  ^  =  |. 

7.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is  the  chance 
that  there  will  be  one  of  each  suit  ? 

The  chance  that  the  first  card  is  a  heart  is  ^|  =  J. 

The  chance  that  the  second  card  is  a  diamond  is  ^}. 

The  chance  that  the  third  card  is  a  spade  is  ^}. 

The  chance  that  the  fourth  card  is  a  club  is  ^}. 

Hence  the  chance  that  4  cards  of  different  suits  are  drawn  in  this 

13* 
order  is • 

62 .  61  •  60 .  49 
But  there  are  24  orders  in  which  4  cards  of  different  suits  may  be 
drawn. 
Hence  the  chance  that  there  will  be  one  card  of  each  suit  is 

24.13*  133        ^Jl^^^^j^^ 


52.  61  •60- 49     17.26.49      10 

8.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is  the  chance 
that  they  will  all  be  hearts  ? 

The  chance  that  the  first  will  be  a  heart  is  ^|. 
The  chance  that  the  second  will  be  a  heart  is  ^|. 
The  chance  that  the  tliird  will  be  a  heart  is  ^^. 
The  chance  that  the  fourth  will  be  a  heart  is  ^{. 
.'.  The  chance  that  all  the  four  cards  will  be  hearts  is 

13 .  12  ■  11  ■  10  ^       11 

52 .  61 .  60 .  49     6 .  17  .  49* 

9.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2  assigned 
persons  will  stand  together  ? 

If  we  call  the  two  persons  A  and  B,  the  chances  that  A  will  stand  at 
the  beginning  of  the  line  is  y^^,  and,  if  A  stands  at  the  beginning  of  the 
line,  the  chance  that  B  will  have  the  second  place  is  ^. 

Hence  the  chance  that  A  and  B  occupy  these  two  positions  together 

Also  the  chance  that  A  and  B  will  occupy  the  tenth  and  ninth  places 
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If  A  occupies  any  of  the  8  remaining  positions,  B  may  stand  on 
either  side  of  him. 

The  chance  tliat  A  occupies  one  of  these  8  positions  is  ^. 

The  chance  in  such  case  that  B  occupies  one  of  the  2  places  beside 
A  is  f . 

Hence  the  chance  that  both  events  occur  together  is  j^^^  x  )  =  if. 

Hence  the  chance  that  A  and  B  stand  together  18^  +  ^  =  ^  = -J-. 

10.  If  10  persons  form  a  ring,  what  is  the  chance  that  2  assigned 
persons  will  stand  together  ? 

Call  the  2  assigned  persons  A  and  B. 

Then  if  A  occupies  any  position,  B  may  stand  on  either  side  of  him. 
The  chance  that  B  does  stand  in  one  of  these  two  positions  is  ). 
Hence  the  chance  that  A  and  B  stand  together  is  }. 

11.  Three  balls  are  to  be  drawn  from  an  urn  containing  6  black,  3 
red,  and  2  white  balls.  What  is  the  chance  of  drawing  1  red  and 
2  black  balls  ? 

There  are  10  balls  in  the  urn. 

110 
3  balls  can  be  selected  from  these  in  •===-  =  120  ways. 

17|3 

1  red  ball  can  be  selected  in  3  ways. 

[6 

2  black  balls  can  be  selected  from  5  in  — —  =  10  ways. 

Hence  the  required  chance  is  ^^  =  i. 


18.  In  a  bag  are  5  white  and  4  black  balls.    If  4  balls  are  drawn 
out,  what  is  the  chance  that  they  will  be  all  of  the  same  color  ? 

There  are  9  balls  in  the  bag. 

19 
4  balls  can  be  selected  from  these  in =  126  ways. 

|6[4 

4  white  balls  can  be  selected  from  5  in  5  ways. 

4  black  balls  can  be  selected  in  1  way. 

Hence  4  balls  all  of  the  same  color  can  be  selected  in  6  ways. 

Hence  the  required  chance  is  yf ^  =  ^V* 
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13.  If  2  tickets  are  drawn  from  a  package  of  20  tickets  marked  1,  2, 
3^ ,  what  is  the  chance  that  both  will  be  marked  with  odd  numbers  ? 

There  are  10  odd  and  10  even  numbers. 

The  chance  that  the  first  ticket  is  marked  with  an  odd  number  is  J. 
If  the  first  ticket  be  odd,  there  remain  10  even  and  9  odd  numbers  in 
the  package. 

Hence  the  chance  that  the  second  ticket  is  odd  is  ^^, 
And  the  chance  that  both  are  odd  is  }  X  ifV  =^  A* 

14.  A  bag  contains  3  white,  4  black,  and  6  red  balls ;  3  balls  are 
drawn.    Find  the  odds  against  the  3  being  of  three  different  colors. 

The  bag  contains  12  balls. 

112 
3  balls  can  be  selected  from  them  in  -==^  =  220  ways. 

1  white  ball  can  be  selected  in  3  ways. 

1  black  ball  can  be  selected  in  4  ways. 

1  red  ball  can  be  selected  in  6  ways. 

Hence  3  balls  of  3  different  colors  can  be  selected  in3x4x6  =  60 
ways. 

And  the  odds  against  the  3  balls  being  of  3  different  colors  is  160  to 
60,  or  8  to  3. 

15.  Show  that  the  odds  are  35  to  1  against  throwing  16  in  a  single 
throw  with  3  dice. 

The  total  number  of  throws  with  one  dice  is  6,  with  3  dice  6*  or  216. 

Of  these  the  following  give  16. 

6,  6,  and  4,  which  may  happen  in  3  ways. 

6,  6,  and  6,  which  may  happen  in  3  ways. 

In  all  6  ways. 

Hence  the  odds  are  210  to  6,  or  35  to  1  that  16  will  not  be  thrown. 

16.  There  are  10  tickets  numbered  1,  2, 9,  0.    Three  tickets  are 

drawn  at  random.    Find  the  chance  of  drawing  a  total  of  22. 


,10 
Three  tickets  can  be  selected  from  the  10  in  -==-  =  120  ways. 

Of  these  sets  of  3,  only  9,  8,  5,  and  9,  7,  6  will  giye  22. 
Hence  the  chance  of  drawing  a  total  of  22  is  j^  =  ^. 
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17.  Fiod  the  probability  of  throwing  15  in  one  throw  with  3  dice. 

The  total  number  of  throws  with  3  dice  is  216. 
Of  these  the  following  give  16. 

6,  6,  and  3,  which  may  happen  in  3  ways. 
6,  5,  and  4,  which  may  liappen  in  6  ways. 
6,  6,  and  5,  which  may  happen  in  1  way. 

In  all,  10  ways. 

Hence  the  chance  of  throwing  15  is  ^f^  =  y^j. 

18.  With  3  dice,  what  are  the  relative  chances  of  throwing  a  doublet 
and  a  triplet  ? 

There  are  6  triplets. 

There  are  6  doublets.  But  since  the  doublet  includes  only  2  of  the 
3  dice,  it  may  be  thrown  in  3  ways,  and  moreover  the  third  die  may 
be  thrown  in  any  one  of  the  remaining  5  ways. 

Hence  a  doublet  can  be  thrown  in6x3x5  =  90  ways. 

Hence  there  are  15  times  as  many  chances  of  throwing  a  doublet  as 
of  throwing  a  triplet. 

19.  If  3  cards  are  drawn  from  a  pack  of  52  cards,  what  is  the  chance 
that  they  will  be  king,  queen,  and  knave  ? 


|52 
3  cards  can  be  selected  from  52  in'  —    =  22100  ways. 

[4913  ^ 

A  king  can  be  selected  in  4  ways,  a  queen  in  4  ways,  and  a  knave  in 
4  ways. 

Hence  there  are  4  X  4  X  4,  or  04,  combinations  of  king,  queen,  and 
knave. 

Therefore  the  chance  that  the  3  cards  will  be  king,  queen,  and 
knave  is  ^^j^,  or  ^if^. 

Exercise  50. 

1.  One  of  two  events  must  happen.  If  the  chance  of  one  is  {  that 
of  the  other,  find  the  odds  on  the  first. 

Since  the  sum  of  the  2  chances  is  1,  and  one  is  f  of  the  other,  it 
follows  that  the  one  chance  is  f,  and  the  other  f .  The  odds  are  3  to  2 
in  favor  of  the  first  event. 
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2.  There  are  tliree  events,  A,  B,  C,  one  of  which  must  happeii.  The 
odds  are  3  to  8  on  A,  and  2  to  5  on  B.     Find  the  odds  on  C. 

The  chances  are  ^  or  f  ^  that  A  will  happen. 

The  chances  are  ^  or  f  f  that  B  will  happen. 

Hence  the  chances  that  C  will  happen  is  1  —  J|  —  Jf  =  Jf . 

Hence  the  odds  are  43  to  34  against  C. 

3.  In  one  bag  are  9  balls  and  in  another  6;  and  in  each  bag  the 
balls  are  marked  1,  2,  3,  etc.  What  is  the  chance  that  on  drawing  one 
ball  from  each  bag  the  two  balls  will  have  the  same  number  ? 

The  chance  that  1  will  be  drawn  from  the  first  bag  is  J. 

The  chance  that  1  will  be  drawn  from  the  second  bag  is  J. 

Therefore  the  chance  that  2  I's  will  be  drawn  is  J  X  J,  or  ^. 

Similarly,  the  chance  that  2  2's  will  be  drawn  is  ^^j,  etc. 

Hence  the  chance  that  two  equal  numbers  will  be  drawn  is  6  X  ^j,  or  J. 

4.  What  is  the  chance  of  throwing  at  least  one  ace  in  2  throws  with 
one  die  ? 

The  chance  that  the  first  throw  will  not  give  an  ace  is  |. 
The  chance  that  the  second  tlirow  will  not  give  an  ace  is  f. 
Therefore  the  chance  that  neither  throw  will  give  an  ace  is  J  X  f ,  or  f  J. 
Hence  the  chance  that  at  least  one  ace  will  be  thrown  is  1  —  }|,  or  |^. 

6.  Find  the  probability  of  throwing  a  number  greater  than  9  in  a 
single  throw  with  a  pair  of  dice. 

The  total  number  of  throws  with  2  dice  is  36. 

Of  these  the  following  give  a  number  greater  than  9 : 

6  and  6,  1  way. 

6  and  5,  2  ways. 

6  and  4,  2  ways. 

6  and  5,  1  way. 

In  all,       6  ways. 
Hence  the  chance  of  throwing  a  number  greater  than  9  is  ^,  or  ^. 

6.  The  chance  that  A  can  solve  a  certain  problem  is  },  and  the  chance 
that  6  can  solve  it  is  }.  What  is  the  chance  that  the  problem  will  be 
solved  if  both  try  1 

The  chance  that  A  cannot  solve  it  is  f . 
The  chance  that  B  cannot  solve  it  is  ^. 
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Therefore  the  chance  that  neither  of  them  solve  it  is  f  X  i,  or  \. 
Hence  the  chance  that  at  least  one  of  them  succeeds  in  solving  it  is 
l-i.ori. 

7.  A,  B,  C  have  eqnal  claims  for  a  prize.  A  says  to  B,  "  You  and 
C  draw  lots,  and  the  winner  shall  draw  lots  with  me  for  the  prize.''  Is 
thisfaur? 

No.  Since  A  draws  lots  with  the  winner,  he  has  1  chance  in  2  of 
winning  the  prize,  whereas  he  is  only  entitled  to  1  chance  in  3.  ' 

8.  A  bag  contains  5  tickets  numbered  1,  2,  3,  4,  6.    Three  tickets  are 

drawn  at  random,  the  tickets  not  being  replaced  after  drawing.    Find 

the  chance  of  drawing  a  total  of  10. 

1 6 
3  tickets  can  be  selected  from  6  in  -^-  =  10  ways. 

[3|2 

Of  these  10  sets  only  6,  4,  and  1  and  6, 3,  and  2  will  give  a  total  of  10. 
Hence  the  chance  of  drawing  a  total  of  10  is  3^,  or  ^. 

9.  A  bag  contains  10  tickets,  6  marked  1,  2,  3,  4,  5,  and  5  blank. 
Three  tickets  are  drawn  at  random,  each  being  replaced  before  the 
next  is  drawn.    Find  the  probability  of  drawing  a  total  of  10. 

The  only  combination  which  gives  10  are  6, 6,  and  0 ;  6, 4,  and  1 ;  5, 3, 
and  2 ;  4,  4,  and  2 ;  and  4,  3,  and  3. 

5,  5,  and  0  may  be  drawn  in  3  ways ;  that  is,  the  0  may  be  drawn 
either  the  first,  the  second,  or  the  third  time. 

The  chance  that  6  will  be  drawn  the  first  time  is  ^. 

The  chance  that  6  will  be  drawn  the  second  time  is  ^. 

The  chance  that  0  will  be  drawn  the  third  time  is  }. 

Hence  the  chance  that  6,  6,  and  0  will  be  drawn  in  this  order  is 

And  the  chance  that  this  combination  will  be  drawn  in  some  other 
order  is  also  ^j^. 
Hence  the  chance  that  5,  5,  and  0  will  be  drawn  is  j^. 
Similarly,  the  chance  that  5,  4,  and  1  will  be  drawn  is 

6Xt^XtVXtV  =  TxAnr* 
The  chance  that  5,  3,  and  2  will  be  drawn  is  yi^&S' 
The  chance  that  4,  4,  and  2  will  be  drawn  is  y^Vi^. 
The  chance  that  4,  3,  and  3  will  be  drawn  is  yiAnr* 
Hence  the  chance  of  drawing  a  total  of  10  is 
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10.  Find  the  probability  of  drawing  in  the  preyious  example  a  total 
of  10  when  the  tickets  are  not  replaced. 

If  the  tickets  are  not  replaced,  the  only  combinations  which  gire  10 
are  5,  4,  and  1,  and  5,  8,  and  2. 
5,  4,  and  1  can  be  drawn  in  6  ways. 
The  chance  that  5  will  be  drawn  the  first  time  is  -j^. 
5  not  being  replaced,  the  chance  of  drawing  4  the  second  time  is  ^. 
And  the  chance  of  drawing  1  tlie  third  time  is  \. 
Hence  the  chance  of  drawing  5,  4,  and  1  in  this  order  is 

tV  X  i  X  i  =  7 Jr. 
Therefore  the  chance  of  drawing  5,  4,  and  1  in  any  order  is 


And  similarly,  the  chance  of  drawing  5,  3,  and  2  is  j^. 
Hence  the  chance  of  drawing  a  total  of  10  is  ^. 

11.  A  bag  contains  four  $  10  gold  pieces,  and  six  silver  dollars.  A 
person  is  entitled  to  draw  2  coins  at  random.  Find  the  value  of  his 
expectation. 

The  chance  that  he  will  draw  2  3 10  gold  pieces  is  t^  X  f  =  -ft. 
His  expectation  from  this  event  is  therefore  ^  of  $20,  or  $2}. 
The  chance  that  he  will  draw  1  $  10  gold  piece  and  1  silver  dollar  is 

Axf  +  Axt  =  TV 

His  expectation  from  this  event  is  therefore  ^^  of  $11,  or  $5f|. 
The  chance  that  he  will  draw  2  silver  dollars  is  i%  X  f  =  }• 
His  expectation  from  this  event  is  therefore  |  of  $2,  or  $}. 
Hence  his  total  expectation  is  $2|  +  $5)1  +  $}»  or  $9.20. 

18.  Six  $6  pieces,  four  $3  pieces,  and  five  coins  which  are  either  all 
gold  dollars  or  all  silver  dimes  are  thrown  together  into  a  bag.  As- 
suming that  the  unknown  coins  are  equally  likely  to  be  dimes  or 
dollars,  what  is  a  fair  price  to  pay  for  the  privilege  of  drawing  at 
random  a  single  coin  ? 

Thg  chance  of  drawing  a  $5  piece  is  ^,  or  f. 
The  expectation  from  this  event  is  therefore  J  of  $5,  or  $2. 
The  chance  of  drawing  a  $  3  piece  is  ^. 
The  expectation  from  this  event  is  therefore  ^  of  $3,  or  $^. 
The  chance  of  drawing  one  of  the  unknown  coins  is  ^,  or  |. 
The  chance  that  the  coin  is  a  dollar  is  ^,  and  the  expectation  in  this 
event  is  ^  X  i,  or  ^  of  1  dollar,  or  $  J. 
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The  chance  that  the  coin  is  a  dime  is  |,  and  the  expectation  in  this 
event  is  }  X  ^i  or  ^  of  1  dime,  or  $  ^. 

Hence  the  total  expectation  is$2  +  $f  +  $i  +  $7V  =  ^^H=^ ^-^^i* 
and  this  is  a  fair  price  to  pay. 

18.  A  bag  contains  six  $  5  pieces,  and  four  other  coins  which  have 
all  the  same  value.  The  expectation  of  drawing  at  random  2  coins  is 
worth  $8.40.    Find  the  value  of  each  of  the  unknown  coins. 

Let  $jr  be  the  value  of  each  of  the  unknown  coins. 

The  chance  of  drawing  2  $  5  pieces  is  y%  X  4,  or  J. 

The  expectation  from  this  event  is  therefore  J  of  $10,  or  $3 J. 

The  chance  of  drawing  1  $5  piece  and  1  of  the  unknown  coins  is 

The  expectation  from  this  event  is  therefore  ^  of  5  +  x  dollars,  or 

21  +  §^  dollars. 
^16 

The  chance  of  drawing  2  of  the  unknown  coins  is  ^  X  f  =  ^. 

The  expectation  from  this  event  is  therefore  ^^^  of  2j:  dollars,  or 

—  dollars. 
16 

Hence  the  total  expectation  is  3i  +  2|  +  —  +  — ,  or  6  +  —  dollars. 

f  ^        *      16      16  6 

.-.6  +  ^  =  81 
6 

x=S 
That  is,  the  unknown  coins  are  worth  $  3  each. 

14.  Find  the  probability  of  throwing  at  least  one  ace  in  4  throws 
with  a  single  die. 

Tlie  probability  that  no  ace  will  be  thrown  in  the  4  trials  is  (f )',  or  ^ff^. 
Hence  the  probability  that  at  least  one  ace  will  be  thrown  is  l—^^^, 
or  A%. 

15.  A  copper  is  tossed  3  times.  Find  the  chance  that  it  will  fall 
heads  once  and  tails  twice.  , 

The  chance  that  it  will  fall  heads  the  first  time  and  tails  the  second 
and  third  times  is  J  X  J  X  J,  or  J. 

Similarly,  the  chance  that  it  falls  heads  the  second  time  and  tails  the 
first  and  third,  or  that  it  falls  heads  the  third  time  and  tails  the  first 
and  second  is  in  each  case  \. 

Hence  the  chance  that  it  falls  heads  once  and  tails  twice  is  f. 
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16.  What  is  the  chance  of  throwing  double  sixes  at  least  once  in 

3  throws  with  a  pair  of  dice  ? 

The  chance  that  double  sixes  will  be  thrown  the  first  time  is  ^. 

The  chance  that  they  will  not  be  thrown  the  first  time  is  f  |. 

The  chance  that  they  will  not  be  thrown  the  second  time  is  j{. 

The  chance  that  they  will  not  be  thrown  the  third  time  is  }}. 

Hence  the  chance  that  will  not  be  thrown  at  all  is  (Hy. 

And  the  chance  that  they  will  be  thrown  at  least  once  is  1  —  (}i)^ 

17.  Two  bags  contain  each  4  black  and  3  white  balls.  A  ball  is 
drawn  at  random  from  the  first  bag,  and  If  it  be  white,  it  is  put  into  the 
second  bag,  and  a  ball  drawn  at  random  from  that  bag.  Find  the  odds 
against  drawing  two  white  balls. 

The  chance  that  the  ball  first  drawn  is  white  is  f . 
If  a  white  ball  be  drawn  and  placed  in  the  second  bag,  the  chance 
of  drawing  a  white  ball  from  this  bag  will  be  |,  or  }. 
Hence  the  chance  that  2  white  balls  will  be  drawn  is  J  X  f ,  or  ^. 
And  the  chance  that  2  white  balls  will  not  be  drawn  is  {\. 
The  odds  are  therefore  11  to  3  against  drawing  2  white  balls. 

18.  A  and  B  play  at  chess,  and  A  wins  on  an  average  2  games  out 
of  3.  Find  the  chance  of  A's  winning  exactly  4  games  out  of  the  first 
6,  drawn  games  being  disregarded. 

A  is  to  lose  2  games.    The  2  games  can  be  selected  from  the  6  in 

I? 
—-,  or  16  ways. 

The  chance  that  A  will  lose  any  given  game  is  i. 

The  chance  that  A  will  lose  any  other  given  game  is  J. 

Hence  the  chance  that  A  will  lose  2  given  games  is  ^. 

The  chance  that  A  will  win  a  given  game  is  |. 

Hence  the  chance  that  A  will  win  the  4  remaining  games  is  (§)*  =  Jf . 

Hence  the  chance  that  A  will  lose  2  given  games  and  win  the  4  others 

i«  i  X  if ,  or  yi^. 
But  the  2  games  can  be  selected  in  15  ways. 
Hence  the  chance  that  A  will  lose  some  2  games  and  win  the  Other 

4  is  15  X  ^,  or  ^%. 
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19.  At  tennis  A  on  an  ayerage  beats  6  2  games  out  of  3.    If  they 
play  one  set,  find  the  chance  that  A  will  win  by  the  score  of  6  to  2. 

The  chance  that  A  will  win  any  particular  game  is  f . 
The  chance  that  6  will  win  any  particular  game  is  ^. 
A  must  win  5  games  out  of  the  first  7,  and  in  addition  the  last  game. 
The  required  chance  is 

7x6  /2\s/l\2/2\      21X26^7X2^^^.        ^'"^^ 
1X2  U;  UMaj  37  3«         ^       ^/^/ 


90.  A  and  B,  two  players  of  equal  skill,  are  playing  tennis.  A  wants 
2  games  to  complete  the  set,  and  B  wants  3  games.  Find  the  chance 
that  A  will  win  the  set. 

A  may  win  the  set  as  follows : 

(1)  He  may  win  the  next  2  games.    The  chance  of  this  is  iXi  =  \. 

(8)  He  may  win  the  next  game,  lose  the  second,  and  win  the  third. 
The  chance  of  this  is  }  X  }  X  i  =  i* 

(8)  He  may  win  the  next  game,  lose  the  second  and  third,  and  win 
the  fourth.    The  chance  of  this  is  J  X  }  X  }  X  J  =  t*^. 

(4)  He  may  lose  the  next  game,  and  win  the  second  and  third.  The 
chance  of  this  is  }  X  }  X  i  =  i> 

(5)  He  may  lose  the  next  game,  win  the  second,  lose  the  third,  and 
win  the  fourth.    The  chance  of  this  is}x}X}Xj  =  A. 

(6)  He  may  lose  the  next  two  games  and  win  the  third  and  fourth. 
The  chance  of  this  is  J  X  }  X  J  X  J  =  t^. 

Hence  A's  total  chance  of  winning  isJ  +  i  +  ^  +  i  +  T^H-  A  =  tt' 

81.  If  n  coins  are  tossed  up,  what  is  the  chance  that  one,  and  only 
one,  will  turn  up  head  ? 

The  chance  that  a  given  one  will  turn  up  head  is  }. 

The  chance  that  all  the  others  will  turn  up  tail  is  (J)*^^. 

Hence  the  chance  4hat  both  events  will  occur  together  is  }  X  (})*~^ 

or  (i)". 
But  a  coin  can  be  selected  in  n  ways. 
Hence  the  chance  that  some  coin  will  turn  up  head  while  all  the 

others  turn  up  tail  is  n(i)'*',  or  — • 

2*» 
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32.  A  bag  contains  n  balls.  A  person  takes  out  one  ball,  and  then 
replaces  it.  He  does  this  n  times.  What  is  the  chance  that  he  has 
had  in  his  hand  eyery  ball  in  the  bag  ? 

He  mnst  draw  a  different  ball  each  time. 

After  drawing  the  first  ball,  he  can  only  draw  the  second  time  one  of 
the  n  —  1  remaining  balls. 

The  chance  of  drawing  one  of  these  is 

n 

After  drawing  the  first  and  second  balls,  he  can  draw  the  third  time 

only  one  of  the  n  —  2  remaining  balls. 

J. o 

The  chance  of  drawing  one  of  these  is ,  etc. 

n 

Hence  the  chance  that  he  will  hare  drawn  eyery  ball  in  the  n  draw- 

(n-lHn-2) 1 


ings  18 


„n-l 


88.  If  on  an  ayerage  9  ships  out  of  10  return  safe  to  port,  what  is 
the  chance  that  out  of  5  ships  expected  at  least  3  will  safely  return  ? 

At  least  3  will  return  if  3  return  and  2  are  lost,  or  if  4  return  and  1 
18  lost,  or  if  all  6  return. 
The  chance  that  a  giyen  3  will  return  and  other  2  be  lost  is 


(1\\  /JL y,  or  ^. 


|5 

But  3  can  be  selected  from  6  in  -^^  =  10  ways. 

L3|_2 

Hence  the  chance  that  some  3  will  return  and  the  other  2  be  lost  is 

106'        10* 
The  chance  that  4  gi^en  ships  will  return  and  the  other  1  will  be  lost 


( 


9  \«     1  9* 


But  4  can  be  selected  from  5  in  5  ways. 

Hence  the  chance  that  some  4  will  return  and  the  other  be  lost  is 


The  chance  that  all  will  return  is  (  —  V 

Vio. 


.)*■     . 

Hence  the  chance  that  at  least  3  will  return  is 

^  ,  5x9*  .  ^    or  12393 
10*"*"    106    +106'       12600* 


346  COLLEGE   ALGEBRA. 


At  tennis  A  beats  B  on  an  average  2  games  out  of  3 ;  if  the 
score  is  4  games  to  3  in  B's  favor,  find  the  chance  of  A's  winning  6 
games  before  B  does. 

A  may  win  6  games  before  B  in  the  following  ways : 

(1)  He  may  win  the  next  3  games.    The  chance  of  this  is  (§)*,  or  ^•y. 

(3)  He  may  win  the  next  2  games,  lose  the  third,  and  win  the  fourth. 
The  chance  of  this  is  (5)2  X  i  X  if,  or  /p. 

(8)  He  may  win  the  next  game,  lose  the  second,  and  win  the  third 
and  fourth.    The  chance  of  this  is  §  X  i  X  f  X  if,  or  ^. 

(4)  He  may  lose  the  next  game  and  win  the  second,  third,  and  fourth. 
The  chance  of  this  is  J  X  S  X  §  X  S,  or  /f. 

Hence  his  total  chance  of  winning  6  games  before  B  does  is 

!?T+]ft:+A:+A.orif. 

25.  A  bets  B  $  10  to  $  1  that  he  will  throw  heads  at  least  once  in  3 
trials.    What  is  B*s  expectation  ?     What  would  have  been  a  fair  bet  ? 

The  chance  of  throwing  tails  in  the  first  trial  is  J. 

The  chance  of  throwing  tails  every  time  in  3  trials  is  (5)^  or  \. 

Hence  the  chance  that  B  will  win  is  },  and  B's  expectation  from  this 
event  is  |  of  f$  10,  or  $  1.25. 

But  the  chance  of  B's  losing  is  {,  and  his  negative  expectation  in  this 
case  is  J  of  $  1,  or  .f  0.87 J. 

Hence  B's  expectation  is  $  1.25  —  $0.87  J,  or  $0.37  J. 

Since  A's  chance  is  to  B's  as  7  to  1,  a  fair  bet  would  have  been  f  7 
to  $  1  against  B.  In  this  case  B's  expectation  would  have  been  ^  of 
$  7  —  J  of  $  1,  or  0.  That  is,  he  would  have  paid  a  fair  price  for  his 
chance,  and  could  not  expect  either  to  gain  or  to  lose. 

26.  A  draws  5  times  (replacing)  from  a  bag  containing  3  white  and  7 
black  balls,  drawing  each  time  one  ball ;  every  time  he  draws  a  white 
ball  he  is  to  receive  $  1,  and  every  time  he  draws  a  black  ball  he  is  to 
pay  60  cents.     What  is  his  expectation  ? 

The  chance  that  he  will  draw  5  white  balls  is  (^7)^;  and  his  expecta- 

243 
tion  from  this  event  is  CA)*  X  5  dollars,  or dollars. 

^^^^  2  X  10* 

He  can  draw  4  white  balls  and  1  black  one  in  5  ways. 
The  chance  that  any  given  one  of  these  ways  will  occur  is  C-^)*  X  A> 

or  — — • 
10* 


teachers'  £DmoK.  347 


HeDce   the  chance  that  some  one  of    these  ways  will   occur   is 

667 
5  X  -— r-.    If  one  of  these  ways  occurs,  he  receives  $  3.60.    Hence  his 

expectation  from  this  event  is  6  X  — -  X  3i,  or  dollars. 

He  can  draw  3  white  halls  and  2  black  ones  in  10  ways. 
The  chance  that  any  given  one  of  these  ways  occurs  is  (^)'  X  (A)^ 
1323 

lOfi' 

1323 

W 

1323                                                                                1323 
or  -^——,  and    his    expectation    from   this   event  is  X  2  dollars, 

10*  10* 

2646  ,  „ 
or dollars. 

10* 


or 


Hence  the  chance  that  some  one  of  these  ways  will  occur  is  10  X 


He  can  draw  2  white  balls  and  3  black  balls  in  10  ways. 
The  chance  that  some  one  of  these  ways  will  happen  is 


(?.)'><  (a 


10** 


and  the  expectation  from  this  event  is 

3087  ^  1  ,  „               3087     ,  „ 
X  -  dollars,  or dollars. 

10*       2  2x10* 

He  can  draw  1  white  ball  and  4  black  balls  in  6  ways. 

The  chance  that  some  one  of  these  ways  will  happen  is 

.  ^  3  ^  /  7  \*  7203 

6  X  —  X  I  —  I  ,  or  , 

10      VIO;  '       2X10* 

and  the  expectation  from  this  event  is 

7203    X  (_  1)  aoUars,  or  _   ''^ 


2xl0«      ^       '  2x10* 

—  I  ,  or ,  and  the 

lO;  106 

expectation  from  this  event  is XC— 2i)  dollars,  or  — dollars. 

^  106    ^v       2^  4x10* 

Hence  his  total  expectation  is 

243      ,     3969     ,  2646  ,     3087  7203         16807 


2  x  10*     4  X  10*       10*       2  X  10*      2  X  10*      4  X  10** 

or  ~  ^  dollar,  or  —  26  cents.    That  is,  the  expectation  is  that  he  will 

lose  26  cents. 

Same, 

The  probability  that  he  will  draw  a  white  ball  the  first  time  is  ^, 
and  his  expectation  from  this  event  is  ^  of  $  1,  or  30  cents. 
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The  probability  that  he  will  draw  a  black  ball  the  first  time  is  ^,  and 
his  expectation  from  this  event  is  ^jf  X  (—  50)  cents,  or  —  35  cents. 

Hence  his  total  expectation  for  the  first  trial  is  30  —  35,  or  —  5  cents. 
That  is,  he  must  expect  to  lose  5  cents. 

Hence  in  5  trials  the  expectation  is  that  he  will  lose  5  X  5,  or  25  cents. 


27.  From  a  bag  containing  2  eagles,  3  dollars,  and  3  quarter-dollars, 
A  is  to  draw  1  coin  and  then  B  3  coins ;  and  A,  6,  and  C  are  to  divide 
equally  the  value  of  the  remainder.     What  are  their  expectations  ? 

In  the  final  division  A,  6,  and  C  receive  equal  shares. 

Consider  their  expectations  from  this  division. 

There  are  $43.75  in  the  bag. 

A  and  B  are  to  draw  out  4  coins  at  first. 

18- 
4  coins  can  be  selected  from  8  in  "'^ 


A  and  B  may  draw : 

(1)  2  eagles,  2  dollars 

(8)  2  eagles,  1  dollar,  1  quarter 

(8)  2  eagles,  2  quarters 

(4)  1  eagle,  3  dollars 

(5)  1  eagle,  2  dollars,  1  quarter 

(6)  1  eagle,  1  dollar,  2  quarters 

(7)  1  eagle,  3  quarters 

(8)  3  dollars,  1  quarter 

(9)  2  dollars,  2  quarters 
(10)  1  dollar,  3  quarters 

Total  expectation  for  the  division  $^2^,  or  $  11^. 

Hence  the  expectation  of  each  from  the  division  is  J  of  $llf^,  or 
$3.86^. 

Hence  C's  entire  expectation  is  $3.86^. 

Again,  A  may  draw  an  eagle.  The  probability  of  this  is  },  or  J. 
The  corresponding  expectation  is  $2.50. 

Or,  he  may  draw  a  dollar.  The  probability  of  this  is  |.  The  corre- 
sponding expectation  is  37|  cents. 

Or,  he  may  draw  a  quarter.  The  probability  of  this  is  f .  The  cor- 
responding expectation  is  9f  cents. 

Hence  A's  expectation  from  his  draw  is  $  2.96}. 


"  4^ 

t 

B. 

Proba- 
bility. 

Amount 
remaining, 

Expectation  for  the 
division. 

^ 

$1.75 

^X$1.75   =$A^. 

A 

$2.50 

7%  X  $2.50   =$3ffT. 

^ 

$3.25 

7VX$3.25   =$/A- 

Vfe 

$  10.76 

V^yX$  10.75  =  $^. 

H 

$11.50 

^J  X$  11.50  =  $  W- 

H 

$  12.25 

1^  X$  12.25  =  $  fl-. 

A 

$13.00 

^X  $13.00 -$if 

A 

$20.50 

^  X  $20.50  =$|fj. 

A 

$21.25 

^^^X  $21.25  =  $J53^. 

A 

$22.00 

V»ffX  $22.00  =  $  if. 
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And  A's  total  expectation  is  $0.88|^^^g. 

A's  and  C's  expectations  together  are  $  lO.Q9'f^j. 

Hence  B's  expectation  is  $28.75  —  $17.62 /,  =  $6.22^. 

Exercise  51. 

1.  An  even  number  greater  than  6  has  been  thrown  with  2  dice. 
What  is  the  chance  that  doublets  were  thrown  ? 

Eren  numbers  greater  than  6  may  be  thrown  as  follows : 

6  and  2,  2  ways. 

6  and  4,  2  ways. 

6  and  6,  1  way. 

6  and  3,  2  ways. 

6  and  5,  1  way. 

4  and  4,  1  way. 

In  all,       9  ways,  of  which  3  give  doublets. 
Hence  the  chance  that  doublets  were  thrown  is  f ,  or  \, 

2.  A  number  divisible  by  3  has  been  thrown  with  2  dice.    What  is 
the  chance  that  the  number  was  odd  ? 

The  number  must  have  been  3,  6,  9,  or  12. 

3  may  be  thrown  as  1  and  2,  2  ways. 

6  may  be  thrown  as  1  and  6,  2  and  4,  or  3  and  3,  6  ways. 

9  may  be  thrown  as  3  and  6,  or  4  and  6,  4  ways. 

12  may  be  thrown  as  6  and  6, 1  way. 

In  all,  12  ways. 

Of  these,  6  give  3  or  5. 

Hence  the  chance  that  the  number  was  odd  is  ^^,  or  |. 

S.  Fourteen  has  been  thrown  with  3  dice.    Find  the  chance  that  one, 
and  only  one,  of  the  dice  turned  up  a  six. 

14  can  be  thrown  only  as  follows  : 

6,  6,  and  2,  3  ways. 

6,  5,  and  3,  6  ways. 

6,  4,  and  4,  3  ways. 

6,  6,  and  4,  3  ways. 

In  all,  15  ways. 

6  occurs  once,  and  only  once,  in  9  ways. 
Hence  the  required  chance  is  ^3,  or  f . 
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4.  An  even  number  greater  than  10  has  been  thrown  with  3  dice. 
Find  the  chance  that  ttie  number  was  14. 

Even  numbers  greater  than  10  can  be  thrown  as  follows : 

6,  5,  and  1  6  ways 

6,  4,  and  2  6  ways 

6,  3,  and  3  3  ways 

6,  6,  and  2  3  ways 

6,  4,  and  3  6  ways 

4,  4,  and  4  1  way 

6,  6,  and  2  3  ways 

6,  5,  and  3  6  ways 

6,  4,  and  4  3  ways 

6,  5,  and  4  3  ways 


12 


26  ways. 


14 


16  ways. 


16  \  ^'  ^'  »»^  ^    ^  '"y»  I  6  ways. 
(  6,  6,  and  6    3  ways  ) 

18  -!  6,  6,  and  6    1  way     }-  1  way. 

Hence  even  numbers  above  10  can  be  thrown  in  47  ways,  of  which 
16  ways  give  14. 
Hence  the  chance  that  the  number  was  14  is  ^^.  ^ 

5.  From  a  bag  containing  6  white  and  2  black  balls  a  person  draws 
3  balls  at  random  and  places  them  in  a  second  bag.  A  second  person 
then  draws  from  the  second  bag  2  balls  and  finds  them  to  be  both  white. 
Find  the  chance  that  the  third  ball  in  the  second  bag  is  white. 

18 
From  8  balls  3  can  be  drawn  in  -=-  =  66  ways :   3  wliite  balls  in 
6  I3i6 

=  20  ways. 


[3|_3 

2  white  l)alls  and  1  black  ball  in  30  ways. 

Chance  that  the  balls  in  the  second  bag  will  be  all  white,  and  that 
from  them  2  white  balls  will  be  drawn,  is  H  X  1  =  ^. 

Chance  that  there  will  be  2  white  balls  and  1  black  ball  in  the  second 
bag,  and  that  from  them  2  white  balls  will  be  drawn,  is  |}  X  |  =  ^> 

Odds  in  favor  of  3  white  balls  are  as  ^^ :  ^j,  or  as  2 : 1. 

Chance  of  3  white  balls  is  |. 

6.  A  bag  contains  4  balls,  each  of  which  is  equally  likely  to  be  white 
or  black.  A  person  is  to  receive  f  12  if  all  four  are  white.  Find  the 
Talue  of  his  expectation. 
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Suppose  he  draws  2  balls  and  finds  them  to  be  both  white.  What 
is  now  the  value  of  his  expectation  ? 

(1)  JXjXjXjXl2  =  f  dollar  =  76  cents. 

(2)  There  are  left  2  balls  in  doubt.  Chance  that  both  are  white  is 
J  X  i  =  J.     Answer  is  }  X  12  =  $3. 

7.  A  and  B  obtain  the  same  answer  to  a  certain  problem.  It  is  found 
that  A  obtains  a  correct  answer  11  tiroes  out  of  12,  and  B  9  times  out 
of  10.  If  it  is  100  to  1  against  their  making  the  same  mistake,  find  the 
chance  that  the  answer  they  both  obtain  is  correct. 

There  are  but  two  hypotheses;  the  answer  is  right  or  it  is  wrong. 
In  the  latter  case  A  and  B  must  have  made  the  same  mistake. 
First  hypothesis.     Chance  that  A  and  B  will  get  the  same  answer  is 

H  X  A,  or  !*• 
Second  hypothesis.    Chance  that  A  and  B  will  get  the  same  answer  is 

A  X  tV  X  tJt»  or  Ti\^is* 

The  odds  that  the  answer  is  correct  is  as  f }  to  x^It^t,  or  as  0099  to  1. 
The  chance  that  the  answer  it  correct  is  -fj^j^fn. 

8.  From  a  pack  of  52  cards  one  has  been  lost ;  from  the  imperfect 
pack  2  cards  are  drawn  and  found  to  be  both  spades.  Required  the 
chance  that  the  missing  card  is  a  spade. 

If  the  missing  card  is  not  a  spade,  the  chance  that  2  spades  will  be 
drawn  is  Jf  X  if 
If  the  missing  card  is  a  spade,  the  chance  that  2  spades  will  be  drawn 

Hence  the  odds  against  the  missing  card  being  a  spade  are  as 
i!  X  a  to  if  X  lit  or  as  13  to  11.  The  chance  that  the  missing  card 
is  a  spade  is  ^|. 

9.  A  speaks  truth  0  times  out  of  ten,  and  B  11  times  out  of  12. 
There  is  a  certain  event  which  must  either  happen  or  fail,  and  is  of 
itself  twice  as  likely  to  happen  as  to  fail.  A  says  that  the  event  hap- 
pened, and  B  that  it  failed.     Find  the  odds  for  the  event  happening. 

If  the  event  happened,  A  tells  the  truth,  and  6  lies ;  if  it  did  not  hap- 
pen, A  lies,  and  B  tells  the  truth.  The  chance  of  the  first  is  J  X  t®^  X  ti- 
The  chance  of  the  second  is  J  X  t^  X  Ji*  The  odds  in  favor  of  hap- 
pening are  as  2  X  9  X  1  to  1  X  1  X  H,  or  18  to  11.  The  chance  that 
the  event  did  happen  is  Jf . 
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Exercise  52. 


1.  Find  the  yalues  of : 


111.      111.      11111 
4  +  3  +  2'      2  +  3  +  7'      1  +  2  +  1+4  +  5 

111.  111. 

4  +  3  +  2*  2  +  3  +  7' 

Quotiento      =  4,  3, 2.  Quotients      =  2,  3,  7. 

Convergent*  =  f ,  J,  ^,  ^.  Convergents  =  f ,  J,  f ,  f f 

11111 

1+2  +  1  +  4  +  6' 
Quotients      =  1,  2, 1,  4,  6. 
Convergents  =  J,  \,  },  f ,  Jf,  J  J. 


2.  Find  continued  fractions  for  {H;  \^^-;  J^;  ^y;  V5;  VH; 
4V6;  and  find  the  fourth  convergent  to  each. 

123^1      11111111. 
167      1  +  3  +  1  +  1  +  1  +  1  +  1  +  1+2' 
Quotients      =  1,  3,  1,  1,  1. 
Convergents  =  J,  |,  J,  J,  J. 

169^3     1      11111. 

47  2  +  1  +  1  +  1  +  1  +  3' 

Quotients      =2,  1,  1,  1. 
Convergents  =  J,  J,  ^,  |,  f . 
,••  Fourth  convergent  =  3|  =  y. 

103^^      1      1111 
71  2  +  4  +  1  +  1+3' 

Quotients      =  2,  4, 1,  1. 
Convergents  =  },  |,  f ,  /j,  ^%, 
.'.  Fourth  convergent  =  1^®^  =  fj. 

67^^!      111111 
177     2  +  1  +  1  +  1  +  3  +  1+4 
Quotients      =  2, 1,  1,  1. 
Convergents  =  J,  i,  J,  f ,  f 
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Let 


V6=2+i 


Let 


•  •  *  —  ~~~^ 


4V6  =  9+1 
1 


x  = 


V5-2 
=  V5  +  2 

• 

A    V6  =  2  +  7 
4 

Quotients      =  4,  4,  4,  4. 
Convergents  =  f ,  J,  t\,  |J,  ^ 
/.  Fourth  convergent = 2^^^^  = 


4V6-9 
4v/6  +  9 


•••  y 


4\/6-6 
2V6  +  3 


Let 


vn=3+| 

1^ 


\/ii-3 


Let    2^^±i=3  +  l 
2  ;r 

2 


«  = 


Let   2^I±^  =  3+i 

2  y 

2 


2V6-3 
^4\/6  +  6 

Let    1-!^«  =  1  +  ' 
15  tt 

16 


vn-3 
=  vTr+3 

^   X 


ti  = 


4V6-9 

=4V6+9 
=  18  +  1 


•••^  =  ^•^^1 


•   4V6=9+1     111 

Quotients      =  1,  3, 1,  18. 
Convergents  =  ^,  |,  f,  t,  if. 
.*.  Fourth  convergent  =  9 Jf  =  J^. 


Quotients      =  3,  6,  3,  6. 
Convergents  =  J,  },  ^^,  \h\.. 
.'.  Fourth  convergent=3  if  J= ^y^ . 

8.  Find  continued  fractions  for  ^7;  JJJ;  }Jfl;  Wi^J  ^^^  ^^^  *^® 
third  convergent  to  each. 

47_^1      1      1      1. 

267     6+2  +  7  +  3' 
Quotients      =  6,  2,  7. 
Convergents  =  J,  J,  ^^  Jf . 


2065^1      1      1      1     i_. 
4626     2  +  4  +  6  +  8  +  10* 
Quotients      =  2,  4,  6,  8. 
Convergents  =  J,  J,  f ,  f  f . 


467^2  +  1     1     1. 
204  4  +  6  +  8* 

Quotients      =  4,  6,  8. 

Convergents  =  f ,  \,  ^5,  ^j^^. 

.-.  Third  convergent  =  2^^^  =  f  JJ. 

2991  ^g      1      1      1      1     1. 
668  3  +  1+3  +  6  +  7* 

Quotients      =.  3,  1,  3,  6. 
Convergents  =  J,  J,  J,  ^. 
.*.  Third  convergent  =  6^  =  ff . 


S54  COLLEGE   ALGEBRA. 


4.  Find  continued  fractions  for  \/2T;  V22;  V33;  V66. 

Let           \^  =  4  +  l 

X 

Let 
Let 

Let 
Let 
Let 

V22  =  4+i 

X 

V2I-4 
_  V'21  +  4 
6 

Let    ^  +  4  =  1  +  1 

^22-4 
_  V22  +  4 
6 
\^  +  4     J      1 

6 

•    ti  -^  - — . 

V2I-I 
_  V2I  +  1 
4 

Let    ^  +  1  =  1  +  1 
4                   2 

V22-2 

V22  +  2 

3 

V^  +  2_24.1 
3                   z 

V2I-3 
_  V'21  4-  3 
3 

Let     v^  +  3^2  +  1 
3                  ti 

\/22-4 

V22  +  4 

2 

V22  +  4_^      1 

2                   tt 
2 

V21-3 

_  \/21  4-  3 
4 

Let    ^?1  +  3^H-1 
4                   t; 

4 

V22  -  4 
_  ^22  +  4 
3 

>/22  +  4_o  .  1 

3    -^+; 
3 

/.  V  =  — -= .*.  V  = 


v^-1  V22-2 

^  V21  4- 1  _  v^2  4-2 

6  _  6 

Let    ^+^  =  1  +  J^  Let    >^22  +  2^,^l 

5  u;  6  u; 

6 


u;  = .'.  tt7  = 


\/2l~4  V22-4 

=  V21  +  4  =  v^  +  4 

=8+-  =8+1 

,.^=4+1  1  Ti  1  i  ...v^=4+i  1  i"i  1  1 

^1  +  1+2  +  1+14-8  14-24-44-24-1  +  8 


teachers'  edition.  365 


Let 

V33=5  +  l 

X 

■    X-        1 

V33  -  5 

_  V33  +  5 

8 

Let 

V33  +  5     ,      1 

•  y-      ^ 

"      V33_3 

_  V33  +  3 

3 

Let 

V33  +  3_o  ,  1 

3        -^  +  i 

I 

1 

.    ._        3 

V'33-3 

_\/33  +  3 

8 

Let 

V33  +  3_j      1 
8                  u 

1 

•   ti-        « 

V33-6 

=  V33  +  5 

=  10  +  - 

X 

Let 

V66=r7  +  i 

X 

•   X-        1 

V66-7 

_>/65  +  7 

6 

Let 

V66  +  7_2      1 

•  •  y  — 

V66  -  5 

_  V  66  +  6 

6 

Let 

V65  +  5_2  ,1 

5                  z 

•    z-        ^ 

\/66-6 

_  V66  +  6 

6 

Let 

V66  +  6_o  .  1 
6        -^  +  n 

•    u-        ^ 

V66-7 

=  V65  +  7 

=  14  +  1 

X 

...  V33=5  +  l     1     1     i  ...  V65=7  +  i     1     1     i 

^14-2  +  1  + 10  2  +  2  +  2  +  14 

6.  Obtain  convergents,  with  only  two  figures  in  the  denominator, 
that  approach  nearest  to  the  ralues  of:  V7;  VlO;  VTS;  Vl7;  \/l8; 
V^;  3-V5;  2+  vTl. 

•  •  •  •  • 

V7  =  2  +  l     1     -     r  Vl0  =  3  +  -. 

1+1+1+4  6 

Quotients      =  1, 1, 1, 4, 1, 1, 1, 4.  Quotients      =  6,  6,  6. 

Convergents  =  {,  |,  J,  f ,  ^^,  |-|,  Convergents  =  ^,  J,  /y. 

f ^,  f  J.  .-.  3y\  is  the  required  convergent. 

.*.  2fJ  is  the  required  convergent. 
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vi6=3+i  i. 

1+6 
Quotienta      =  1,  6, 1,  6, 1, 6. 
ConrergenU  =  f ,  |,  f ,  {,  }|,  Jf. 
.*.  3{}  is  the  required  conyergent. 

Vl7  =  4  +  |. 

Quotients      =  8,  8,  8. 
Conyergents  =  f ,  J,  ^. 
.'.  4^  is  the  required  conyergent. 

Quotients      =  4,  i,  4,  4. 

Convergents  =  f ,  J,  ^,  If 
.-.  K  is  the  required  conyergent. 


Vl8  =  4  +  1     i. 

4  +  8 

Quotients      =  4,  8,  4. 
Conyergents  =  f,  J,  A- 
.'.  4^  is  tlie  required  conyergent. 

V^  =  4  +  l     |. 

2  +  8 

Quotients      =  2,  8,  2,  8. 
Conyergents  =  J,  J,  ^V*  H- 
.'Ail  ^B  ^^®  required  conyergent. 

2+vn=2+(3+|^i) 
=6+1  i. 

3  +  6 
Quotients      =  3,  6,  3,  6. 
Conyergents  =  f ,  J,  At  H- 
.*.  6f^  is  the  required  conyergent. 


6.  Find  the  proper  fraction  which,  if  conyerted  into  a  continued 
fraction,  wili  haye  quotients  1,  7,  6,  2. 

Quotients      =  1,  7,  5,  2. 
Conyergents  =  f ,  f ,  J,  }f ,  JJ. 


7.  Find  the  next  conyergent  when  the  two  preceding  conyergents 
A  and  If,  and  the  next  quotient  is  6. 


ttg  __  Wjttj  +  tli 


r. 


Put 
Then 


m, 


=  5,  «!  = 


3,  ri  =  17,  tt,=  19,  t;,  =  89 
^6x  19 +  3^  98  ^7 
V.     6x89+17     462     33 


^ 


8.  If  the  pound  troy  is  the  weight  of  22.8167  cubic  inches  of  water, 
and  the  pound  avoirdupois  of  27.7274  cubic  inches  of  water,  find  a 
fraction  with  denominator  less  than  100  which  shall  differ  from  their 
ratio  by  less  than  0.0001. 

228157  ^  1      lllllllJLlll. 
277274     1+4  +  1  +  1  +  1+4  +  1  +  1  +  82  +  1+6  +  3 
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Quotients      =  1,  4, 1, 1, 1,  4, 1, 1,  82. 
Convergents  =  *,  |,  |,  f,  ^\,  |^,  ^,  J|,  |^. 
If  we  stop  with  Jf,  the  error  is  <  J|  —  |^ 

or  <  y^^ 

/.  Jf  is  the  required  fraction. 

9.  The  ratio  of  the  diagonal  to  a  side  of  a  square  being  V2,  find  a 
fraction  with  denominator  less  than  100  which  shall  differ  from  their 
ratio  by  less  than  0.0001. 

• 

\^=1  +  -. 
2 

Quotients      =  2,  2,  2,  2,  2,  2,  2. 

Convergents  =  f  i,  J,  ^p^,  J  J,  f  i,  ^. 

If  we  stop  with  ^,  the  error  is  <  ^  —  ^ 

or  <  ttW 
.'.  Iff  is  the  fraction  required. 

10.  The  ratio  of  the  circumference  of  a  circle  to  its  diameter  being 
approximately  the  ratio  of  3.14169265 : 1,  find  the  first  three  conrer^ 
gents  to  this  ratio,  and  determine  to  how  many  decimal  places  each 
may  be  depended  upon  as  agreeing  with  the  true  value. 

314169266^3      1     J_     1 

100000000         "^  7  +  16  +  1  + 
First  convergent     =    ^  =  3.142+ 
Second  convergent  =  JJ}  =  3.14160+ 
Third  convergent    =  f||  =  3.1416920+ 

11.  In  two  scales  of  which  the  zero-points  coincide  the  distances  be- 
tween consecutive  divisions  of  the  one  are  to  the  corresponding  distances 
of  the  other  as  1 :  1.06677.  Find  what  division  points  most  nearly  coin- 
cide. 

Let  n  divisions  of  the  first  scale  equal  as  nearly  as  possible  m  divis- 

ions  of  the  other.     Then  —  is  a  convergent  of 


n  "  1.06677 

100000  ^  1    JLilli_iill. 

106677      1  +  16  +  4  +  1  +  8  +  11  +  2  +  1  +  1  +  2* 

Quotients      =  1,  16,  4,  1,  8,  11. 

Convergents  =  ?,  |,  H,  |i  If,  f ft • 

If  we  stop  with  Jf ,  the  error  is  <  f f  |  —  JJ 
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That  is,  diTlsion  76  of  the  second  scale  nearly  coincides  in  the  diyia- 
ion  81  of  the  first  scale,  the  distance  between  them  being  less  than 
ttItt  o'  ^^^  division  of  the  first  scale. 

12.  Find  the  surd  values  of : 

i+i  i.  8+i  i-  1  1  i-  i+i  1  i. 

4  +  2'  1  +  6'    3  +  1+6'  2  +  3  +  4 


Let               x  =  l     I 

Let                x  =  l     I     I 

4  +  2 

3  +  1  +  6 

•   X-       1 

1 

*+,' 

3+       '    , 

2  +  x 

1  +  / 

_2  +  x 

6  +  x 

9  +  x 

_    7  +  x 

/.  4xa+8x-2  =  0 

27  +  4x 

2xa  +  4x-l=0 

.•.4xa  +  26x-7  =  0 

-4db  V'24 

-26±2V107 

x= 

4 

8 

/.    X  =  —  1  i:  V} 

^_-13+  V197 

.*.  The  required  value 

4 

=  1-1+ Vi 

/.  The  required  value 

=  V} 

_  -  13  +  \/197 
4 

Let                x  =  i     i 

T  ♦                i    1    i 

Let                X  =  -     -     - 

1  +  6 

2  +  3  +  4 

•   X-       1 

1 

'•^6  +  . 

o  ,         1 

3+,  ^ 

6  +  x 

4  +  x 

7  +  x 

_13  +  3x 

/.  x«+6x  — 6  =  0 

80+7x 

^    -6±  Vm 

.•.7x2+27x-l3=0 

2 

V1093  -  27 

.-.  ar  =  -  3  +  Vis 

14 

.*.  The  required  value 

.*.  The  required  value  is 

=  3-3+  Vl6 

V1093  -  27 

=  Vis 

14 
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13.  Prove  that 


Let  x  =  ^     - 

b  +  a 

1 
/.  x  = 


6+     ' 


a  -^  X 


^  bx-\-ab-\-l 
bifl  +  atr  —  a  =  0 


-a6  4:\/a262_|_4aft 

X  = —     ! 

2  b 

/.  x  = ■ 

2b 

/         i      iwi      i\      a6  +  Va26'^4-4a6     -q6+  Va'^b^  +  ^ab 

V       6  +  a/U  +  «/  26  2b 

—  ^^b  _  a 

~462~6 

14.  Show  that  the  ratio  of  the  diagonal  of  a  cuhe  to  its  edge  may 
be  Dearly  expressed  by  97  :  66.  Find  the  greatest  possible  value  of  the 
error  made  in  taking  this  ratio  for  the  true  ratip. 

The  ratio  is  VS  :  1. 


V3=l  +  1     i. 
1+2 


Quotients      =  1,  2,  1,  2,  1,  2, 1,  2,  1. 
Convergents  =  ^,  |,  f  f ,  ^,  H.  f*.  ih  HI 
If  we  stop  with  |J,  the  error  is  <  y^^y . 
Hence  |J  differs  from  VS  by  an  amount  <  y^j. 

15.  Find  a  series  of  fractions  converging  to  the  ratio  of  6  hours 
48  minutes  51  seconds  to  24  hours. 

6  hours  48  minutes  51  seconds  =  20931  seconds. 

24  hours  =  86400  seconds. 
20931^1      11111111111. 
86400      4  +  7  +  1+4  +  1  +  1  +  1  +  1  +  3  +  2  +  1  +  2 
Quotients      =  4,  7, 1,  4, 1, 1,  1,  1,  3,  2,  1,  2. 
Convergents  =  f  i,  A,  A.  ^ii*  iVi.  i/W.  Hi  Uh  iif^^  Hih  tWr* 
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16.  Find  a  series  of  fractions  converging  to  the  ratio  of   a  cubic 
yard  to  a  cubic  meter,  if  a  cubic  yard  is  i^WffV  ^^  ^  cubic  meter. 

76453  ^  1     lli_lllllll 

100000      1  +  3  +  4  +  19  +  2  +  3  +  1  +  1  +  5  +  1  +  2* 

Quotients      =  1,  3,  4,  19,  2,  3, 1, 1,  5,  1,  2. 

ConTergents  =  f,  j,  },  Jf,  Jf?,  m,  JJ|*,  }♦«»  IJH,  iim.  HUh 


I 000 0  0* 

Exercise  53. 

1.  Add  together 
(scale  of  eight). 

435, 

624,  737 

6.  Divide  102,432  by  36  (scale 
of  seven). 

435 
624 
737 

2220 

36)102432(1625 
36 

334 
321 

9.  From  32,413  subtract  15,542 
(scale  of  six). 

133 
105 

32413 
15542 

252 
252 

12431 

S.  Multiply  6431 

of  seven). 

6431 

35 

by 

35  (scale 

6.  Find  U.C.F.  of    2541   and 
3102  (scale  of  seven). 

2541)3102(1 
2541 

45115 
25623 

)y3l 

• 

^3  (scale 

231)2541(11 
231 

334345 

4.  Multiply  4685 1 

of  nine). 

4685 

3483 

15276 
42154 
21072 

H.C.F.  =  2 

7.  Extra< 
33,224  (seal 

25 
542 

231 
31.            231 

3t  the  square  root  of 
e  of  six). 

33224  152 

1 

232 

221 

15276 

1124 

17832126 

1124 

' 
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8.  Extract  the  square  root  of 
300,114  (scale  of  five). 


3001141342 
14 


114 


1232 


1101 
1021 


3014 
3014 


13.  Change  4636  from  the  scale 
of  seren  to  the  scale  of  nine. 


6 
2 
2 


9 
0 

4636 
360 

0 

26 

2  . 
2226. 


9.  Change  624  from  the  scale 
of  ten  to  the  scale  of  five. 


13.  Change  32.16  from  the  scale 
of  six  to  the  scale  of  nine. 


6 
6 
6 


624 


124 


24  .  . 
4  .  . 


4 

4 
4 


10.   Change  3616  from  the  scale 
of  seven  to  the  scale  of  ten. 


10 

3616 

10 

242  ...  7 

10 

16  ...  8 

1  ...  2 

1287. 

9)32 
2 
22. 


.  2 


.16  =  J  +  A  =  H 
11 

9 

36)99(2 

27 
9 

36)243(6 
216 

27 
/.  II  =  .266  +  in  the  scale  of  9. 
32.16  =  22.266  + 


11.  Change  3721  from  the  scale 
of  eight  to  the  scale  of  six. 


6 

3721 

6 

616 

6 

67 

6 

11 

•      •      • 


1 . 

13133. 


3 
3 
1 
3 


14.  Express  -^  (scale  of  ten) 
by  a  radix-fraction  in  the  scale  of 
four. 


HX4  =  W 
4X4  =  } 

}X4  =  2 
.0302. 


ft- 
3+J 


362 


COLLEGE    ALGEBRA. 


16.  Express  ^\  (scale  of  ten) 
by  a  radix-fraction  in  the  scale  of 


SIX. 


=  ?  +  l  +  l=.222 
6      62     68 


17.   In  wliat  scale  is  this  true  ? 
21  X  36  =  746. 

Let  X  =  the  radix. 
Then 
(2z  +  l)(3x  +  6)  =  7ara  +  4jp+6 
a:3-llx  =  0 
.-.  x=ll 


16.   Multiply 31.24b70.31  (scale 
of  five). 

31.24 
0.31 


3124 
14482 

20.7444 


18.  In  what  scale  is  the  square 
of  23  expressed  by  540  ? 

Let  X  =  the  radix. 
Then 

(2x  +  3)2  =  5a:a  +  4ar 
jJ2_8a:-9  =  0 
(.r-9)(j:+l)=0 

.*.  X  ^^  \f 


19.   In  what  scale  are  212,  1101, 1220  in  arithmetical  progression? 

Let  X  =  the  radix. 

Tnen         2x«  +  ar  +  2  +  a:«  +  2j:2  +  2ar  =  2(ofi  +  x^  +  1) 

x«  — 2ar2  — 3a:  =  0 

x2_2a:-3  =  0 

(:r-3)(r+l)  =  0 

.-.  2r  =  3 

90.   Show  that  1,234,321   is  a  perfect  square  in  any  scale    (radix 
greater  than  four). 

Let  X  be  any  radix  >  4. 
Then  in  that  scale 

1234321  =  x«  +  2aHi  +  3x*  +  4x«  +  3x2  +  2ar  +  1 
=  (x8  +  xa  +  ar+ 1)2  =11113. 

21.   Which  of  the  weights  1,  2,  4,  8, pounds  must  be  selected  to 

weigh  345  pounds,  only  one  weight  of  each  kind  being  used  ? 

Reduce  345  to  the  scale  of  2. 

845  =  266  +  64  +  16  +  8  +  1 
=  28 +  26 +  2* +  28+1 
=  101011001  in  the  scale  of  2. 
.*.  256  lbs.,  64  lbs.,  16  lbs.,  8  lbs.,  1  lb.  must  be  selected. 


I 
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82.  If  two  numbers  are  formed  by  the  same  digits  in  different  orders, 
prove  that  the  difference  of  the  numbers  is  divisible  by  r  —  1. 

Let  the  digits  he  a,  b^  c,  d, ,  and  let  r  be  the  radix. 

Then  let  the  one  number  be  ar^  +  br'*-^  +  cr^*^^  + 

and  let  the  other  be  /r*»  + +  ar* +  ^+ 

The  difference  is  at^  -^07*  +  6r»-^  —  6r'  + 

But  r^  —  t*,  r*-i  —  r* are  all  divisible  by  r  —  1,   Hence  the  differ- 
ence of  the  numbers  is  also  divisible  by  r  —  1. 

Exercise  54. 

Find  the  least  number  by  which  each  of  the  following  numbers  muBt 
be  multiplied  in  order  that  the  product  may  be  a  square  number : 

1.  2626=125X21  =  58x7X3. 

Hence  the  required  multiplier  is  5  X  7  X  3,  or  105. 

2.  3676  =  25X147  =  52x3x73. 
Hence  the  required  multiplier  is  3. 

8.  4374  =  2X9X243  =  2X3'. 

Hence  the  required  multiplier  is  2  X  3,  or  6. 

4.  74088=8x27x343  =  28x3»x7». 

Hence  the  required  multiplier  is  2  X  3  X  7,  or  42. 

5.  If  m  and  n  are  positive  integers,  both  odd  or  both  even,  show  that 
in*  —  rfi  is  divisible  by  4. 

in^  — n2=(m  +  ii)(m  — n). 
If  m  and  n  are  both  odd  or  both  even, 
m-\-  n  and  in  —  n  are  both  even. 
.'.  (m  +  n)  (>«  ~  n)  is  divisible  by  4. 

6.  Show  that  n^  ^  n  is  always  even. 

If  n  is  even,  n^  and  n  are  both  even. 
If  n  is  odd,  n^  and  n  are  both  odd. 
In  both  cases  their  difference  is  even. 

7.  Show  that  n^  —  n  is  divisible  by  6,  if  n  is  even ;  and  by  24  if  n 

is  odd. 

n«  -  n  =  n(n  +  l)(n  -  1)  =  (n  +  l)n(n  -  1). 

One  of  the  three  factors  must  be  divisible  by  3. 
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If  n  IB  even,  it  is  the  only  eyen  factor. 

But  if  n  is  odd,  n  +  1  and  n  ~  1  are  both  even ;  and  since  they  are 
successive  even  numbers,  one  of  them  is  divisible  by  4,  so  that  their 
product  is  divisible  by  8. 

Hence,  if  n  is  even,  2  X  3,  or  6,  is  a  factor ;  and  if  n  is  odd,  8  X  3,  or 
24,  is  a  factor. 

8.  Show  that  n^  —  n  is  divisible  by  240  if  n  is  odd. 

n6-n  =  n(n4-l)  =  (n  +  l)n(n~l)(n2  4.1). 

One  of  the  factors  n  +  1,  n,  n  —  1  is  divisible  by  3. 
And,  since  n  is  odd,  (n  +  l)(n  —  1)  is  divisible  by  8,  and  n*  +  1  ii 
divisible  by  2. 
Also  the  last  digit  of  n  is  either  1,  3,  6,  7,  or  9. 
If  it  is  6,  n  is  divisible  by  5. 
If  it  is  1,  n  —  1  has  0  for  its  last  digit. 
If  it  is  3,  n^  +  1  has  0  for  its  last  digit. 
If  it  is  7,  n^  +  1  has  0  for  its  last  digit. 
If  it  is  9,  n  +  1  has  0  for  its  last  digit. 
Hence  in  every  case  one  of  the  factors  is  divisible  by  6. 
Hence  3  X  8  X  2  X  5,  or  240,  is  a  factor. 

9.  Show  that  n^  —  n  is  divisible  by  42  if  n  is  even;  and  by  168  if  n 
is  odd. 

«^  —  n  =  n  (n*  —  1) 

=  n(n«+ l)(n8-l) 

=  n  (n  +  l)(ii«  —  n  +  l)(n  -  l)(n«  +  n  +  1) 

=  (n  +  1)  n  (n  -  1)  (n2  -  n  +  1)  (n^-\-n-\-  1) 

=  (n  +  1)  n  (n  —  1)  (n2  —  n  -  6  +  7)  (na  +  n  —  6  +  7) 

=  (n+l)n(n-l)[(ii-3)(ii  +  2)  +  7][(n  +  3)(n-2)  +  7] 

(n  +  1)  n  (n  —  1)  is  always  divisible  by  3. 
If  n  is  even,  n  is  the  only  factor  divisible  by  2. 
Of  the  7  consecutive  numbers  n  —  3,  n  —  2,  n  —  1,  n,  n  +  1,  n  +  2» 
11  +  3,  one  must  be  divisible  by  7.    The  product  is  divisible  by  7. 
Hence  3  X  2  X  7,  or  42,  is  a  factor. 
If  n  is  odd,  (n  +  1)  (n  —  1)  is  divisible  by  8. 
In  this  case,  8  X  3  x  7,  or  168,  is  a  factor. 

10.  Show  that  n  (n  +  l)(n  4-  5)  is  divisible  by  6. 

If  n  is  even,  it  is  the  only  even  factor. 
If  11  is  odd,  n  +  1  and  n  +  6  are  both  even. 


teachers'  edition.  365 


Hence  the  product  is  always  divisible  by  2. 

If  n  is  not  divisible  by  3,  it  must  be  of  the  form  3fn  +  lor3m  +  2. 

Then  n  +  1  and  n  +  6  are  of  the  forms, 

3m +  2,  3to  +  6,  or  3m  +  3,  3ni  +  7 

In  each  case  3  is  a  factor. 

Hence  2  x  3,  or  6,  is  always  a  factor  of  the  product. 

11.  Show  that  every  cube  number  is  of  one  of  the  forms,  On,  9n  —  1, 
9n  +  l. 

Every  number  is  of  one  of  the  forms : 

3m  — 1,  3m,  3m+l 
(3m-l)8  =  27m8-27m2  +  9m-l 

=  9(3m8  — 3m»+m)-l 

=  9ii-l 
(3m)«        =27m8 

=  9(3m8) 

=  9n 
(3m  +  1)8  =  27m8  +  27ma  +  9m  +  1 

=  9(3m8  +  3m2+m)  +  l 

=  9n  +  l 

18.   Show  that  every  cube  number  is  of  one  of  the  forms,  7  n,  7  n  —  1, 
7ii+l. 

Every  number  is  of  one  of  the  forms  : 

7  m  —  3,  7  m  —  2,  7  m  —  1,  7  m,  7  ?n  +  1,  7  m  +  2,  7  m  +  3. 
(7m  ±  3)8  =  78m8  ±  32  X  l^m^  +  38  x  7 m  ±  27 
=  7(72  m8  ±32x7m  +  38m±4)Tl 
=  7niFl 
(7  m  ±  2)  =  78m8  ±  6  X  72m2  +  12  X  7  »i  ±  8 
=  7(72  m8  ±6x7m2+12m±l)±l 
=  7n±l 
(7  m  ±  1)8  =  78  m8  ±  3  X  72  m2  +  3  X  7  m  ±  1 
=  7(7%8±3x7m2  +  3m)±l 
=  7n±l 
(7m)8  =  343m8=7n 
Hence  every  cube  number  is  of  one  of  the  forms :  7  n,  7  n  —  1, 7  n  + 1. 

18.  Show  that  every  number  which  is  both  a  square  and  a  cube  is  of 
the  form  7  n  or  7  n  +  1. 
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Every  number  is  of  one  of  the  forms  : 

7m  —  3,  7m  —  2,  7»i—  1,  7»i,  7m+l,  7»i  +  2,  7m  +  3.  ; 

(7m±3)2  =  49w2±42»,±9  | 

=  7(7m2±6w  +  l)  +  2 

=  7n  +  2 

(7m±2)2  =  49m2±28m  +  4  ; 

=  7(7m2±4m)  +  4  ! 

=  7n  +  4 

(7m±l)2  =  49m2±14m  +  l 

=  7(7m2±2m)  +  l 

=  7n+  1 

(7m)2  =  49m2=7n 

.*.  Every  square  number  is  of  one  of  the  forms : 

7n,  7n+  1,  7n  +  2,  or  7n  +  4.  ; 

But  a  cube  number  is  of  one  of  the  forms : 

7n,  7n  — 1,  7n+ 1. 

Hence  if  a  number  is  both  a  square  and  a  cube,  it  must  be  of  one  of 

the  forms : 

7n,7n+l. 

14.   Show  that  in  the  scale  of  ten  every  perfect  fourth  power  ends  in 
one  of  the  figures  0,  1,  5,  6. 

Every  square  number  is  of  one  of  the  forms : 

6n,  6n  —  1,  5n  +  1. 
Hence  every  fourth  power  is  of  one  of  the  forms :  j 

(6n)2,  (6n-l)3,  (Sn+l)'-^.  1 

(5n)a  =  26  n(n)  \ 

(6n±l)2=26n2±10n  +  l  ' 

=  6(5«2±2n)  +  l 
Hence  every  fourth  power  is  of  one  of  the  forms : 

6n,  5n  +  1, 
and  consequently  must  end  in  0,  1,  5,  or  6. 

Exercise  55. 
Find  the  limiting  values  of :  \ 

1.    ^  Z  T   'v   -^  ^)  ^hen  X  becomes  infinitesimal. 
7a;8-6a:  +  4 

(4x2, 3)(l_2.r)^- 83-8  +  43:2  +  63: -3 

73:8-63:  +  4  73:8-6x  +  4 

Put  3:  =  0 ;  the  fraction  becomes  —  \. 


teachers'  edition.  867 


2.  ^ ,  ^^^         ^  when  x  becomes  infinite. 


(ar2-6)(x«+7) 


(-a('^S) 


Fnt  X  =  00 ;  the  fraction  becomes  1. 


(x  4-  2^)8 
8.   ^   "^   ;    when  x  becomes  infinitesimal. 
x2+4 

Fat  x=0;  the  fraction  becomes  f ,  or  2. 
4.     ^~"^^"*" —  when  Jt  approaches  3. 

a:3-7x+12      (ar-3)(i'-4)      a:-4 

—  2 
As  X  approaches  3,  the  fraction  approaches  — ,  or  2. 


X*  — 9 

when  X  approaches  —  8. 


xa+9x+18 

3^  —  ^       _  (a:4.3)(x  — 3)_x  — 8 
X24.9X+I8      (x  +  3)(r  +  6)      x  +  6 

i—  ft 
As  X  approaches  —  3,  the  fraction  approaches  ---,  or  —  2. 

g      x(xa  +  4x  +  3)     ^^^^  ^  approaches  - 1. 
x»  +  3x2  +  5x+3  ^^ 

x(x24-4x  +  3)    _      x(x+l)(a:  +  3)      __    x(x+3) 

x«  +  3x2+5x  +  3      (x+l)(x2  +  2x  +  3)      x2  +  2x  +  3 

2 

As  X  approaches  —  I,  the  fraction  approaches  — ,  or  ~  1. 

7. — — — when  x  approaches  1. 

x»  +  2x2-2x-l  ^^ 

j4>4.a.2_2        _(x~l)(x2+2ar  +  2)^x2  +  2x4-2 
x»  +  2x2-.2x-l      (x-1)(j:2  +  3x+1)      x^  +  Sx+l 

As  X  approaches  1  the  fraction  approaches  |,  or  1. 
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4x  +  "y/x  —  1 
8.    — — — ^^;i:^  when  x  approaches  1. 

2x  — Vt+  1 

Put  x=  1 ;  the  fraction  becomes -,  or  2(2  +  \/§). 

2-V^ 


X  —  1 

9.   — ■=. when  x  approaches  1. 


X  — 1  Vx  — 1  Vx  — 1 


Vx2  - 1  +  Vx  - 1     Vx-.i(v^r+T+l) 


Put  X  =  1 ;  the  fraction  becomes  — :: ^  or  0. 


Vx+1+1 
0 
V2+l' 


x^  — 4 
10.   — when  x  approaches  2. 

\/x  +  2  —  VSx  — 2 


xa~4  ^(xg~4)CvGrr2+ V3x-»2) 

Vii:2  -  VS^^::^  x  +  2-(3x-.2) 

^      (x4-2)(\/^T2  4- V3x~2) 

2 

Put  X  =  2 ;  the  fraction  becomes  ZllI2+^  ^,,  _ g 

2 


--      Vx  —  a  4-  Vx  —  Va     ,  u 

11.   _  when  X  approaches  a. 

Vx2  -  aa 


Vx  — a  4-  Vx  —  Va  _       1  Vx  —  Va 


Vxa  —  aS  Vx  +  a      Vx^*  -  a^ 

_     .1  (Vx  — Va)(Vx4- Va) 

Vx  +  a         Vx=«  — a2(Vx+  Va) 


1         ,  Vx  — a 


Put  X  =  a ;  the  fraction  becomes 

V2^ 


Vx  +  a      Vx  +  a(  Vx  +  Va) 
1 
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12.  If  X  approaches  a  as  a  limit,  and  n  is  a  positive  integer,  show 
that  the  limit  of  2**  is  a**. 

Since  the  limit  of  x  is  a,  j;  =  a  +  1/,  where  x'  is  a  yariable  which  can 
be  made  less  than  any  assigned  number. 

And    ar»  =  (a  +  x')*  =  a*  +  na'^-'^x*  +  "("  ^  ^)  a^-^x'^  + +  x'*. 

Bnt  as  x'  approaches  0,  each  term  on  the  right  except  a**  also  ap- 
proaches 0 ;  hence  the  sum  approaches  0,  as  nearly  as  we  please,  since 
the  limit  of  the  sum  is  the  sum  of  the  limits.  Hence,  as  x  approaches 
a,  X"  approaches  a**  as  nearly  as  we  please.    Hence  a**  is  the  limit  of  x*. 

18.  If  X  approaches  a  as  a  limit,  and  a  is  not  0,  show  that  the  limit 
of  X"  is  a*,  where  n  is  a  negative  integer. 

Let  n  =  —  in,  when  m  is  a  positive  integer. 

Since  the  limit  of  x  is  a,  x  =  a  +  x'  where  x'  is  a  variable  which  can 
be  made  less  than  any  assigned  number. 

And  x-"»  =  —  =        ^ 


x*»      (a  +  x')"* 


a"»  +  ma"*- V  +  ^'^!^ — ^  a«»-V2  + +  x'"» 

it 


But  as  x'  approaches  0,  all  the  terms  of  the  denominator  except  a** 
also  approach  0,  as  nearly  as  we  please ;  hence  their  sum  approaches  0, 
as  nearly  as  we  please.     Hence,  as  x  approaches  a,  x**  approaches 


1 
— ,  or  a*. 


Exercise  56. 


Determine  whether  the  following  infinite  series  are  convergent  or 
divergent : 

The  sum  of  all  terms  after  the  second  is 


But  this  is  less  than 


32      48      6* 


1+1+1+ 
32  ^  42  ^  52  ^ 


But  this  is  a  convergent  series  (Art.  373). 
Hence  the  given  series  is  convergent. 
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1  +  1%  ?•+??  + 


„  ,(n-l)*^n~l(n>l)«>-i 


n-l 


But 

For 
and 

Hence 
AUo 


[n  n 

(n  -  l)«-i  >  |n~l 
(».-l)-i=(n-l)(n-l) 
[n-J.=  (n-l)(n-2) 


n-1 


>1 


n-1  1 

n      ~~         n 


(n  —  1  factors) 


A«  n  is  indefinitely  increased,  1 approaches  1  as  a  limit. 

Hence  the  limit  of  tin,  as  n  is  indefinitely  increased,  is  not  0,  but  is 
l^ater  than  1.    Therefore  the  g^yen  series  is  dirergent. 


,      28     3»     4* 

d  il  il 


n» 

««  =  — 

But  n^>\n 

.'.  nn  is  always  greater  than  1. 
Hence  the  series  is  diyergent. 


2+i  +  i  +  i+ 

12  ^  2^     32     42 

=1+2+3+4 

12  ^  22       3a       42 


But 


i+2       3      4 
12  ^  2^     3a     4a  ^ 


+1+1+1+1+ 


-1+1+1+1+ 


And  this  is  a  dirergent  series. 

Hence  the  given  series  is  also  divergent. 


6.   i  +  l  +  2«  +  §?  + 

^  12  ^  32  ^  42  ^ 


The  sum  of  n  terms  after  the  nth, 


n-" 


_+i!L±ir+ 

(n+l)9^(n  +  2)2^ 


is  greater  than  n  X 


rfi 


n 


(.» + 1)« 


(-9 

As  n  increases,  this  sum  increases.   The  series  is  therefore  divergent. 
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!"•     2"*     3*»     4«» 


.*.  The  limit  of  n^  is  1.    Hence  the  series  is  divergent 


Exercise  57. 

1.  Find  the  fiftieth  term  of  1,  3,  8,  20,  43, 

The  series  is  1  3  8  20  43 

First  differences,  2  6  12  23        • 

Second  differences,  3  7  11        

Third  differences,  4  4  

Fourth  differences,  0        

a    =1,  b  =  2,  c  =  3,  rf=4,  e  =  0. 

060  =  a  +  496  +  49  X  24c  +  49  X  47  X  8rf 

=  1  +  98  +  49  X  72  +  49  X  47  X  32 

=  77323 


2.  Find  the  sum  of  the  series  4,  12,  29,  56, to  20  terms. 

The  series  is     ,  4  12  29  55 

First  differences,  8  17  26         

Second  dififerences,  9  9         

Third  differences,  0         

a  =  4,  6  =  8,  c  =  9,  rf=0. 
«ao=  20a  +  1906  +  20  X  19  X  3c 
=  80  +  1520  +  10260 
=  11860 


S.  Find  the  twelfth  term  of  4, 11,  28,  55,  92, 

The  series  is  4  11  28  55  02 

First  differences,  7  17  -27  37 

Second  differences,  10  10  10        

Third  differences,  0  0         

a  =  4,  6=7,  c  =  10,  rf  =  0. 
0^2=  a  +  116  +  55  c 
=  4+77  +  550 
=  631 
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4.  Find  the  sum  of  the  series  43,  27,  14,  4,  ->  3, to  12  terms. 

The  series  is  43  27  14  4  -3 

First  differences,         —16        —13        —10      —7  

Second  differences,  3  3  3  

Third  differences,  0  0 

a  =  43,  6  =  — 16,  c  =  3,  <f  =  0    . 
«„=  12a +  666  + 220c 
=  516  - 1066  +  660 
=  120 


6.  Find  the  seventh  term  of  1, 1.236, 1.471, 1.708, 

The  series  is  1  1.236  1.471  1.708 

First  differences,         .235  -.236  .237 

Second  differences,  .001  ,001  

Third  differences,  0  

a=l,  6=.236,  c  =  .001,  rf  =  0. 
0^  =  0  +  66+ 16c 
=  1  +  1.41  +  .015 
=  2.425 

6.  Find  the  sum  of  the  series  70,  66,  62.3,  68.9,  ••—  to  16  terms. 

The  series  is  70  06  62.3  58.9 

First  differences,  —4        —3.7         —3.4  

Second  differences,  .3  .3  

Third  differences,  0  

a  =  70,  6  =  —  4,  c  =  .3,  rf  =  0. 
«i5=16a+  1066  + 466c 
=  1060  -  420  +  136.6 
=  766.5 


7.  Find  the  eleyenth  term  of  343,  337,  326,  310, 

The  series  is  343  337  326         310 

First  differences,  —6        —11        —16 

Second  differences,  —5         —5  

Third  differences,  0  

a  =  343,  6  =  -6,  c  =  — 5,  d  =  0. 
aii  =  a  +  106  +  46c 
=  343-60-226 
=  68 
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8.  Find  the  sum  of  the  series  7  X  13, 6  X  11,  5  X  9, to  0  tenns. 

The  series  is  91  66  45  28 

First  differences,  —26        —21        -17 

Second  differences,  4  4  

Third  differences,  0  

a  =  91,  6  =  -25,  c  =  4,  d=0. 
«j  =  9a  +  366  +  84c 

=  819-900  +  336 

=  256. 

9.  Find  the  sum  of  n  terms  of  the  series 

3  X  8,  6  X  11.  9  X  14,  12  X  17,  

The  series  is  24  66  126  204 

First  differences,  42  60  78 

Second  differences,  18  18  

Third  differences,  0  

a  =  24,  6  =  42,  c  =  18,  cl  =  0. 

,  n(n-l)  .  ^n(n-l)(n-2)^ 
Sn  =  na  +  -^r — ^  b  +  --^^ ^ ^  c 

=  24 n  +  21  n  (n  -  1)  +  3n  (n  -  1) (n  -  2) 
=  3n8+12n2  +  9n 
=  3n(n+l)(n  +  3). 


10.  Find  the  sum  of  n  terms  of  the  series  1,  6, 15,  28,  46, 

The  series  is  1  6  15  28  45 

First  differences,  6  9  13  17 

Second  differences,  4  4  4         

Third  differences,  0  0 

a  =  1,  6  =  5,  c  =  4,  d  =  0, 

,  n  (n  -  1)  ,    ,  n  (n  -l)(n-2)  ^ 
2  6 

^^      5nCn-l)      2nCn-l)(n-2) 

2  3 

_4n8-t-3n2-n 

6 
_nCn  +  l)(4n-l) 
6 
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11.  Show  that  the  Bum  of  the  cnbes  of  the  first  n  natural  numbers  is 
the  square  of  the  sum  of  the  numbers. 

The  series  of  cubes  is  1  8  27  64  125 

First  differences,  7  19  37  61 

Second  differences,  12  18  24 

Third  differences,  6  6 

Fourth  difference,  0 

a  =  1,  6  =  7,  c  =  12,  rf  =  6,  c  =  0. 

2  6  24 

=  n+7n(n^-l)^2n(n-l)(n^2)  +  »(»-^)^^-^)(»-^) 

_n*jf2n«+_n« 
4 

2 


-i=^l 


12.  Determine  the  number  of  shot  in  the  side  of  the  base  of  a  trian- 
gular pile  which  contains  286  shot. 

»(»+!)(" +  2)  =  286 
6 

n(n+l)(n  +  2)  =  17l6 

=  11  X  12  X  13 

.*.  n  =  11  is  one  solution. 

The  other  solutions  are  imaginary. 

Hence  there  are  11  shot  in  the  side  of  the  base. 

18.  The  number  of  shot  in  the  upper  course  of  a  square  pile  is  169, 
and  in  the  lower  course  1089.    How  many  shot  are  there  in  the  pile  ? 


The  lower  course  has  V1089,  or  33  shot  on  a  side. 
If  the  pile  were  full  it  would  contain 

n(n+l)(2n-H)  ^  33x34x67 ^  ^2529 

6  6 

The  upper  course  has  V169  or  13  shot  on  a  side. 
The  next  course  above  would  have  12  shot  on  a  side. 
The  number  of  shot  lacking  from  the  whole  pile  is 

n(«-H)(2n-H)^12xl3x25^g^^^^^^ 

6  6 

Hence  there  are  12629  —  660,  or  11879  shot  in  the  pile. 
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14.  Find  the  number  of  shot  in  a  rectangular  pile  having  17  ahot  in 
one  side  of  the  base  and  42  in  the  other. 

,  =  ?(«  +  l)(3n'-n  +  l) 
o 

fi  =  17,  n'  =  42 

/.  «  =  i^xl8xll0  =  6610 

16.  Find  the  number  of  shot  in  the  fiye  lower  courses  of  a  triangular 
pile  which  has  16  in  one  side  of  the  base. 

If  the  pile  were  complete  the  number  of  shot  would  be : 

n(n-f  l)(n  +  2)  ^  15  X  16  X  17  ^  ^^ 
6  6 

The  number  of  shot  in  one  side  of  the  sixth  course  from  the  bottom 
would  be  10.    Hence  the  number  in  the  ten  upper  courses  is 

10xll^<i2  ^  220 
6 

Hence  there  are  680  —  220,  or  460  shot  in  the  fiye  lower  courses. 

16.  The  number  of  shot  in  a  triangular  pile  is  to  the  number  in  a 
square  pile,  of  the  same  number  of  courses,  as  22  :  41.  Find  the  num- 
ber of  shot  in  each  pile. 

n  (n  +  1)  (n  +  2)  .  n  (n  +  1)  (2  n  -t-l)  ^  gg  .  ^^ 
6*6 
.-.  n  +  2:2n+ 1=22:41 

.-.  n  =  20 
n(n  +  l)(n-f2)  ^  ^^^ 
6 

n(n+l)(2n4-l)  ^  2870 
6 
There  are  1540  shot  in  the  triangular  pile,  and  2870  in  the  square 


17.  Find  the  number  of  shot  required  to  complete  a  rectangular  pile 
haying  15  and  6  shot,  respectiyelj,  in  the  sides  of  its  upper  course. 

The  next  course  abore  would  haye  14  and  5  shot  in  its  sides. 
Hence  the  number  of  shot  required  to  complete  the  pile  is : 

,  =  ^(n+l)(3n'-n+l) 
o 

=  1X6X38  =  190 
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18.  How  many  shot  must  there  be  in  the  lowest  course  of  a  triangular 
pile  that  10  courses  of  the  pile,  beginning  at  the  base,  may  contain 
37,020  shot  ? 

Let  n  =  the  number  of  shot  in  one  side  of  the  lowest  course. 

Then  n  —  10  =  the  number  of  shot  in  one  side  of  the  eleventh  course. 
The  number  of  shot  in  the  complete  pile  is : 

n(n  +  l)(n  +  2) 
6 

The  number  in  the  courses  abore  the  tenth  is : 

(n-10)(n-9)(n~8) 
6 
.   n(n  +  l)(n+2)      (n - 10) (n  ~ 9) (n -  8)  _  g^^^ 
6  6 

80 n«  ~  240n  +  720  _  g^^^ 
6 
n2-.8n  +  24  =  7404 
iia-8n  =  7380 
.-.  n  =  90 

Hence  there  are  90  shot  on  a  side  in  the  lowest  course,  and  -'i^-(90  + 1), 
or  4095,  shot  in  the  lowest  course. 

19.  Find  the  number  of  shot  in  a  complete  rectangular  pile  of  15 
courses  which  has  20  shot  in  the  longest  side  of  its  base. 

s  =  ?(n  +  l)(3n'-.n+l) 
o 

n=15  n'  =  20 

.-.  «  =  J^xl6x46=1840 

There  are  1840  shot  in  the  pile. 

90.  Find  the  number  of  shot  in  the  bottom  of  a  square  pile  which 
contains  2000  more  shot  than  a  triangular  pile  of  the  same  number 
of  courses. 

Let  n  =  number  of  courses  in  each  pile. 

Then      »(»  +  !)(«  + 2)  ^  ^^^ber  of  shot  in  triangular  pile. 

n(n-f  l)(2n+l)  ^  J^^J^Y)er  of  shot  in  square  pile. 

.   n(n  +  l)C2n  +  l)      n(>i +  !)(«  + 2)  ^  g^^ 
6  6 


r 
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.-.  (n-l)n(n+l)=  16600 

(n  -  l)n(n  +  1)  =  24  X  26  X  26 
.*.  n  =  26  is  one  solution. 
The  other  two  solutions  are  imaginary. 
.*.  The  number  of  shot  in  the  bottom  row  of  the  square  pile  is  26. 

81.  Find  the  number  of  shot  in  a  complete  square  pile  in  which  the 
mrniber  of  shot  in  the  base  and  the  number  in  the  fifth  course  above 
differ  by  226. 

Let  n  =  number  of  shot  in  the  side  of  the  bottom  course. 

Then  n  —  6  =  number  of  shot  in  the  side  of  the  fifth  course  abore. 
n^  =  number  of  shot  in  bottom  course, 
(n  —  6)^  =  number  of  shot  in  fifth  course  above. 
...  n'^^(n-^  6)2  =  226 
10n-25  =  226 
n  =  26 
Also  ^^n(n  +  l)(2n  +  l) 

6 
_  26  X  26  X  61 

6 
=  6626 
There  are  6626  shot  in  the  pile. 

SS.  Find  the  number  of  shot  in  a  rectangular  pile  which  has  600  in 
the  lowest  course  and  11  in  the  top  row. 

nn'  =  600 

n'  — n4-l=/>=ll 
/.  n  =  20 

n'  =  80 

Also  «  =  ^(»  +  l)(3n'-n  +  l) 

6 

=  ^jf  X  21  X  71  =  4970 

There  are  4970  shot  in  the  pile. 


Exercise  58. 

Given  the  declination  of  the  Moon  at  the  following  times.    Find  the 
declination  at  each  hour  in  the  afternoon  of  Dec.  1. 
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o  /  n 

1890.    Dec.  1.    Noon,  N.  22  46  63 

Midnight,  21  28  49 

Dec.  2.    Noon,  19  67  26 

Midnight,  18  13  67 

Dec.  3.    Noon,  16  19  44 

Midnight,  14  16  69 

22°  46'  63^  =  82013"  18°  13'  67"  =  66637" 

21^  28'  49"  =  77329"  16°  19'  44"  =  68784" 

19°  67'  26"  =  71846"  14°  16'  69"  =  61369" 

The  series  is     82013       77329       71846       66637       68784       61359 
First  differences,      —4684     —6484     -6208     -6863     -7425 
Second  differences,  —  800       —  724        —  645        —  572 

Third  differences,  76  79  73 

Fonrth  differences,  3  —  6 

Fifth  difference,  —  9 

a  =  82013,  6  =  -4684,  c  =  -800,  rf=76,  c  =  3,/=-9 

Then  «j  =  a  +  ^^  6  -  0.0382  c  +  0.0244  rf.  All  terms  after  the 

fourth  maj  he  neglected. 

=  82013  -  390.3  +  30.66  +  1.86 

=  81666  =  22°  40'  65"  ' 

«,  =a  + J6-0.0694c  +  0.0424rf 

=  82013  -  780.6  +  56.52  +  3.22  • 

=  81291  =  22^34' 61"  j 

«,  =a  +  i6-0.0937c  +  0.0647rf 

=  82013  - 1171  +  74.96  +  4.16  \ 

=  80921  =  22^  28' 41" 
«4  =a  +  i6-0.1111c  +  0.0617rf 

=  82013  -  1561.1  +  88.88  +  4.69 

=  80646  =  22°  22'  26" 
Sg  =a  +  T\6- 0.1216c +  0.0641rf 

=  82013  -  1951.6  +  97.2  +  4.87 

=  80163  =  22^16' 3" 
»j  =a+ J6 -0.1250c +  0.0626rf 

=  82013  -  2342  +  100  +  4.76 

=  79776  =  22°  9'  36" 
»^  =  a  +  t7j6  -  0.1216  c  +  0.0674  rf 

=  82013  -  2732.3  -  97.2  +  4.36 

=  79383  =  22°  3'  3" 
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«a  =a  +  §6-.0.1111c  +  0.0494<f 

=  82013  -  3122.6  +  88^8  +  3.75 

=  78982  =  21°  66'  22" 
»,  =  a  +  fft  —  0.0937  c  +  0.0391  d 

=  82013  -  8513  +  74.96  +  2.97 

=  78578  =  21°  49' 38" 
«jo=  a  +  f  5  -  0.0694c  +  0.0270rf 

=  82013  -  3903.3  +  55.52  +  2.05 

=  78168  =  21°  42' 48" 
•ii  =  «  +  H  ^  —  0.0382  c  +  0.0138  d 

=  82013  -  4293.7  +  30.56  +  1.05 

=  77750  =  21°  35'  50" 
«u  =  a  +  6 

=  82013  -  4684 

=  77329 


Exercise  59. 

Write  down  the  general  term,  and  sum  to  n  terms^  and  to  an  infinite 
number  of  terms,  ttie  following  series : 

1.  -^  +  -L.  +  _J_+ 

1X4^2X5^3X6 


The  nth  term  is 


n  (n  +  3) 
The  series  equals : 


n     4     5""6 


3^       4y^3V2      5/^3  V3     q}^         S\n  n-^s) 

=  lfl  +  l  +  l+ 

3^        2     3 

11             1  1     J.        \ 

n    71  +  1     n  +  2  n  +  3           J 

=  lfl  +  l  +  U.l 1 1^  + \ 

3V       2     8     n+1     n+2     ^+8  / 


=  H 

1X3^2X4^^8X5^ 

The  nth  term  is • 

n(n  +  2) 
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The  series  equals : 

ifi_iuifi_iuifi_iu +1(1— i_^ 

i\       3)     i\2     4;      2\3     5/  2V»     n  +  2} 

=  1(1  +  1  +  1  + +  1_1_1-1_ 

2\       2     3  n     3     4     6 


'     + 


n      n+ 1      n+2 

=i(i+i— i 1-  + ) 

2\       2     »+l     n+2  / 

=  f 


) 


1         +  1         +,.1^  + 


1X5     6x9  "9X13 

1 


The  nth  term  is 

(4n-3)(4n+l) 

The  series  equals : 


i(i_lUl(l_lUl(l_iU +l(_i l_u... 

A\       &)     4\&     9^     4^9     13^  4V4n-3     4«  +  l/ 

=  1(1  +  1  +  1 
A\       6     9 


+ +      '  '      ' 


9  4n-3      6     9 

1 L_  + \ 

4n-3     4«  +  l  / 

-K'-i^* ) 

=  J 


«   +«,  +  .«,+ 


2X7      7  X  12      12  X  17 
The  nth  term  is 


6  i 


(5n-.3)(6n  +  2) 
The  series  equals 


?^l-lU?f^-i-U -^^(-^ i-U 

5^2      7/      6V7      12J  6V6n-3     6n  +  2/ 


+ +  -J 1-1 

.     6n-3      7      12 


6V2     7 

1  1       .         \ 

5n-3     5n  +  2  J 

=  «(1 1_  + ] 

6V2     6n  +  2  J 


=  A  =  i 
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6      1.^.1       . 

•  6X11      8X14  "^11X17 
The  nth  term  is 


(3n  +  2)(3n  +  8) 
The  series  equals : 


i/i.n  .  l/l_j_\  .        +  V— i 1— \  + 

i\b     liy      6V8      14^  6V3n  +  2      3n  +  8J 

6V5      8      11  3n  +  2      11      14 


1 1 1_ \ 

3n  +  2      3n  +  6      3n  +  8         / 

eU      8      3n  +  6     3n  +  8  ) 


240 


6       1      J.       1       I       1       I 
*  3X86X12      9X16 

The  nth  term  is 


3»(4n  +  4)      12n(n+l) 
The  series  equals : 


1/1  .  _J__  .  .J_  .        \ 
12\2     2x3      3x4"^        ) 


=  TV[(i-J)  +  (l-J)  +  (J-i)+ ] 

=  Axi  =  A 

NoTB.    For  7  and  8  see  1  and  6  respectiyely. 

Exercise  60. 
Besolye  into  partial  fractions : 

1  7ar+l 

•    (ar  +  4)(a:-.6)' 

Assume  - — ^^±i =-^  +    ^ 


(»  +  4)(x-.5)  "■x  +  4     X  — 6 
then  7ar+l  =  (^+B)x-6^  +  45 

.-.  A-{-B=7 

4JB-6^=1 

^  =  3 

B=4 

7x  +  l        _    3  4 


(x  +  4)(x  — 6)      a: +4      x  — 5 
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-•    (x  +  8)(ar  +  4) 

v^ 

A  aanvviA                                                                                    ^"        ^^         ^   ., 

B 

(x  +  8)(ar  +  4)  "x  +  3  '  x 

+  4 

then                                              6  =  (u4+B): 

C  +  44  +  3JB 

.-.  -4  +  B  =  0 

4-4+3B-6 

.-.  u4  =  6 

B  =  -6 

6            =     6 

6 

(x+8)(x  +  4)      x  +  8     X 

+  4 

•    (2x-l)(x-6) 

Aionmc                    5x— 1          _      A      , 

B 

(2x-l)(x-6)""2x-.l  • 

x-6 

then                                    5x-l  =  U  +  2B 

)x-5^-.-B 

.-.  -4  +  2^=5 

/.  4  =  -i,B  =  f 
Sx-l  _    -i     . 


• 

'  (2x-l)(x-5)~2x-l      x-^ 

^8                    1 

"SCx-S)      3(»x^l) 

1       ' 

-2 

X  — 

ar-2 

*•  x«-3 

10      (x-5)(x  +  2) 

Abaiiitia 

x-2         «    -4    ^     B 

XLBoUUJO 

(x-6)(x+2)"'x-6     x+2 

then 

x-2  =  (^  +  J9)x  +  24-'5» 

/.    Vl  +  B=:l 

24-6B=-2 

.         x-2       =       3                4 

■•  ;r3-,3x-10     7(x-6)      7(x'+2) 

«        3 

8 

x8-l      (x-l)(xa+x  +  l) 
Assume       , ,^| ^=-^+    ^^+^ 


(x-.l)(x»+x+l)      x-1      x2  +  x+l 
then  3  =  (4+B)xa-Jr(4-B+(7)x+i4-C 


6. 
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/.  .4+^  =  0 

.        8^1  ir.f2 

**  x8-l      ar— 1      :^■^*af-|*l 

g«-ar  — 8 

ar(a:a-4)' 


Assume  ^'f'^^A^B^     Q 


ar(a;«— 4)       x     ..jp  +  2      ar  — 2 
then  a:3_a._3  =  (^ 4.  J5^  (7)^414.  (_2J5  +  2C7)a:-4^ 

.-.  -4+^+  C=l 
-2JB  +  2C=-1 
-4^=-8 

a^  — ar  — 3_  8.8  1 


+ 


x(ar^-4)       4x      8(x  +  2)      8(x-.2) 

7.   J^-^. 
a^(ar  +  6) 

A«nme  4^Zli^4  +  ^+     ^ 


x^(x  +  b)      x^      X      a? +  6 
then  8ara-4=(-S+  C)x^+ (^A-\-6J^)x-\-6A 

.'.  JB+C=3 

5^  =  -4 

.      8ara-4  _        4,4.         71 


8. 


ara(x+6)  6x«     26x     25(x  +  6) 

7x8  — X 


(x-l)2(x  +  2) 


ABsnme       ^      '^f'r'     .^-4r.+  -^+     ^ 


(x-l)2(x  +  2)      (x-l)a     x-1      x  +  2 
then  7x3-x^(lf+  C)x»+  (^-h  5-2C)x  + 2-4-2JB+  C 

.-.  JB+C=7 
^  +  JB»2C=-1 
2^-2£+a=0 

.-.^  =  2,  JB=Y,  C'=V 
.  7xi^-x        _       2  11  10 

'  *  (x  -  l)2(x  +  2)  ""  (X  -  1)*     3(x  -  1)      8(x  +  2) ' 
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7x+l 
-1 

Assume 
then 

2ara-7ar+l__     A      ,     JBx+ C 
.-.  A-^B  =  2 

.    2ar9-7x  +  l           lOar-7                 4 

*»-l           SCxa  +  x+l)      BCx-l) 

10. 


7ar-l 


Assume 
then 


6a:^  — 5x+l 

7x-l 


7ar-l 


_      A 


B 


6x3  — 5ar+l 

7x-l 

/.  2^  +  8^ 

^+^ 
/.  A 

7x-l 


(3x-l)(2x-l)      3x-l     2x-l 
(2^  +  3JB)x-^-5 

7 

1 

-4,  JB  =  5 
5  4 


6x3  — 6x+l     2x  — 1      3x  — 1 


11. 


18x  +  46        __ 


13x  +  46         ^     A      ^      B 


12xa-llx-16      (4x  +  3)(3x-5)      4x  +  8     3x-6 
13x  +  46  =  (3ul  +  4^)x-6-4  +  8B 
.-.  8^  +  4B=13 
6^-3JB  =  -46 

^  =  -6,  B=7 
13x4-46       ,7.  6 

12xa-llx-15~'3x-6     4x  +  3 


18. 

Assume 


2x2-11x4-5     _       2x2-11x4-5 


:c8_a:'2-llx4-15      (x- 3)(x2  + 2x-6) 


2x2  — llx+5       _    A  JBx+  0 


(x  — 8)(x2  +  2x-5)      x-S     x2  +  2x-6 
then  2x2-11x4- 5  =  (^  4- J5)x24-(2^-3JB4-  C)x 


-6^-3(7 
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•  • 


-5^-80=6 

/.  ul  =  -l,  -B=3,  C=0 
.       2j:a-llx4-5     ^         Sx 1_ 

Exercise  61. 
Expand  to  four  terms  in  ascending  powers  of  x. 

Divide  1  by  1  —  2a:. 

Then  — L- =  l  +  2a:  +  4x3  +  8x»+ 

1— 2a: 

2  — 3a: 
Divide  1  by  2 -3  a:. 

Then  s-V=  i  +  i'  +  »^^  +  H^  +  •-' 

2->3a: 

Z  +  Sx 
Divide  1  +  xby  2  + 3x. 

Then  ^^  =  J-Jx+f**-A«»+-V 

2  +  3a; 

4        ^--^ 
l  +  a:  +  a:3 

Let  — l::^^=^+JBa:+Ca:a+2>a4i  +  ^x4  + 

1  +  ar  +  ar* 

/.  l-a:  =  ul+(-B  +  ^>  +  (C+5+ul)a:3 

+  (D  +  C+  B)3fi  +  (J^  +  B+  C)a:*  + 

.-.  ^=1  ^  =  1 

^+JB=-1  ^  =  -2 

C+J5  +  ^  =  0  C=l 

7)4-0+5  =  0  i)=l 

^+2>+C'=0  J5:  =  -2 


_JLzlE__=  1 -2x  + a:^^.  a4»„2a:*  + a:«  + 
1  +  a:  +  x^ 
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ft.      ^-2x 


1  +  x  — a:« 


Let  ~— ?^,;=ul+^x+Cxa  +  Z>j*  +  J£'**+.w. 

+  (-C+Z)  +  iE:)x*+ 

.\  A  =  S  A  =  b 

4  +  ^=-2  ^  =  -7. 

-ui+JB+C=0  0=12 

-5+O+2>  =  0  Z)  =  -19 

—  C7+/>+JF=0  ^=31 


^"*^'    =6-7x  +  12x3-19j:«  +  31x*  + 


1  +  a:  —  ar' 

e.       4g'^6x' 
l-2x+3x3' 

1  —  2ar  +  3x3 
A  4x-6xa=^+  (-2^+^)x+(3A-2JB+  (7)xa 

+  (3^-2C  +  2>)x«+(3C7-2Z>+JF)x*  + 


.-.  ^  =  0 

^  =  0 

-2^  +  5  =  4 

-B  =  4 

3^-2J5+C=-6 

C=2 

3^-.2e+i)  =  0 

2>=-8 

3C-2Z>+J^  =  0 

^=-22 

4x-6x«     =4-p^2a^-8x8-22x*  + 


1— 2x  +  3xa 


7  J?(3P-1)       -    A        Bx-^0 

\  (a:+l)(x2+l)""l  +  x-     1  +  xa' 

.-.  xa-x  =  (^+JB)x2+(54.C)x  +  ^+C 
/.  ^  +  J?=1 
JB+C  =  -1 
^  +  (7=  0 
.-.  ^  =  +  1,  iB  =  0,  C=-l 
.         x(x--l)        ^     1 1_ 

**    (X+1)(X2+1)         1  +  x        1  +  X2 
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^     =1  — ap  +  a*  — ar»  +  a*-ij*  + 


1  +  x 
1 


=  1  —  a:3^a4_a«^.jc8_a.io  + 


(x+l)(x2+l) 


8.  ?!zi£±i  =  4  +  ?+.^+    ^ 


a:3(a:3  — 1)      ar^      ^      ^^i      g^i 

.-.  ^  =  -1,  B=l,  C=-f,  D  =  i 

.   x^-:r+l^      1,1  3  1 

"a:3(a^_l)  ^.a^^      2  (a:-|.  1)      2  (r- 1) 

? =?— L  =  |(l-.«  +  ar9-a«  +  aJ*- ) 

2(x+l)      21  +  x      ''^  ^  ^  ' 

r7^-Tr=-^r^  =  -Kl+«  +  ^  +  ^  +  **+ ) 

2  (x  —  1)  2  1  —  X 

/.  4^ILl±i  =  -i  +  l-2  +  «-2xa  +  x«-2x*- ) 

x3(x3-l)  x^^x  ^ 


9      2x^-1    _.^  ^     B      ^     Cx^D 


x(x»+l)       X      x+1      x3  — x+1 
2xa-l  =  (^  +  5+  e)x»+(-.B+Z>+  C)x«+  (5+i>)x  +  il 

/.  ^  +  ^+c=a 

-^+  C+Z>  =  2 

^  =  -1 
.     2x2-1  11,         4x+l 


i  • 


x(x«+l)          X     3(x+l)      3(x2-x+l) 
^         =}(1  — x  +  x2-x»+a:*-a:*+ ) 


3(x+l)      3(1+ ar) 

4x+l        _1       1  +4x 
3(xa-x+l)      3*l-x  +  x3 


888 


COLLEGE  ALGEBRA. 


Let 


1  — X+  X* 

.-.  l  +  4x=ui+  (^-^)x+(C-JB  +  ^)x3 


x*  + 


C-.JB  +  ^  =  0 


^=1 
JB  =  6 
C=4 
i>  =  -l 


/.    ^  +  ^^    =l  +  6x  +  4xa.>x«-6x*  + 
l-x  +  x3 

/.  -^4^lJL  =  _l  +  2x  +  x3-2x*+ 

X  (x*  +1)  * 


10. 


2+x     x+2 


=  4_  8^  ,  16 

X        X*         X* 


s+ 


11. 


2-x 

3  +  x 


=  -1  + 


x  +  3 


14.5^16  +  45 


136  . 

■5r  + 


18. 
Let 


5  — 2x    _     2x  — 5 


l  +  Sx  —  x"     x3  — 3x-l 
2x-6 


xa-Sx-l      X      x^^x*     X* 


.'.  2x  — 6  =  -4x+JB 
-3^ 


-.3JB 

X 

^ 

+  c 

-3(7 

-A 

-JB 

.-.  il=2,        B-3ul  =  -5, 
0-3^-^  =  0, 


6-2x 


l  +  3x  — x^     X 


=  -  +  4  +  4  + 


5=3^-6  =1 
(7=35  +  ^  =  5 
i>  =  3C+5=16 

16  . 


X*        X* 
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18. 


ar^  — ar+l_a:^  — ar+l_ 


x(a:-2)         xa-2x 


.*.  X  + 1 

.-.  A  +  B 

A 

x(x  — 2) 
1 
ar-2 

ar(a:  — 2) 


=  1  + 


x(x  -  2) 
B 


1  +  -+         o 
ar      a:  — 2 

(A  +  B)x-2A 

1         -2A=1 

-J,  JB=} 


^1-:^-  + 


8 


2x     2(a:-2) 
a:      ar^      a^      jp4 


2ar      2a:      2a:a      2a*     2x4 
X      x-*      x*       X* 


14. 


8x-2    _A,     B     , 


c 


X(X-1)2        X         X-1         (X-I)a 

.'.  3x-2=(^  +  5)x»  +  (-2ui-5+  C)x  +  ui 
.•.  -4  +  J5  =  0 

-2^-.25+  C=3 

^  =  -2 
.-.  -4  =  -2,  JB=2,  C=3 
.     8x~2    -     2  ,       2      .        3 

x(x— 1)2'"       X       X  — 1 


(*-l) 


^L.  =  i  +  i  +  i  +  i+ 

X  —  1      X     x2     a:8     3;4 


1        _  f     1    Y^  1   ,   2       3      4      

(ar-l)«     V^-l/      a^     I*     I*     a^ 
3—2    ^_2  +  ?+2      2       2^2      


X(X  -  1)2  X 


a*     X*      X* 


+  8+1  +  1  +  12  + 
x'i     x^     x^      afi 

^1+1+11  +  14  +  ... 
x^     a:*      a:*      x^ 


15         3^  —  x+\       _     (x2-x  +  l)(ar+l)     ^x8+l 
(x-l)(x2+l)      (a:-l)(x+l)(x2+l)      x*-!* 

—  — :  +  -^  +  -r:  +  -^r  + 


X*  — 1       X*      x8 


r.12 


.16 
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X      a:*      a:*      X*      a:®      x*^ 


Berert: 


16.  y  =  x  — 2x«+3x»  — 4«*+ 

Here                     a  =  l,   6  =  — 2,   c=r3,   rf=±:  — 4 
/.  ui  =  l,  JB^-2,  0=5,  2)=  14 
/.   x  =  y  +  2y2+6y»+14y*.+ 

IT  3r=.T--  +  ---  + 

Here  o  =  l,    6  =  0,    c  =  —  J^    €?  =  0,    e  =  J 

.-.  -4=1,  B=0,  C=i       I>  =  0,  iE:  =  T2t 

^      3       16 

18.   y  =  x+— +-^+r^+ 

^  1.2      2.3     34 

Here  o=l,    fc  =  },        c  =  J,    rf  =  T'j 

.-.  -4=1,  5  =  -i,  C7=i  i>  =  -A 

•^      2       3       24 


Exercise  62. 

Find  the  identical  relation  and  generating  function  of: 
1.   l  +  2x+7x2  +  23x«+76x*+ 

Notice  that  7  =  3X2  +  1 

28  =  3  X  7  +  2 

76  =  3  X  23  +  7 
.*.  The  identical  relation  is  u,^  =  3xun«i  +  x^tin-2- 

But  5=l  +  2x+7xa  +  23x8  +  76x*  + 

-3x«=    -3x-6x2  — 21x8  — 69x*  — 
^x2s=  -    x2-   2x8-   7a4^ 

.-.  (1  — 3x  — x2)s  =  l  — X 

l-3x-xa 


N 


2.  3  +  2x+3ar2+7x«+18x*+ 

Notice  that  8  =  3x2  —  3 

7=3x3-2 
18  =  3x7-3 
.'.  The  identic^  relation  is  u^  =  Sxu^.i  —  jAtf^^f. 

But  ^  =  3  +  2a:  +  3xa+7j^+  18a:*  + 

-3x8=     -9x-6a:a-9x»-21a:*  — 

x^8=  3x2  +  2x8+    3x*+ 

/.  (1  — 3^  +  xa>  =  3-7x 

l-3x  +  a3 

Find  tl^  geoerating  functiwi  and  the  general  term  of : 
8.  2  +  3x  +  5x«  +  9x8+17x*  +  83x*+ 

Suppose  tt»  =  pontf^i  +  qsAtf^g. 

Then  5  =  3/7  +  29 

9  =  5/?  +  a^ 
.-.  p  =  3,  9=— 2 
.*.  The  identical  relaUpn  is  u,^  =  Zxun^i  —  2x^-s* 

.     «  =  2  +  3x+6xa+    9x8+17x*  +  83x*+ 

—  aw^    ^6x-9x3-X6x8-27x*-61x»- 

2x3«=  4x3+    6x8+10x*  +  18x*+ 

.-.  (l-3x  +  2x«>  =  2-8x 

.   ^^       2-8x 

l-.3ar  +  2x3 

=  -^  +  -^ 
l-2x      1-x 

--i— =  l  +  2x  +  22xa+ +  2«x»»+ , 

1  —  3x 

— ^=1  +  X+X2+ +  X"+ 

1  —  X 

/.  «  =  1  +  (2  +  l)x  +  (22  +  l)x2  +  .....  +  (2*  +  l)x»  + 

/.  The  general  term  is  (2»  +  l)x». 

4.  7-6x  +  9xa  +  27x8+64x*  +  189x«+ 

Suppose  Un, = pxun^i  +  qx^Un^^  +  rx«tt«_j 

Then  27=   9;)—   6^  +  7r 

64  =  27/)+    97-6r 

189  =  64/?  +  27g+99 

.•./)  =  2,  9  =  2,  r  =  3 


^ 
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.'.  The  identical  relation  is 

«=7—  6x+  9xa  +  27x«  +  54x*+189a*  + 
-2x«  =  -14x  +  12xa-18x8-64x*-108x8- 
-2A=  -14a:3+12x«-18x*-   Ma*- 

-3x»»=  -21x8  +  18x*-   27x8- 

(l-2ar-2a:«-3x8)«  =  7-20x+    7a^ 

.   ^^      7-20x+7jra 

l-.2a:-2x2-3a:8 

7-20x+7x3      _        7-20a:+7xa 


l-2x-2ar«-3x«      (1 -3ar)(l  +  x  + a^) 

_  10  27(3-ar) 

""  13  (1  -  3  x)      13  (1  +  X  +  x3) 


Bat         — V-  =  1  +  3x  +  32x3  +  3«x»  + +  3»x»  + 

1  — 3x 

3-x     ^      (l-x)(3  — x)      _3  — 4x+xg 

1  +  X+.X3         (1  +  X  +  X2)(1-X)  1-X8 

and  -i— -  =  1  +  x»  +  x«  +  a:»  + +  x»»  + 

1  — x* 

^"■'=3  — 4x  +  a:^  +  3x»  — 4x*  +  x»+3x«-4x7  +  x»  + 


l-x8 

+  |J(3-4x  +  x3  +  3x»-.4x*  +  x6+ ) 

A  iia„    =  H3*»-i  +  f }  =  f}  (10  X  3*»-i  +  1) 

ti*.+i  =  iJ38»     +HX3         =tia0x3»*-*+l) 
«3*+2=H3*'+*  +  HX(-4)  =  H(10x3*-a-4) 

6.  l  +  6a:  +  9x3+13x8+17x*  +  21x6+ 

Suppose  Un  =  pxfin-l  +  ^'^f^ii— 2 

Then  9=5^  +  9 

13  =  9/)  +  6/) 
/.  p  =  2,  qr  =  - 1 

.*.  The  identical  relation  is  Un  =  2  Uh-i  *  u»-8. 

«=l  +  6x+   9xa+13x»+17x*  + 

—  2x«=    —  2x  — 10x»— 18x»  — 26x*+ 

x2«=  x3+    5x«+   9x*  + 

(l-2x  +  x2)«=l  +  3x 
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Also  l  +  5a:  +  9ar2  4.l3ar«+ 

=  l  +  (4+l)x+(2x4+l)ar2  +  (3x4+l):c«+.....+(4fi  +  l)x*  + 
.'.  The  general  term  is  (4n  +  l)a:». 

8.  l  +  ar-7a*  +  33a^-130a*  +  499a:«+ 

Suppose  Un  =  pM«_i  +  qun-a  +  »*Mn-a. 

Then  —  7  =  ^  +  r 

33  =  -  7/)  +  r 
-130  =  33^-7^ 
.*.  ;>  =  —  5,  9  =  —  6,  F  =  —  2 
The  identical  relation  is   u„  =  —  5  ati«_i  —  6  x^n-a  —  2  x^UnrS, 

«=1+    X  -7x»  +  33x*-130a*  +  499a:«  + 

6x»=:        5x  +  6x3  — 36x*+166x*— 650a:«  — 

5x2,=  5x2+5x8  —  35x*+165x«  + 

2x««=  2x»+   2x*  -    14x« 


(l  +  5x+5x«  +  2x»)«=  1 +  6x+ lOx* 

,    j_      l  +  6x-H0x» 
l  +  6x  +  5xa  +  2x« 

7.  3+6x  +  14x2+36x»  +  98x*  +  276x*+ 

Suppose  tt„  =  pun~i  +  qun-2  +  ru^-z 

Then  86=14/)+    6g+    3r 

98  =  36/) +14^+    6r 

276  =  98/)  + 369+14r 

/.  /)  =  6,  r  =  —  11,  9  =  6 

.*.  The  identical  relation  is 

«n  =  6  «n-l  —  11  Mn-a  +  6tt„_8 

»=3+    6x+14x2  +  36x«+    98x*  +  276x«  + 

-  6x»  =    -18x-36x2~84x»-216x*-588x6-. 
+  llx2«  =  33x2  +  66x«  +  154x*  +  396xfi  + 

-  6x8«=  -18x8-   36x*-   84xfi 

(l-6x+llx2-6x8)8  =  3-12x+llx2 

.   8=      3-12x  +  llx2     ^  3-12x+llx2 

l-6x+llx2-6x«      (l-x)(l-2x)(l-3x) 

=  -i-  +  -^+-^ 
1-x      l-2x      l-3x 
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But  _l_  =  l  +  x  +  a:3  +  x»+ +ar*+ 

1  — jr 


1^2x 
1 


=  l  +  3x  +  3a45«  +  8«a:»+ +  8»jf*  + 


•*••» 


l-3x 

/.  »  =  8+(l  +  8  +  3)ir+(l  +  2«  +  3*)xa  + 

+  (1  +2"  +  3*)  x»  +  ...^ 
.*.  The  general  tenn  is  (1  +  2»  +  3*>x«. 

Find  the  sum  of  n  tenns  of : 

8.  2+6  +  10  +  17  +  26  +  37  +  50+ 

First  differenceg  3  5  7  0  11 

Second  differences,  2  2  2  2  

Third  differences,  0  0  0 

.-.  a  =  2,  6  =  8,  c  =  2,  rf  =  0 

_,g„,3(i>«-n)      n(n^l)C>*-2) 

2  3 

_2n«  +  3ng+7n 
6 


9.  lf  +  2«  +  3«  +  4«  +  5«+ 

=  1  +  8  +  27  +  64+126+ 

First  differences,  7         19         37         61         91 

Second  differences,  12  18         29         30 

Third  differences,  6  6  6 

Fourth  differences,  0  0 

.-.  a  =  1,  6  =  7,  c=  12,  rf  =  6,  e  =0 

2  6 


6w(n->l>(n~2>(n— 8> 
24 


_6n*  +  12n»+6ti« 
24 

4 
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Exercise  63. 


1.  Show  that  the  infinite  series 


1      1  +_i  _  1,+ 


1X2     2X28     3X2»     4X2* 
ia  conTergent,  and  find  its  sum. 
The  series  may  be  obtained  from  the  series 


by  putting  y  =  } 


log.(i  +  y)  =  y-|-  +  ^-^  + 


•    loff  2  =  -— ~  +      ^      —     ^      + 

"      *•        1X2     2.2«     3x2«     4x2* 


The  series  is  cosTergent.  For  the  terms  are  alternately  positire  and 
negative  and  are  continually  decreasing,  and  the  limit  of  the  nth  term 
isO. 

8.  Find  Ae  limit  which  Vl  +  nx  approaches  as  n  approaches  0  as  a 
limit. 

Let  m  =  - 

n 
1 

Then  vT+nx  =  (1  +  ny) 


» 


h^)' 


As  n  approaches  0,  m  increases  indefinitely. 


»«  ."»'» "  +  =  !-' 


('^=)"- 


limit  n 


.*.  ^  .  /v  vl  +  nx  =  «• 
n  =  u 


8.  ProTe  that  ^=^2^1  +  ,^  +  ,^+ ^ 

e        V[3     Li     LI  J 


Consider  the  series 


€*=1  +  X+  — + -  + 


pnt  *  =  —  1 

1  + 

12     [3 


.-»=i-i+i-4+ 
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•    I  =  i_i  +  i_i4.i_i4. 

■'•     L2     li     ti     [6  "^[6     11 -^ 

li     Li     15     [6  +  ^     [7^ 

rr  —  -^  —  J-  —  •••  •■••• 

15    11    LI 
=  a(l  +  l  +  i  + \ 


4.  Calculate  to  four  places,  log  4,  log  5,  log  6,  log  7. 
log.4  =  21og.2  =  1.3863 
log«5=  logs4  +  ?  +  _?—  +     ^      + 

=  1.6094 

log,6  =  loge5  +  ^+      ^       +      ^       J. 
6.  Be    ^11^8x118     6X11* 

=  1.7918  =  loga2  +  loge3 
loge7  =  loge6  +  :^  +  — ^-K       ^ 


13     3  X  13«     5  X  13^ 
=  1.9459 


6.  Find  to  four  places  the  moduli  of  the  systems  of  which  the  bases 
are :  2,  3,  4,  6,  6,  7. 

log,e  =  — i-  = 1 =1.4427 

'^^       log*  2     0.693147 

logje  =  —1—  = 1 =  0.9102 

^^       logeS     1.098612 

log^e=-J—=    ^         =0.7213 
loge4     2  log.  2 

log.e  =  -l_= ? =0.6213 

*^*       logeS     1.609432 

We  =  _J^  = 1 =  0.6681 

'^       logeQ     1.791769 

log.  e  =  -JL  =  _1_     =  0.613a 
^^       log.  7      1.9469 
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6.  Show  that 


^{e)      1  X2x3"^  3X4X6"**  6X6  XT"*" 


••••• 


'    +.^J-.+,-4-^+ 


1X2X3  3x4x5   5x6x7 

3+2     6+2     7+2 
'^1X2X3'^  3x4x6 '^5x6x7'^ 

=  _J_+_J1_.  JL_+ 

1X2^3x4     6X6 

+  2/— 1— +— l_  +  _i_  + \ 

VlX2x3^3x4x6^6x6x7^        / 

=a-j)+(i-i)+(i-i)+ 

UX2X3     3x4x6"^6x6x7'^        } 

=  log2  +  2f  ^-^    +    ^--^    +    ^"^    + ^ 

*^    ^    VlX2x3^3x4x6^6x6x7^         j 
=  log2  +  2(^  +  ^^  +  ^^  + ) 

V1X3^3X6^6X7^        / 

=  31og2-f~?— +-^  +  -^  + ] 

^        VlX3^3x5^6x7^        ; 

=  log8-[(l-i)  +  a-i)  +  (t-^)+ ] 

3=10^8-1 

=  log8  — logc 

7.  Show  that 

logea  — 10ge6=  log^  =  —  log'  =  —  logjl  —  f  1 j   | 


»•♦•• 


>t» 
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8.  Show  that,  if  x  is  positive, 

log^2  +  x  +  l)  =  log-^+^/^^  =  log[(x+l)--±I] 

=  log(Jr+l)  +  log^l+i^ 

But  log  (1  +  x)  =  X  —  -  +  -  —  -  + 

2        o        4 

«d    iog(i+l)  =  l-^-L+^__L+ 

The  series  is,  however,  convergent  only  when  x—\, 

OS       S8       48 

9.  Show  that   1  +  ^  +  :!  +  ,^ =  6e. 

[2     L?     li 

|2^L§     li     L5     l« 

=  l  +  2»  +  ?'+l%^+^ 

L2    !i    li    LI 


[2  [3  li       ■      [6 


=  ,  +  3+8  +  15+24     36      

^[2^^^[4^[6^  ^ 

[2     [3^[4 

=  «  +  3e  +  l  +  — +-  +  i-+ 

[2     |3     [4 

=  4e  +  l+l  +  i  +  i+ 

=  66 

10.  Show  that  €*^^  =  X+  y  V^  where 

12     li     16^        ^  L3     li     LI^ 
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|2       [3    +Li       16       le 

^  X  •■■  —  +  —  "^  —  + 


,v^(..g,g......) 


11.   Expand -2j in  ascending  powers  of  x, 

11  li  16     *     \  \r[6     ) 

L2  +  [4     L6            ^  V  18     [6  7 

••  2  ~        H^H     18  "^ 

IS.  Expand — —  in  ascending  powers  of  x. 

2^-1 

i2^ti  i«  V     13  16^    y 

2vri        v:rTr    [3    [5    / 

=  x-5?+??- _ 

L3  +  L5 


e 
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Exercise  64. 


ProT«  the  following  relations  hj  expanding : 


1. 


b,     6, 
b,     6, 


6|    a«    Oi 


=  aj6,  —  ajftj 


6. 


6.     6, 


a. 


a. 


^2 


=  «A-«A 


a 


6,     h 


6,     6, 


6i    Ci    oi 

*S      Cj       Cj 

6.    c.    a. 


*i     ^1     ^ 


a. 

Ol 

c. 

Cj 

Oj 

c. 

a. 

c. 

^T 

8. 


6, 

12  3 

2  4  4 

3  4  5 


=  Oi  Vs  +  «a  Vi  +  <*  A<^2  ~  ''i  Vi ""  «2 Vs ""  ^^1 


"s<^A  +  ^A^i  +  <h^J>i  —  Os^  A  —  ««^8*i  —  «i<^A 


In  the  expansion  of 
a.    a 


a. 


6,     6, 


put  Gi  =  1,  o,  =  2,  d,  =  3, 6,  =  2,  etc. 


fl    2    3 

2  4    4 

3  4    5 


3 

2 

4 

7 

6 

1 

5 

3 

8 

=1x4x5+2x4x8+3x2x4-1x4x4 

-2x2x6-3x4x3 
=  -4 

=3x6x8+2x1X6+4x7x^-3x3x1 

-2x7x8-4x6x6 
=  -3 


6. 


4  5  2 
1  2-3 
6-4   6 


4X2X6 
-89 


6x3x6+2x1x4-4x4x3 
+5X1X6-2X2X6 
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0.  Coont  the  inyerBionB  in  the  series : 

6413  2.       761436  2.       d  a  c  e  b. 
4162  3.       664213  7.       c  e  h  d  a, 

6  4  1  3  2  has    8  invenions,  64,  61,  63,  62,  41,  43,  42,  32. 

4  1  6  2  3  has    6  inversions,  41,  42,  43,  62,  63. 

7614362  has  13  inversions,  76,71,74,73,76,72,61,64,63,62,43,42,62. 
6642137  has  13  inversions,  66,64,62,61,63,64,62,61,63,42,41,48,21. 

d  a  c  €  h  has    6  inversions,  da,  dc,  db,  c6,  e6. 

c  e  b  d  a  has    7  inversions,  cb,  ca^  eb,  ed,  ea,  ba,  da. 

7.  In  the  determinant  laiVs^i'sl  ^^  ^^^  9ignB  of  the  following 
terms. 

a^b^Cf^d^y  aj)^c^d^ey  ^i^if^J^i^M' 

OaVs^i^i*  ^4C5ai«jrf,.  CyaJ)^e^dy 

ajb^c^d^^  has  6  subscript  inversions,  43,  42,  63,  62,  32. 

.*.  Its  sign  is  — . 

aj)^c^d^e^  has  6  subscript  inversions,  21,  63,  61,  64,  31. 
.*.  Its  sign  it  — . 

aji)^c^d^e^  has  6  subscript  inversions,  61,  63,  64,  62,  32,  42. 
•*.  Its  sign  is  +. 

aj!>^c^d^e^  has  4  subscript  inversions,  42,  43,  62,  63. 
.*.  Its  sign  is  +. 

aj>^c^d^  has  7  subscript  inversions,  21,  64,  63,  61,  43,  41,  31. 
/.  Its  sign  i^  — . 

CiOffi^^d^  =  «5Vi^«*4 
aj^ic^d^^  has  6  subscript  inversions,  63,  61,  62,  64,  31,  3Sf. 
.'.  Its  sign  is  + 

8.  Write,  with  their  proper  signs,  all  the  terms  of  the  determinant 

+  aJb^Cfd^  —  a^lC^d^  —  ajt).f^d^  +  aj).f^d^  +  ajb^c^d^  —  aji^c^d^ 
—  aJ>iC^d^  +  ajb^c^d^  +  aj)^c^d^  —  aJb^Cgd^  —  afi^c^d^  +  <>iVa^i 
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9.  Write,  with  their  proper  signs,  all  the  terms  of  the  determinant 
loibjcyf^egl  which  contain  b«th  a^  and  b^;  all  the  terms  which  contain 
both  bf  and  e^. 

(1)  a^ifs^d^^  —  Cjrfjc,  —  cjrf^j  +0,^56,  +  Cjrf^j  —  Cjrfje,) 


10. 


a  i  0    0 

6  a  0    0 

0  a  a     h 

0  6  6a 


Since  a,,  a^,  6,,  6^,  q,  and  d^^  are  here  all  0,  the  formula  of  Example 
8  reduces  to 

=  (a2  -  62)2. 
0    0    0a 


11. 


0  0  6  0 
a  a  6  6 
6     6    a     a 


The  formula  of  Example  8  reduces  to 


IS. 


a  6  c  0 

c  a  6  0 

6  c  a  0 

a  6  c  1 


The  formula  of  Example  8  reduces  to 

=  a*  —  a6c  —  6ca  +  6*  +  c*  —  ca6 
=  a«  +  68  +  c«-3a6c 


Show  that : 


1. 


2. 


0  a  6 
a  0  c 
6     c    0 


=  2a6c. 


6  +  c      a        a 

b  c-\-  a      h 
c         c      a  +  6 

6-l-c      a        a 

6  c  +  a      6 
c         c      a  +  6 


Exercise  65. 


0 

a 

6* 

a 

0 

c 

6 

c 

0 

=  a6c  +  a6c  =  2  a6c. 


=  4a6c. 

=  (6  +  c)(c  +  a)(o  +  6)  +  a6c  +  a6c  — (6  +  c)6c 

— a6  (a  +  6)  —  ac(c  +  a) 
=  4a6c 
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8. 


a2 

a8 

a* 

6^ 

6« 

M 

c2 

c8 

C4 

— 

<P 

</8 

d^ 

bed    a    a^    a* 
cda     b     y^     l^ 


dab    c 


.8 


abc     d    cP    d^ 


1 

a2 

a8 

a* 

1 

1 

62 
C2 

68 

6* 

=  atcrf 

1 

rf2 

rf8 

rf* 

1 

a 

a2 

a* 

a 

1 

b 

62 

6« 

b 

1 

c 

C2 

c8 

c 

1 

d 

rf2 

^ 

d 

6crf  a  a2  a* 

acrf  b  b^  b^ 

abd  c  c2  c* 

a6c  rf  rf2  rfs 


Divide  the  first  row  by  a,  the  second  by  6,  the  third  by  c,  and  the 
fourth  by  d.    Then  multiply  the  first  column  by  abed. 


0     1 

1 

1 

0 

abc 

1     0 

C2 

62 

a    0    c     6 

• 

1       C2 

0 

a2 

^— 

6    c    0    a 

• 

1    62 

a2 

0 

c     6    a    0 

0 

a 

6    c 

0     1 

1 

1 

0      a       b 

c 

1^ 
6c 

0 

c    6 

1     0 

1      C2 

C2 

0 

62 
a2 

1 
abc 

1      0      6c2 
1     ac2     0 

cb'2 
ca2 

=  abc 

1 

c 

0    a 

1    6« 

a2 

0 

1     a62    6a2 

0 

ac 

1 

• 

6 

a    0 

0    a     b     c 

ab 

a    0     c     b 

■  ' 

b     c     0     a 

c 

b     a     0 

Multiply  the  second  column  by  a,  the  third  by  c,  and  the  fourth  by  d. 
Then  divide  the  second  row  by  6c,  the  third  by  ac,  and  the  fourth  by  ab. 
Then  multiply  the  first  column  by  a6c. 


Find  the  value  of : 


20  16  25 
17  12  22 
19  20  16 


0 

16 

26 

0 

12 

22 

= 

1 

20 

16 

0  16   10 

0  12   10 

1  20  -4 


0  15  25 

=  }  0  12  22 

2  20  16 

=  16x10-12x10  =  30 

Multiply  the  first  column  by  2,  and  subtiiact  from  it  the  sum  of  the 
second  and  third  columns. 

Take  out  the  factor  2,  and  subtract  the  second  column  from  the 
third. 
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6. 


3  23  13 
7  63  30 
9    70    39 


3  23  13 
1  27  4 
0      10 


=  -3x4  +  13=1 


Subtract  twice  the  first  row  from  the  second,  and  three  tidies  the 
first  row  from  the  third. 


7. 


22    29    27 
26    23    30 
28    26    24 

=  2X3 

22    29      9 
26    23    10 
14    13      4 

=  2X3 
=  2X3 

4     2      9 
6-7     10 
6      14 

-8     2      1 

47-7    38 
0     10 

=  2  X  3  (8  X  38  +  47)  =  2106 

Take  ont  the  factor  3  from  the  third  column  and  the  factor  2  from 
the  third  row. 

Then  subtract  twice  the  third  column  from  the  first,  and  then  twice 
the  third  column  from  the  second. 

Then  subtract  six  times  the  second  column  from  the  first  and  lour 
times  the  second  column  from  the  tiiird. 


8. 


1  a  a» 
1  b  6« 
1     c     c» 


(a  —  6)  (6  —  c)  (c  —  a)  is  evidently  a  factor. 

There  is  also  another  factor  of  the  first  degree,  which  is  fherelfore  of 

the  form 

la-^  inb-\-nc 

In  the  product  (a  —  &)(&  —  c)  (c  —  a)  (la  4-  m6  +  nc)  the  coefficients 
of  a*,  6*,  and  c*  are 

— /(6  — c),  —  fn(c  — a),  —  h(a  — 6) 

But  in  the  expansion  of  the  determinant  the  coefficients  of  a^,  l^,  and 

c*  are 

c  —  6,  a  —  c,  6  —  a 

.'.  /=  1,  »i  =  1,  n  =  1 


==  (a  —  6)  (6  -  c)  (c-^aXa  +  b  +  c) 


1 

a 

a* 

1 

b 

68 

1 

c 

c» 

a 

a2 

6c 

b 

62 

ca 

c 

ca 

ab 

9. 


(a  —  6)  (6  —  c)  (e  —  a)  is  a  factor. 

There  is  also  another  factor  of  the  second  degree. 
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a 
b 
c 


a2 
6« 


6c 
ca 
ab 


a  —  c 

b^c 

c 


6-2  -  c2 
cS 


=  («-0(6-c) 


=  (a-c)(6-c) 


bc^ab 

ca  —  ab 

ab 

a-^  c 

6  +  c 

cS 

a-* 

6+c 

c2 


(a-6)(6-c)(a-c) 


=  (a-6)(6«c)(a-c) 


0 
1 
c 

0 

1 
c 


-6 

—  a 

ab 

a  —6 
—  a 
a6 

1 

6  +  c 
ca 

0  1 

a  +  6  +  c    —a 
c2  —  o6       a6 


1 

—  a 
06 


=  (a  —  6)(6  —  c)(a  —  c)[c2  —  a6 -  (a  +  6  +  c) c] 
=  (a  —  6)  (6  —  c)(a  —  c)  (—  a6  —  ac  —  6c) 
=  (a  —  6)  (6  —  c)  (c  —  a)  (a6  +  6c  +  ac) 

Subtract  the  third  row  ffom  the  first  and  second. 

Bemove  the  factors  a^c  and  6  —  c  from  the  first  and  second  row0. 

Subtract  the  second  row  from  the  first. 

Remove  the  faetor  o  —  6  from  the  first  row. 

Subtract  the  third  column  from  the  second. 


a«     6d    1 

10.      6»    CO    1 

c«    a6    1 

There  is  also  anothei'  factw  of  the  second  degree* 


(a  —  6)  (6  —  c)  (c  —  a)  is  a  factor. 


6« 


6c 
ac 
ab 


1 
1 
1 


a*^<^ 

6«-c8 

c» 


=  (a-.c)(6-c) 


=:(a_c)(6-c) 


6c  — a6    0 

ac  —  ab    0 

a6         1 

a^-^ac-^-d^    —6 
63  +  ftc  +  c^     —  a 
c*  ab 

qS  .  6^  ^  ac  —  6c 
6'2  +  6c  +  c* 
c« 


0 

0 

1 

a-6 

0 

—  a 

0 

a 

6 

1 

=  (a-6)(6-c)(a-c) 


a+6+c         1      0 

6'^  +  6c  +  c«    —  a    0 

c*  a6      1 


=  (a  -  6)(6  -  c)(a  -  c)[-  (a  +  6  +  c)a  -  (62  +  6c  +  c^)] 
=  (a  —  6)(6  —  c)lc  -  a)(a2  +  62  +  c^  +  a6  +  ac  +  6c) 

Subtract  the  third  row  from  the  first  and  second. 

Remove  the  factors  a  —  cand6  —  c  from  the  first  and  second  rows. 

Subtract  the  second  row  from  the  first. 

Remore  the  factor  a  —  6  from  the  first  row. 
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The  formula  of  Example  8,  Exercise  64,  reduces  in  this  case  to 

^iVA  =  (a  +  ft  +  c  + «?) 


1 

a 

a2 

a* 

1 

b 

62 

6* 

1 

c 

ca 

c* 

1 

d 

<P 

rf* 

=  (a-6)(a-c)(a-rf)(6-c)(6-rf)(c-rf)(a  +  6  +  c  +  rf) 

Subtract  the  fourth  row  from  the  first,  second,  and  third. 
Remove  the  factors  a^dfb  —  d,  and  c^d  from  the  first,  second,  and 
tiiird  rows. 
Subtract  the  third  row  from  the  first  and  second. 
Remore  the  factors  a  —  c  and  6  —  c  from  the  first  and  second  rows. 
Subtract  the  second  row  from  the  first. 
Remove  the  factor  a  —  b  from  the  first  row. 


18. 


abed 
bade 
e  d  a  b 
d     e    b    a 

o  +  ft  +  c  +  rf    a  +  6  +  c  +  rf    a  +  6  +  c  +  c?    a  +  b  +  c-^d 
bade 
c  d  a  b 

d  e  b  a 


=  (a  +  ft  +  c  +  rf) 


=  (a  +  6  +  c  +  6?) 


1111 
bade 
c  d  a  b 
d    c    b    a 

0 

a-\-b^c^d 
c  -f  rf  —  a  —  6 
c  4"  d  —  a  —  6 


1  1  1 

a     d    c 

dab 

c    b    a 

Oil 

1 

lad 

c 

-Ida 

b 

-1     c 

ft 

a 

=  (a  +  ft  +  c  +  <^)(a+ft-c-rf) 


This  result  was  obtained  hy  the  following  operations  : 

Add  the  second,  third,  and  fourth  rows  to  the  first. 
Remove  the  factor  a-^b  -{-e-^  d  from  the  first  row. 
Add  the  second  column  to  the  first,  and  subtract  the  third  and  fourth 
columns  from  the  result. 
Remove  the  factor  a-^b  —  c^d  from  the  first  column. 
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It  appears  that  a-\-b  +  c  +d  and  a  +  6  —  c 
determinant.     Similarly  we  hare : 


—  <f  are  factors  of  the 


abed 

a-}-  c  —  b  —  d 

bed 

bade 

b  +  d  —  a  —  cade 

c    d    a    b 

^"^ 

a+c— 6— rf    d    a    b 

d    c    b    a 

6+  d  —  a  —  e    c    b    a 

I    b    c    d 

=  (a  +  c— 6  —  <0 

—  1     a    d    c 
I    d    a    b 

-1    c 

6    a 

Add  the  third  column  to  the  first,  and  subtract  the  second  and  fourth 
columns  from  the  result. 
Remove  the  factor  a  +  c-^b  —  d  from  the  first  column. 
.*.  a  +  c  •-  6  —  cf  is  a  factor  of  the  determinant. 
Also 

abed         a  +  d-^b-—e 

b    a    d    c  __    b  -{■  e-^a-^d 

e    d    a    b  "^    6-l-c  — a  — rf 
d    e    b    a  a-f  d  —  b^e 

-  (a  +  rf  —  6  —  g) 

Add  the  fourth  column  to  the  first  and  subtract  the  second  and  third 
from  the  result. 

BemoTe  the  factor  a-^-d'^b-^c  from  the  first  column. 

.'.  a  +  c?  —  6  —  c  is  a  factor  of  the  determinant. 

.-.  (a  +  6  +  c  +  rf)(a  +  6  —  c  —  cO(«  —  *  —  c  +  rf)(a  —  6  +  c  —  cf)  isa 
factor  of  the  determinant. 

But  the  determinant  is  of  the  fourth  degree  in  a,  b,  c,  and  d. 

Hence  the  determinant  is  equal  to  the  product  multiplied  by  some 
number. 

In  the  expansion  of  the  product  the  eoefilcient  of  a^  is  1* 

In  the  expansion  of  the  determinant  the  coefficient  of  a^  is  1. 


b    c 

d 

a    d 

c 

d    a 

b 

c     b 

a 

1 

b    c 

d 

-1 

a    d 

c 

-1 

d    a 

b 

1 

c 

b 

a 

abed 
bade 
c  d  a  b 
d     c     b    a 


(a  -r  6  +  c  -  rf) 


14.  If  all  the  elements  on  one  side  of  a  diagonal  tevm  am  aero% 
show  that  the  expansion  reduces  to  this  term. 
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Sitppoae  the  determinant  written  in  the  form 


a^ 


fli 


0 

*2 

0 

0 

0 

0 

».   K 

In  expanding  the  determinant  we  must  take  one  element  from  each 
row  and  one  from  each  column. 

From  the  first  column  we  can  only  take  a^.  From  the  second  colamn 
we  must  take  either  a,  or  6,.  But  we  cannot  take  a,,  since  we  already 
have  a^,  from  the  first  row.  Hence  we  must  take  6,.  Similarly  in  the 
third  column  we  cannot  take  a,  or  63,  and  there  remains  only  c^  etc. 

Hence  the  only  term  is  a^b^c^d^ 


a2  —  6c    0,    1 

aa    a    1 

6c    a    1 

62-co     6    1 

^ 

62     6    1 

— 

ca     6    1 

c2  —  a6     c    1 

c2     c     1 

a6     c     1 

16. 


In  the  second  determinant  multiply  the  first  row  hy  a,  the  second 
)ky  6,  and  the  third  by  c ;  remove  the  factor  a6c  from  the  first  column, 
and  transpose  the  columns. 


Then 


6c     a 
ca     6 
ab     c 

1 
1 
1 

_  1 

a6c 

abc 
abc 
abc 

a^ 
6S 
cS 

1    a 
1     6 
f     c 

= 

1 
1 
1 

a2    a 
62    6 
c2    c 

= 

a2    a    1 
62     6    1 
c2     c    1 

a^  —  bc 
62-ca 
c2-a6 

^ 

a2     a 
6*     h 
c«    c 

,    1 

►    1 

1 

— 

a2 
62 

C2 

a 

6 
c 

1 
1 
1 

=  0 

- 

a-l-26    a  +  46    a-f66         a+26    a+46    a  +  66 
16,     a^Sb    a+56    a^lb  =        6  6  6        =0 

a  +  46    arf66    a  +  66  6  6  6 

since  two  rows  are  identical. 

Subtract  the  first  row  from  the  second,  and  the  second  from  the 
third. 


17. 


62+ca 
a6 
ac 


_  1 


6a  ca 

c2  +  a2        c6 
6c        a2  +  62 

0  6a 

—  26c2    ca  +  a2 
abc    _262c        6c        a 

0      6  c 

=  — 2c    0    a26      ^a^c 
6      6c     a2  +  62 


ca 
cb 

2  be 

2  +  62 

a 

0 

=  -2a262c 

0 

1 

0 

c 
6 

1- 
1 
c 


6a 

c2  +  a2 

6c 

c 
a2  +  62 


ca 

db 


a2  +  62 


=  4a262c2 
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Multiply  the  first  colamn  by  a,  and  subtract  from  it  6  times  the  sec- 
ond column  and  c  times  the  third. 

BemoTe  the  factors  —  2  6c  and  a  from  the  first  column  and  the  first 
row. 

Multiply  the  second  row  by  6,  and  subtract  from  it  c  times  the  third 
row. 


18. 


(a  +  6)« 


r.2 


12 


(6  +  c)»  a« 

6*  62  (c  +  a)a 

(rt  +  6)a-ca  0 

6a-(c  +  a)a    62-(c  +  a)a     (c  +  a)2 

0+6— c  0 

6  +  c  — a 


o" 


=  (o  +  6  +  c)« 


=  (a  +  6  +  c)2 


ca 


0 

6— c— a  6— c— a 

a+6— c  0 

0  6+c— o 


(c  +  a)2 


—  2a  —2c.       2ac 

=  (a+6  +  c)2{(a+6-c)[(6  +  c— a)2ac  +  2a«c]  +  2ac3(6  +  c— a)} 

=  2a6c(a  +  6  +  c)« 
Subtract  the  third  column  from  the  first  and  second. 
Remove  the  factor  a  +  6  +  c  from  the  first  and  second  columns. 
Subtract  the  sum  of  the  first  and  second  rows  from  the  third  row. 


19. 


1  + 

1 

1 
1 

X        2           3 
2  +  ar        3 
2        3+x 
2           3 

4 
4 
4 

4  +  aP 

— 

X    0    0      —  at 
0    X    0      — X 
0    0    X      — X 
12    3    4+x 

=  a^ 

10    0-1 
0    10-1 
0    0    1-1 

12    3    4+x 

=  x« 

1     ( 

0  : 

0    ( 

1  J 

)    0       0 
L    0       0 
)    1       0 
2    3    10  +  x 

= 

x»  (10  +  x) 


Subtract  the  fourth  row  from  each  of  the  others. 
Remove  the  factor  x  from  the  first,  second,  and  third  rows. 
Add  the  sum  of  the  first  three  columns  to  the  fourth. 
Then  all  the  elements  to  the  right  of  the  diagonals  are  0. 


aa  + 
ab 
ac 
ad 


rf8 


1 

6a 

ca 

da 

62  +  1 

cb 

db 

6c 

C2+1 

dc 

bd 

cd 

c^  + 

d 

0    0 

—  a 

0 

d    0 

-6 

0 

0    d 

—  c 

0 

0    0 

a2  +  62. 

|-C2  + 

d 

0 

0 

—  a 

0 

d 

0 

-6 

0 

0 

d 

—  c 

ad 

bd 

cd 

rf2+l 

rf2+l 


=  a2  +  62  +  c2  +  cP  +  l 
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BAiltiply  the  first  row  by  d  and  subtract  from  it  a  time*  the  fouith 
row. 

Multiply  the  second  row  by  d  and  subtract  from  it  b  times  the  fourth 
row. 

Multiply  the  third  row  by  d  and  subtract  from  it  c  times  the  fourth 

CDW. 

Then  multiply  the  first  row  by  a,  the  second  by  b,  and  the  third  by  c, 
and  subtract  their  sum  from*  the  fourth  row. 
Then  all  the  elements  to  the  left  of  the  diagonal  ai^  0. 


Exercise  66. 
1.  In  the  determinant  |  Oj  6,  c,  d^\  write  the  co-f actom  of-  a^  6„  b^  c^. 


C4>  d^  ^t 


Write  out  the  determinant 


a^ 


a.     Oj 


6;  A,  65  64 

Cj  Cn  C/o  Cj 

^1      ^2     ^i     ^i 


Then    A^  = 


C,= 


h 

h 

64 

a 

I       «S       «4 

a 

1     «a     «8 

:5'  ^ 

^: 

Bj  = 

^:  ^:  ^: 

^4  = 

^:  ^:  ^: 

«4 

k 

e,=. 

— 

fli     Oa     «8 
di      rfg      rf, 

2),= 

«i     fli     04^ 

h      ^8      ^ 
Cj      Cj      c^ 

^ 

«2      «4 
*i       *4 

Cl 

Ca 

C4 

S.   Express  as  a  single  determinant 


^    f  9 

beg. 
c    f    I 

c    k    h 

b    f    f 

f    h    k 

+ 

+ 

+ 

c    h    f 

9    k     I 

d    g     I 

d     I     k 

d    k    g 

d^c'sum  may  be  written : 


g    h   I 

+ 

beg 
c    f    k 
d    9    I 

— 

b    f   9 
c    n     k 

d    k     I 

— 

b  e  f 
c  f  h 
d    g    k 

«    /   9 
f   h    k 

9    k    I 

— 

c    h    k 
d    k     I 

+ 

beg 
c    f    'k 
d    g     I 

— 

b  e  f 
c  f  h 
d    g     k 

These  four  determinants  are  evidently  the  co-factors  of  the  fiHt  row 
of  the  determinant : 


1111 

b  e  f  a 
c  f  K  k 
d    g    k     I 


which  is  therefore  the  required  sum. 
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8.  Write  all  the  terms  of  the  f  oIIowiDg  determinant  wliich  contain  a  z 


a 

0 

b 

c 

b 

a 

b 

c 

b 

0 

0 

c 

b 

c 

0 

0 

0 

0 

b 

c 

b 

0 

0 

c 

b 

The  only  terms  containing  a  come  from  the  products  of  the  first  and 
second  elements  in  the  first  column,  with  their  respectiye  co-factors. 

.*.  These  terms  are : 


a 


b  c  b    0 

c  b  c    0 

0  0  6c 

0  0  c    6 

=  ab 


—  a 


0  b  c    b 

c  b  c    0 

0  0  6c 

0  0  c    6 


6    c    0 

c     6     0 

bob 

0    6c 

—  ac 

0     6c 

-{-ac 

0    6c 

0    c    6 

0     c     6 

0    c     6 

a62 (62 - c2)  - cc3 (62 - c2)  +o6c(62-c2) 

a(6a  +  6c-c2)(62-c2) 

a6*  +  a68c  —  2  o62c2  —  a6c»  +  oc* 


Expand: 


a 
6 
a 
0 


6 
a 
a 
a 


6 
a 
6 
6 


a 
6 
6 
6 


Subtract  the  fourth  row  from  the  third. 

a  6  6  a 

6  a  a  6 

a  0  0  0 

0  a  6  6 

Subtract  the  second  row  from  the  first,  and  the  third  from  the  second. 


The  result  is 


=  a 


6 
a 
a 


6 
a 
6 


a 
6 
6 


The  result  is  a 


=  a(a-6)2 


6  — a  6  — a 
0  a-b 
a  6 

-1     1 

a      6 


a  —  6 
0 

6 


=  a(a-6)2 


-1    -1 
0         1 

a         b 


1 
0 

6 


=  -.a(a_6)2(a  +  6) 


5. 


0  d  d  d 

a  0  a  a 

6  6  0  6 

c  c  c  0 


Multiply  the  first  column  by  2,  and  subtract  from  it  the  sum  of  the 
other  three  columns. 
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- 

-3rf    d 

d    d 

The  result  is    i 

0        0     a     a 
0        b     0     b 
0        c     c     0 

=  J  abed 

=  —  f  abet 

i 

0  1     1 
10     1 

1  1     0 

=  i<ibcd 

1     1 
1     0 

3  111 

0  0    11 

0  10    1 

0  110 


—  ^abcd 


1     1 
0     1 


1 

=  — 3a6c<f 

i 

i 

1 

6. 

1 
I 

1     a    a    a 
1     b     a     a 
1     a     b    a 
1     a     a     b 

• 

Subtract  the  second  row  from  the  first. 

! 

0    a-b    0    0 

The 

result  is 

1 

1 
1 

6        a    a 
a        b    a 
a       a     b 

=  -(a 

-6) 


1    a    a 

I     b    a 
lab 


Again,  subtract  the  second  row  from  the  first. 


The  result  is    —  (a  —  6) 


0    a-6    0 

1     a 
I     b 

16a 
1        a        6 

=  (a-6)a 

=  -(a-6; 

)3  =  (6 

^ay 


7. 


3 
2 
2 
2 


2 
3 
2 
2 


2 
2 
3 
2 


2 
2 
2 
3 


Subtract  the  fourth  row  from  each  of  the  others. 


The  result  is 


1 
0 
0 
2 


0 
1 
0 
2 


0  -1 

0  -1 

1  -1 

2  3 


Add  the  sum  of  the  first  three  columns  to  the  fourth. 


The  result  is 


1 
0 
0 
2 


0 
1 
0 
2 


0 
0 
1 
1 


0 
0 
0 
9 


=  9 


3  2  14 

15  29  2    14 

16  19  3    17 
33  39  8    38 

Subtract  twice  the  first  row  from  the  second,  3  times  the  first  row 
from  the  third,  and  8  times  the  first  row  from  the  fourth. 
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3 

2 

1 

4 

9 

26 

0 

6 

7 

16 

0 

6 

"^ 

9 

23 

0 

6 

The  result  is 


Subtraot  the  third  row  from  the  first. 


The  result  is 


0  2  0 
7  13  6 
9    23    6 


=  -2 


9 

26 

6 

7 

13 

6 

9 

23 

4. 

6 

urs 

7 
9 

b. 

6 
6 

— 

9. 


2  13  4 
7    4    6  9 

3  3    6  2 
17    7  6 


Subtract  twice  the  second  column  from  the  first,  3  times  the  second 
column  from  the  third,  snd  4  times  the  second  column  from  the  fousth. 


The  result  is 


0  1  0  0 

«1  4  -7  -7 

«3  3  «3  _io 

-13  7  -14  -23 


1 

3 

18 


7 

3 

14 


7 
10 
23 


Subtract  7  times  the  first  column  from  the  second,  and  third: 


The  result  is 


10  0 

3    -18    -111  = 
13    -77    -68 


18     11 

7     11 

77    68 

9    68 

-4y  +  2z=  1) 
+  3y-3z  =  -ll 
-6y  +  4z=      7j 


3x  — 4y  +  2«  = 
10.   2x 
6x 


The  solutions  are 


1 

-4 

2 

-1 

3 

-3 

r  — 

7 

-6 

4 

3 

-4 

2 

2 

3 

-3 

6 

-6 

4 

3 
2 
5 


1 
1 

7 


3 
2 
6 


4 
3 
6 


2 

3 

2 
3 
4 


2  = 


But 


1 

-4 

2 

1 

0 

0 

1 

3 

-3 

ZTT 

-1 

-1 

-1 

7 

-6 

4 

7 

23 

-10 

3 

1 

2 

0 

1 

0 

2 

-1 

-3 

= 

6 

-1 

-1 

6 

7 

4 

-16 

7 

-10 

3 

-4 

1 

0 

0 

1 

2^ 

3 

— 1 

'™  — 

5 

-1 

—1 

6 

-6 

7 

-16 

23 

7 

=  33 


=  66 


=  99 


3 

2 
5 


3 
2 
6 


=  377 


3 
6 


1 
-1 

7 


3 
6 


2J 
-3 
4 
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3 
2 
5 


-4 

3 

-6 


2 
3 
4 


1 
5 
1 


0 

-8 

8 


2 
3 
4 


10  0 

5    _3    -13 
13  2 


=  33 


.••^=H=i.      y  =  ff  =  2,      «=||=3. 


4t  — 7y+    z 

U.   3ar+    y-22 

5  X  —  6  y  —  3  z. 

The  solutions  are : 


=  10  I 

=  ioJ 


X  = 


But 


16 
10 
10 


-2 
-6     -3 


4 
3 
5 

16 
10 
10 

4 

3 
5 

4 
3 
6 

4 
3 
6 


1 
-2 
-3 

1 

-2 
-6    -8 


16 
10 
10 


1 
-2 
-3 


7 

16 

1 

10 

= 

6 

10 

7 

1 

1 

-2 

= 

6 

-3 

y  = 


0 
42 

58 

0 
11 
17 

25 

3 

23 


4 

16 

1 

3 

10 

-2 

5 

10 

-3 

4 

-7 

1 

3 

1 

-2' 

5 

-6 

-3 

•2  = 


4 

-■7 

16 

3 

1 

10 

5 

-6 

10 

4 

-7 

1 

3 

1 

-2 

5 

-6 

-3 

0 
13 

27 

0 
42 

58 

0 
1 
0 


1 
-2 
-3 

1 
-2 
-3 

86 
10 
70 


0 

0 

1 

11 

-13 

-2 

17 

-27 

-3 

ar  = 


-380 
-76 


=  5,      y  = 


76 


=  1,      z  = 


=  -380 
=  -  76 
=  -228 

=  -76 

-22B 
-76 


=  3. 


Ilflr:f  7.^  +  3«  — 3t0 
,«  2ar—  'y  — 4«H-3«; 
**•   8^  +  2^-72-4m? 

5jr  — 3^+    2 +  5 II? 

The  solutions  are : 


^x  = 


i2«=! 

1 


6 
13 

2 
13 

4 
2 
3 
.5 


7 
1 
2 
3 

7 
1 
-2 
3 


3 

-4 

-7 
1 

6 
13 

2 
13 


-3 

3 

-4 

5 

-3 
3 

-4 
5 


i?y  = 


^«;  = 


4 

6 

3 

-3 

2 

13 

-4 

3 

3 

2 

-7 

-4 

5 

13 

1 

5 

4 

7 

3 

6 

2 

—  1 

-4 

13 

3 

2 

-7 

2 

5 

-3 

1 

13 
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where 


We  find 


S=: 


4 
2 
2 
6 


7 
-1 

2 
-3 


3 
4 
7 
1 


-3 
3 

-4 
6 


6 
13 

2 
13 

4 
2 
3 
6 


7 
1 
2 
3 


3  -8 

-4  3 

-7  -4 

1  5 


=  -1330 


4  6 

2  13 

3  2 
6  13 


3 
-4 

1 


-3 

3 

-4 

5 


7  6 

1  13 

2  2 

3  13 


3 
3 
4 
6 


S  = 


=  +  1330 


4 
2 
2 
6 


7 
-1 

2 
-3 


3 
-4 

-7 
1 


4 
2 
3 
6 

-3 
3 

-4 
6 


7 
1 
2 
3 


3  6 

-4  13 

-7  2 

1  13 


••.  X- 


y  = 


-1330 
-1330 

-2660 
-1330 


=  1 


=  2 


=  -1330 


z  = 


w  = 


1330 
-1330 

-3090 
-1330 


=  -2660 


=  -3990 


=  -1 


=  3 


3x  +  2y  +  42—  w 
m  5x-i-  y—  2  +  2u; 
*••   2x+3y-7«  +  3tc 

4x  — 4^  +  32- 6t0 

The  solutions  are 


131 
9 
14 
=  4 


13 

2 

4 

-1 

9 

1 

-1 

2 

14 

3 

-7 

3 

••  — 

4 

-4 

3 

-6 

3 

2 

4 

-1 

6 

1 

-1 

2 

2 

3 

-7 

3 

A. 

4 

-4 

3 

-5 

3 

2 

13 

-1 

6 

1 

9 

2 

2 

3 

14 

3 

m  — -  . 

4 

-4 

4 

-5 

3 

2 

4 

-1 

6 

1 

-1 

2 

2 

3 

-7 

3 

4 

-4 

3 

-5 

y= 


U7  = 


3 

13 

4 

-1 

6 

9 

-1 

2 

2 

14 

-7 

3 

4 

4 

3 

-5 

3 

2 

4 

-1 

6 

1 

-1 

2 

2 

3 

-7 

3 

4 

-4 

3 

-5 

3 

2 

4 

13 

5 

1 

-1 

9 

2 

3 

-7 

14 

4 

--4 

3 

4 

3 

2 

4 

-1 

6 

1 

-1 

2 

2 

3 

-7 

3 

4 

-4 

3 

-5 
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But 

13 
9 

14 
4 

2 

1 

3 

-4 

4    -1 
-1        2 
-7        3 

3    -5 

=  - 1276 

3  13        4 
6      9-1 
2    14    -7 

4  4        3 

-1 
2 
3 

-6 

=  -2558 

3 
5 
2 
4 

2 

1 

3 

-4 

13  -1 
9        2 

14  3 
4    -5 

=  638 

3      2        4 
5      1-1 
2      3-7 
4-4        3 

13 
9 

14 
4 

:^1914 

-1 

3 
6 
2 
4    - 

276 

2        4-1 
1-1        2 
3-7        3 
4        3-5 

=  -638 
638 

t 

.•.  x  = 


y  = 


-688 

-2662 

-638 


«  = 


=  4 


«;  = 


-638 

1914 

-638 


=  -3 


14.  Eliminate  y  from  the  equations 

j:a  +  2xy  +  3x  +  4y  +  l 

4x  +  3y  +  l 
Write  the  equations  in  the  form : 

(2x  +  4)y  +  xa  +  3x+l 
3y  +  4x+l 

This  reduces  to 

(2x  +  4)(4x  +  l)-3(xa  +  3x+l) 
or  5x»  +  9x+l 

16.  Eliminate  m  from  the  equations 

TO^X- 2»ix«+l 
m  +  x^  —  S  mx 

Multiply  the  second  equation  by  m. 


=  0) 
=  0) 


=  0 
=  0 

=  0 


0 
0 


=  0) 
=  0) 


or 


Then  we  hare 

xm2  — 2x^111  +  1  =  0 

(1— 3x)m2+x2m           =0 

• 

(1  — 3x)m  +  xa  =  0 

X          -2x3      1 

The  result  is 

l-3x        x2         0 
0         l-3x    x2 

=  0 

This  reduces  to 

x6 

-(1- 

3x)(-2x*-l+3x)=0 

-6x6 

+  2x*  +  9x-^  -6x  +  l 

=  0 

«L6 
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18.  FilimHitte  x  from  theequationB 

ox*  +  6X  +  C-=: 


Multiply  Ibe  fivt  equation  by  x  and  by  x^,  apd  i^ie  second  'by  x. 
Xhen  we  haye 

ax^  +  6x  +  c  =  0 
ax*  +  6x2  ^  ex        =0 


ax*  +  6x»  +  cx« 
x» 

X* 


The  resolt  of  the  elimination  is 


=  0 
-1=0 
■X    =0 


0 
0 
a 
0 
1 


0 
o 
h 
1 
0 


a 
h 
c 
0 
0 


6 
c 
0 
0 
-1 


c 
0 
0 

0 


=  0 


To  reduce  this  determinant,  multiply  the  fifth  row  by  a  and  anb^ct 
from  the  third  row. 


The  result  is 


0 
0 
0 
0 
1 


0 
a 
h 
1 
1 


a 
h 
c 
0 
0 


h 
■c 
a 
0 
-1 


c 
0 
0 
-1 
0 


0 

a 

a 

b 

b 

c 

1 

0 

b 

c 
a 
0 


c 

0 

0 

-1 


Add  the  first  column  to  the  fourth 

0    a  b  c 

a     b  c  a 

b    c  a  b 

10  0  0 


The  result  is 


a 

b 

c 


b 
c 
a 


c 
a 
b 


the  result  of  the  elimination  is 


a 

b 
c 


b 
c 
a 


c 
a 
b 


=  0 


or 


a8  +  68^c*  — 3a6c  =  0 


17.  Eliminate  x  from  the  equations 

ox^  +  fcx  +  c 
a'x^  +  b'x  +  c' 

Multiply  each  equation  by  x. 

Then  we  have 

ox^  +  6x  +  c 

ax*  +  bx^  +  ex 

a'x2  +  b'x  +  c' 
a'a*  +  fc'x2  +  c'x 


=  0| 
=  0) 


0 
0 
0 
0 
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The  result  of  the  elimmation  is 

0     a 
a      b 


b  c 

c  0 

0     a'     b'  c' 

a'    b'     c'  0 


=  0 


or  (oft'  -  a'b)  (be'  -  b'c)  -  (ac'  -  a'cy  =  0 

18.   Eliminate  x  from  the  equatians 

0*3  +  6  j:  +  c  =  0  [ 
afi  +  qx-\-  r  =  0  ) 

Multiply  (1)  hy<c,  (2)  hy  a,  and  subtract, 

bx^  +  (c  —  a^)  ar  —  ar  =  0 

Multiply  (3)  .by  a,  (1)  by  6, 

a6a^+  (ac  — a3^)x  — aV  =  0 
ab3fi-\-  ly^x  +  bc  =0 

Subtract,        (ac^  &«  ^  a«9)a;  -  a«r  -  6c  =  0 

Eliminate  x  from  (1)  and  (i), 

0  «  62  _  o2^      -  (aV  +  6c) 

a  6  c 


(1) 
(2) 

(3) 


(4) 


=  0 


^  (<!%•  +  6c-)2  +  6  (oc  —  6»  -  a^)(a^  +  bc)+c  (ac  -  6^  — a^)23=.0 


19.  Are  the  following  equations  consistent  1 

4x3  +  30:+ 2  =  0  1 

2a!a+      JC+lsrrO) 

In  the  determinant  (^  Example  17  put  a  =  4,  6  =  3,  c=,2,  a' =  2, 
6'  =  1,  c'=l. 


The  determinant  becomes 


0  4    3    2 

4  3    2    0 

0  2    11 

2  110 


Subtract  twice  the  fourth  row  from  the  second. 


The  result  is 


0  4    3    2 

0  10    0 

0  2    11 

2  110 


0  3  2 
Oil 
2    10 


=  2 


3 
1 


2 
1 


=  2 


Since  the  determinant  is  not  0,  the  two  equations  are  inconsisteiit. 
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90.  Are  the  following  equations  consistent  ? 

8xa  +  4xy  +  4x+l  =  0 

X 

2x 


+  4x+l  =  0\ 
-3y-7  =  oL 
-    y-4  =  oJ 


Multiply  the  second  and  third  equations  by  x. 

We  haye  then 

3xa  +  4xy  +  4x  +  l  =0 

x-.3y-7.=  0 

xa-.3xy  — 7x  =0 

2x—    y  — 4  =  0 

2x*—    xy  — 4x  =0 

Eliminate  x^,  xy,  x,  and  y  from  these  five  equations. 

3        4        4        0        1 


The  Ksulting  determinant  is 


0  0  1-3-7 
1-3-7  0  0 
0  0  2-1-4 
2    -1    -4        0        0 


0 
0 
1 
0 
0 

13 
0 
0 
6 


13 

0 

-3 

0 

5 

-1 
1 
2 
0 


26 
1 

-7 

2 

10 

0 
-3 

-1 
0 


0 
-3 

0 
-1 

0 

1 
-7 
-4 

0 


1 

7 
0 
4 
0 


=  6 


13    26        0 
0      1-3- 
0      2-1- 
6    10        0 

1 
7 
4 
0 

10        1 

1  -3    -7 

2  -1    -4 

=  6 

— 

0 
6 
2 

0 
-3 
-1 

1 
-7 
-4 

=  0 


.*.  The  equations  are  consistent. 


21.  If  «  is  one  of  the  imaginary  cube  roots  of  1,  show  that : 


1      -»      «» 
—  flp     «*         1 

OJ*  1  —  00 


=  -4. 


1  »  «»  1 

»  «»  1  1 

0)3  1  1  » 

1  1  »  ai3 


=  3V=r3. 


(1)  Multiply  the  first  column  by  »  and  add  to  the  second,  and  mul- 
tiply the  second  by  «  and  add  to  the  third,  remembering  that  «^=1, 


=  -4 


(S)  Multiply  the  three  columns  each  by  »,  and  subtract  each  from 
the  following. 


1 

— « 

^ 

1 

0 

0 

—  » 

^ 

1 

= 

—  a 

0 

2 

^ 

1 

—  « 

»3 

2 

0 
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«a   1 
1    1 


=  -(l.«y 


110  0  0 

1     1     _    «        0  0        1— « 

1      «      ~    «2  0  l-«  0 

»   «3  1     1  — «       0  0 

0  0        l-w 

0        l-»       0 
l-»       0  0 

-}  +  jV=:3 

.-.  3(ft,-«2)=:3vC:3. 

82.  Show  that  in  anj  determmant  there  are  two  temiB  which  hare 
all  hut  two  elements  alike;  and  that  these  two  terms  have  different 

<h    


Bat 


00  = 


Consider  any  determinant 


a. 


6,    6, 


and  let  any  term  he  a^jC]^ gihk 

Then  consider  any  two  elements,  g^k,  in  this  term. 

If  we  interchange  the  subscripts  of  these  two  elements,  we  hare 

<^k fft^i 

Bat  this  is  also  a  term  of  the  determinant,  and  these  two  terms  hare 
all  their  elements  alike  except  g  and  h. 

The  second  term  will  hare  the  opposite  sign  from  the  first  one.  For 
in  interchanging  the  two  indices  we  either  add  one  inversion  or  sab- 
tract  one  from  those  contained  in  the  first  term.  Thus,  if  /  is  greater 
than  k,  then  Uc  g^ves  no  inversion,  but  Ik  gives  an  inversion ;  and  if  ^  it 
greater  than  /,  kl  gives  an  inversion,  while  Ik  gives  no  inversion. 


^ 

Exercise  67. 

a 

b 

0 

0    a    b 

1.   Show  that 

c 

0 

c 

X 

c    0    c 

=  -.4a262c2. 

0 

b 

a 

b    a    0 

a    b    0 

0 

a 

b 

ab       be     2ab 

a       c 

26 

c    0    c 

X 

c 

0 

c 

=r 

ac      2  c2      ac 

=  62c 

a      2c 

a 

0    b    a 

b 

a 

0 

2  ab      cb       ab 

2a      c 

a 

112 

=  a%^c^ 

1     2     1 

=  -4a268ca 

2     1 

1| 
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2.  Express  as  a  single  determinant 


0    c 
c    0 
b    a 

6 

a. 

0 

X 

0    c    6, 
c    0    a; 
6    a    0 

m 

0    c    b 
c    0    a 
b    a    0 

1 
X 

0 

c 
6 

c    b 
0    a 
a    0 

=r 

C' 

ac 

ab 
+  a2 
c6 

ac 

be 

62+a2 

8.   Express  as  a  single  detenninant 


a 
a 
a 
a 


a 

b 
b 
b 


a 
b 
c 
c 


a 
b 
c 
d 


X 


-1 
0 
.0 
1 


1        0        0 
-110 

0  -1        1 

1  1-1 


and  thence  resolve  the  first  detenninant  into  its  simplest  factors. 


a 

a 

a 

a 

a 

b 

b 

b 

X 

a 

b 

c 

c 

a 

b 

c 

d 

But 


-1 
0 
0 
1 


1 

-1 

0 

1 


0 
1 
1 
1 


0 

0 

1 

-1 


0  0  —  6  +  c         — fc+c 


0 
2a 


0 
a  +  & 


0 

a  +  6 


—  c  +  rf 
a-{-b-\-C''d 


(b'^aXc-bXd'-c) 


0 

0 

0 

2a 


11  1 

0  1  1 

0  0  1 

a  +  6    a  +  6  o+6  +  c 


-if^ 


=  -2a(6-.a)(c-6)(<f-c) 

=  -2a(6-a)(c-6)(rf-c) 
=  2a(a-6)(6-c)(c-rf) 


1  1 

1 

0    1 

1 

0    0 

1 

1 

0 
0 

1 

1 
-1 

0 

1 

0 

1 
-1 

1 

0 
0 

1 
-1 

=r 

-10        0 
0-1        1 
0        0-1 
12        1- 

0, 

0 

1 
-1 

,         m 

— 

-110 
0    -1        1 
2        1-1 

-r 

=  -2 


.•.  The  first  determinant  =  —  a  (a  —  6)  (6  —  r)  (c  —  rf). 
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4.  Express  as  a  single  determinant 


c+di 


^c-\-  di 
a  —  6i 


X 


7  +  di"         a  —  /8i 


where  i  =  V—  1 ;  and  thence  prove  Euler's  theorem,  viz. :  the  product 
of  two  sums  of  four  squares  can  itself  be  expressed  as  the  sum  of  four  squares. 


a  +  bi     —  c  +  di 
€•{■  di         a  —  hi 


X 


a-^bi  —  c  -f  di 

c-^di  a  —  bi 

7+«i  a+/8i 

a  +  fii  —  7  +  8e 

7+«  a-/8i 


C-\-Di        A-m 


where 


(  ^  =  aa  —  6i8  +  C7  —  rfa     B  =  ajS  +  6o  —  c8  —  ^7 
I  C=a7  — 6«  — ca+fl?i9    i>  =  a»  + 67  + c/8+ rfa 


Show  that 

-^1       -^       -^8 

Bi     ^    -B, 

Ci     Ci     Cj 

=: 

X 

«!    a,    as 
b,     b,     63 

Ci     02     cj, 

a. 


=  61 


Co 


h 


A^a^  +  A^  -h  A^a^  -4,5,  +  4,6,  +  A^^,  A^c^  +  ^c,  +  ^c, 
^jOi  +  Bja,  +  B^a^  Bib^  +  B«62  +  ^s^s*  ^1^1  +  -^a^a  +  -^s^s 
C,ai  +  C^3  +  Cjoi,     Ci&i  +  Cjft^  +  0,63,     Cic,  +  C^cj  +  CgC, 

But  all  the  terms  in  the  product  except  those  in  the  diagonal  vanish, 
and  each  of  them  is  equal  to  A. 


Henee-the  prodnct  = 


A     0 

0     A 
0     0 

Ai    A^ 
B,    B, 


0 
0 
A 


c^ 


=  A». 


=  ^=A» 


Bxercisa  68. 

Find  the  quotient  and  remainder  obtained  by  dividing  each' of  thtf' 
following  quantics  by  the  divison  opposite  it. 

1.   a:*— Sa*  — a:2  +  2j:  — 1  x  — 2. 

1     _5    _1     +2    -1[2 
2    —a    —6    -8 


1    -1    -3    -4    -9 
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/.  The  quotient    =x*  —  a:*  —  3x  —  4. 
The  remainder  =  —  9. 

1    +0    -3    +   2    -   7L3 

3  +9    +18    +60 

1    +3    +6    +20    +63 

/.  The  quotient    =  x»  +  3x«  +  6x  +  20. 
The  remainder  =  63. 

8.  2a:*  +  3x»-8a^-.7x-10  X-.2. 

2+3-8-7    -10L2 

4  +14    +12    +10 


2+7+6+6+0 

.-.  The  quotient    =  2a:»  +  7x8  +  6x  +  6. 
The  remainder  =  0. 

4.   3x*  +  2xa  — 6x+60  x  +  3. 

8    +0    +   2    -  6    +   601-3 
-9    +27    -87    +279 

3    .9    +29    -93    +320 

.-.  The  quotient    =  3x»  —  Ox^  +  29x  —  93. 
The  remainder  =  329. 

6.   aa^  +  Sbjfl  +  Scx  +  d  x  +  h, 

a    +36            +3c  +<f  [--A 
^— oA —  36A  +  aA«           —  3cA  + 3ftA»  — aA« 

a    +Sb-ah    +3c  — 36A  +  aA3    +  </- 3cA  + 36^2  — ax* 

••.  The  quotient    =  ax*  +  (36  -  oA) x  +  3c  —  36A  +  oA*. 
The  remainder  =  —  aA«  +  3  6Aa  -  3  cA  +  d. 

Are  the  following  numbers  roots  of  the  equations  opposite  them 
(§434)? 

6.    (3)  x*  +  xa-6x  +  2  =  0. 

1    +0    +   1    -  6    +   2|_3 
3    +9    +30    +72 

1    +3    +10    +24    +74 

The  remainder  =  74.    .*.  3  is  not  a  root. 
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7.  (_7)  a:*  +  7x8  +  21ar+ 147  =  0. 

1+7+0    +21     +1471-7 
_7        0+0-147 

1+0+0+21+     0 
The  remainder  =  0.    .*.  —  7  is  a  root. 

8.  (0.3)         x*  -  2.3jH»  + 3.6x2 +  4.9ar+ 1.2  =  0. 

1    -2.3    +3.6    +4.9    +1.2    |_a3 
0.3    -0.6    +0.9    +1.74 

1-2        +3       +6.8    +2.94 
The  remainder  =  2.94.        .*.  0.3  is  not  a  root. 

Find  the  value  of  the  following  expressions  when  for  x  we  put  the 
number  in  parenthesis : 

9.  8x«+2xa  — 6x+l  (—3). 

3+2-6+1  |_-3 
-9    +21     -46 

3-7+16    -44 

.'.  The  required  value  is  —  44. 

10.  2x*  +  6x3-9x-6  (6). 

2+0+6-9-       5L6 
12    +72    +468    +2764 


2    +12    +78    +469    +2749 
.*.  The  required  value  is  2749. 

11.  a*+7x«-2x2-49  (-4). 

1+0+7-2+     0-     49  1-4 
-4    +16    -92    +376    -1604 

1    -4    +23    -94    +376    -1663 
/.  The  required  value  is  —  1663. 

IS.  a;*  +  6x«-7xa-3x+l        (-0.2). 

1+6-7         -3+1  1-0.2 

-0.2    -1.16    +1.632    +0.2736 

1    +6.8    -8.16    -1.368    +1.2736 
/.  The  required  value  is  1.2736. 
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Exercise  69. 
SoWe  the  equations : 

1.  x»-7ara+16x-12  =  0. 

Try  2,  l    _  7    +  16    -  12  [2 

2    -10    +12 

1    ^5    -H   6    +    0 
.'.  2  is  a  root. 

The  quotient  =  ar^—  6r.  +  6  =  (x  —  2)(x  —  3) 
.*.  The  three  roots  are  2,  2,  and  3. 

8.  x»  +  9x«  +  2x  — 48  =  0. 

Try  2,  1+9+2    -48  _ 

2    +22    +48 

1     +11     +24    +0 
.'.  2  is  a  root. 

The  quotient  =  x^  +  11  x  +  24  =  (x  +  3)  (x.+  8). 
.*.  The  three  roots  are  2,  —  3,  and  —  8. 

8.  xa-4xa-8x+8  =  0. 

Try-2,  1    _4    -   8    +8  (>-2' 

-2    +12    -8 

1     -6+4+0 
.'.  —  2  is  a  root. 

The  quotient  =  x^  — 6x+  4 

Solve  j«  — 6x  +  4  =  0 

.'.  The  three  roots  are  —  2,  3  +  \/5,  and  3  —  V6. 

4.  x»-6xa-2x  +  24  =  0. 

Try  3,  1-6    -2'  +24|J 

8    -e    -24 

I    _2    -8    +    0 
.*.  3  is  a  root. 

The  quotient  =  x2  -  2  x  -  8  =  (x  -  4)  (x  +  2) 
.-.  The  three  roots  are  3,  4,  and  —  2. 

6.  x«  +  2xa  +  4x  +  3  =  0. 

Tiy-1,  1    +2    +4    +31-1 

--1    -1    -3 
1    +1    +8    _o 
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/.  —  1  is  a  root. 

The  quotient  =x^  +  x  +  S 

Solve  r2  +  X  +  3  =  0 


-1±  vCH 

x= 

2  

/.  The  three  roots  are  - 1,  :zl±J^^Jl^  and  ~  ^  ^  '^""  ^  ■> 

2  2 

6.  x»  — 6x3  + 6x  + 99=0. 

Try-3,  1-6+6    +99|-3 

-.3    +27    -99 


1    -9    +33    +   0 
.•.  —  3  is  a  root. 
The  quotient  =  x«  —  9  x  +  33 

Solve  xa-9x  +  33  =  0 

9±  V^Tsi 

X  =  


/.  The  three  roots  are  -  3,  ^  +  >^-  ^\  and  g- V"-^. 

2  2 

7.  6x» - 29x3 +14x  + 24  =  0. 

Try  4,  6    -29    +14    +24U 

24    -20    -24 


6-6-6+0 
.-.  4  is  a  root. 

The  quotient  =  6x2  —  6x-6=(3x  +  2)(2x  —  3) 
/.  The  three  roots  are  4,  —  f ,  and  |. 

8.     2xa  +  3xa-13x-12  =  0. 

Try-3,  2    +3    -13    -12|-3 

-6    +9    +12 

2-3-4  0 

.*.  —  3  is  a  root. 

The  quotient  =  2ara  —  3x-4. 

Solve  2x«-3x-4  =  0 

3±  V4l 

"=— 4- 

.-.  The  three  roota  are  -  3,  ^±-^,  and  ^^y^. 
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9.   x*-16a:«-10x  +  24  =  0. 

Tryl,  1+0-15-10    +24|J. 

1    +1    -14    -24 

1     +1    -14    -24    +   0 
.*.  1  is  a  root 

The  quotient  =  a:»  +  xa— 14ar  —  24. 

Try -2,  1+1    -14    -24|-2 

-2    +2    +24 


1    -1    -12    +0 
.'.  ^  2  is  a  root. 

The  quotient  =  x^  -  x  - 12  =  (x  -  4)  (a:  +  3). 
.'.  The  four  roots  are  1,  —  2,  4,  and  —  3. 

10.   x*  +  6x»-6x«-45x-36  =  0. 

Tiy-l,  1+5-5    -45    -361-1 

-1    -4    +9    +36 

Try  8,  1+4-9    -36    +  ©[3 

3    +21    +36 

1+7+12+0 

.'.  —  1  and  3  are  roots. 

The  quotient  =  x^  +  7  x  +  12  =  (x  +  3) (x  +  4). 

.•.  The  four  roots  are  —  1,  3,  —  3,  and  —  4. 

U.   x*  +  4x»-29x«-156x+180  =  0. 

TJyl,  1+4    -29    -166    + 180|_1 

1+6-24-180 

1    +5    -24    -180    +     0 
.*.  1  is  a  root. 

There  are  no  other  commensurable  roots. 

12.  x*-6x»-2xa+12x  +  8  =  0. 

Tiy-l,  1    -6    -2    +12    +8I-1 

-1    +6-4    -8 


Tr72,  1    -6    +4    +   8    +0L2 

2-8-8 

1-4-4+0 
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.'.  —  1  and  2  are  roots. 

The  quotient  =  x^  —  4  x  —  4. 

Solye  T^  —  4x^i  =  0 

a:=2db2\/2 
.-.  The  four  roots  are  —  1,  2,  2  +  2  V^,  and  2  —  2  v^. 

18.  6x*-5ar»-30x2  +  20x  +  24  =  0. 

Try  2,  6-5    -30    +20    +24  [2 

12    +14    -32    -24 


Try-2,  6+7    -16    -12    +   0  |  -2 

-12    +10    +12 

6-5-6+0 

.*.  2  and  —  2  are  roots. 

The  quotient  =  6a^* -  5x-  6  =  (2 a: - 3)(3ar  +  2) 

/.  The  four  roots  are  2,  —  2,  f,  and  —  j. 

14.  4x*  +  8aJ»-23x3-7x+78  =  0. 

Try— 2,  4+8    -23    -   7    +78  |  -2 

—   8    +0    +46    —78 


Try -3,  4+0    -23    +  39    +   0  [-3 

-12    +36    -39 

4    -12    +13+0 

.*.  —  2  and  —  3  are  roots. 

The  quotient  =  4  a:*  —  12  ar  +  13. 

Solye  4x2 -12ar+ 13=0 


x=}±iv/^ 
/.  The  four  roots  are  -2,-3,  *1±_X=1*,  and  ^-v-^. 


Form  the  equations  which  have  the  following  roots : 

16.  2,6,-7. 

(x-2)(x-6)(x+7)  =  0 

or  x«-x2  — 44x+84  =  0 

16.  2,4,-3. 

(x-2)(x-4)(x  +  3)  =  0 

or  a:«  — 3x2  — 10x  +  24  =  0 
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17.  2,0,-2. 

(x--2)a:(x  +  2)  =  0 

or  x*  — 4j:=:0 

18.  2,1,-2,-1. 

(x-2)(x-l)(x+2)(a-+l)  =  0 
or  a:*-5a^»+4  =  0 

19.  6,3  +  V=n,3-V=rf^ 

(ar-5)(x-3-\/-l)(:t-3+ V'^)  =  0 
or  a:»— llx«  +  40af  — 60=0 

80.  2,},  2,-}. 

(x-2)(x-J)(x-2)(x  +  J)  =  0 

or  (x-2)(x-2)(2t-1)(2x+1)  =  0 

or  /  4a:*-16j:»+16a:a  +  4j:  — 4  =  0 

21.  2,8,-2,-3,-6. 

(x-2)(x-3)(x  +  2)(x  +  3)(x+6)  =  0 
or  x*  +  6a:*  -  13x»  -  78x8  +  36x  +  216  =  0 


(:r-J)(x-3)(x+i)(^  +  !)  =  0 
or  a:4  +  aF8-fJx2-|Jx  +  i  =  0 

or  36x*  +  36x«-37x3-llx  +  6  =  0 


1.  3  +  V2,  3  -  V^,  2  +  VS.  2  -  V3. 

(x-3- V2)(x-3+ v^)(x-2- V3)(x-2+  V8)  =  0 
or  X*  -  10x»  +  32x2- 34x+  7^0 

94.  0.2,  0.126,  -0.4. 

(x  -  0.2)  (x  -  0.125)  (x  +  0.4)  =  0 
or  x«  +  0.075  x3  —  0.106  X  +  0.01  =  0 

200x»+15xa-21x+10  =  0 

96.  0.3, -0.2, -A,- f. 

(x-0.3)(x  +  0.2)(x+,V)(*+«)=0 
or  (10x-l)(6x+l)(20x+l)(6x  +  6)=sO 
or       6000x* +  6760x»- 626x2- 405x- 18  =  0 


L  2+ Vin:,  2- V^,  1 +  2V^,  l-2^/=1l. 
(a:-2-\/^)(x-2+V=T)(x-l-2V^)(x-l  +  2\/iri)-0 
or  x*-6x«+  18x'2-30x+26  =  0 
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Exercise  70. 

1.  Fonn  the  equations  of  which  the  roots  are : 

2,4,-3;  3,-2,-4. 

2+4-3=3 
3x4  +  2x(-3)+4xC-3)=-10 

2x4x(-3)  =  -24 

/.  Tl^  required  equation  is 

^  — 3j:2— 10ar  +  24  =  0 

The  roots  of  the  second  equation  are  the  negatives  of  the  roots  of 
the  first  equations. 
•'.  The  second  equation  is 

ar3  +  3xa-10T-24  =  0 


In  examples  2-10,  o  +  i3  +  7  =  5 

aj8+iB7+7tt=4 

lia,  fi,y  are  the  roots  ofx*  —  6x2  +  4a:  —  3  =  0,  find  the  ralue  pf : 
2.  2a2=a2+/9a  +  yi 

=  (a+i3+7)2-2<w3-2a7-2/87 
=  (a+ i8  +  7)2-2  (a/8  + /87  + 7a) 
=  25-8 
=  17 

8.         %a^fi  =  a?/8  +  0^7  +  i32o  +  i827  +  7^a  +  7^i3 
=  (0/3  +  i37  +  7«)(«  +  i3  +  7)  -  8ai87 
=4x5-3x3 
=  11 

4.  2a«=a8+/8»  +  7» 

=  («+ /8  +  7)8-3(a2/8+ 0^7+ i82a+ ^327  + 7aa  + 7^/8) 

-6aiB7 
=  (a  +  i3+ 7)«  -  3  (a/8  + /87  + 7a)(a+ iB+ 7)  +  3oi87 
=  5»-3x4x6  +  8x3 
=  74 

=  (a  +  iB  +  7)o)87 
=  5X3 
=  15 
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6.  laV=o»i9^+3V  +  7*«^ 

=  (ojS  +  i87  +  7o)2  -  2  (aiS^^  +  a»)8y  +  /»y*a) 

=  (ojS  +  i87  + 7a)« -2aj37(o+ 3+ 7) 
=  16-2x3x6 
=  -14 

=  (a»  + i8»+ 7a)(o/3  + i87+ 7a) -a)8y(a+ 3  + 7) 
=  [(a+ 3  +  7)^-2(0/3+ i37+ 7a)](o/3+ i87  + 7a) 

—  a0y(a  +  /B  +  7) 

=  (26-2x4)x4-3x6 

=  63 

8.      ^=c<*  +  /8*  +  7* 

=  (a*  +  i8»  +  7*)2  -  2(a2i8»  +  iSV  +  7*«*) 

=  [(a  +  i3  +  7)8  -  2(ai8  +  i87  +  7«)?  -  2[(oj8  + /97  +  7«)« 

-2ai87(a+i8  +  7)] 

=  (26-2x4)8-2(16-2x3x6) 

=  317 

=  0/97(0?  +  iSa  +  78) 

=  o37[(o  +  3  +  7)^  -  2(aj8  +  37  +  7«)] 
=  3(26-2x4) 

=  61 

10.   Ja«/i>7=o«i827+««/»ya  +  oi3V 
=  0)87(0/8  +  07  +  i87) 
=  3x4 
=  12 


In  examples  11-16, 

a+i3  +  7=-p 
a7  +  187  +  70  =      q 

If  «,  /8,  7  are  the  roots  of  ^  +  />x^  +  ^ar  +  r  =  0,  find  in  tenns  of  the 
coefficients  the  yalues  of : 

11.        2o2  =  oa+i82  +  7a 

=  (a+a  +  7)'-2(o8+/87  +  7o) 
=  p>^2q 
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=  (tti3+ )8y  +  7a)(a  + /B  +  7) -SoiBy 
=  — />S'  +  3r 

18.  2a«  =  a»  +  i8*  +  7* 

=  (a+ i3  + 7)'-3(a2i3  + a»7+ 032  + i8^  +  «7*+ i87^ 

-6o37 
=  (a+ i8+ 7)'-3(«fi  + i87+ 7a)(a  + /8  + 7) +80^7 
=  — j)8  +  3p^_3r 

14.     ^«i8»  =  a«i8»  +  /SV  + A' 

=  (ojB  +  )37  +  7a)»  -  2tt/87(a  +  i3  +  7) 


16.        2a*  = 


c<*  +  /8*  +  y 

=  [(a  +  i8  +  7)2  -  2(ai8  +  )87  +  7«)?  -  2[(aiB  +  i97  +  7a)« 

-2  0/37(0  +  3+7)] 
=  (;)a  _  2</)2  -  2(^2  -  2pr) 

=/)*  —  4/)29' +  2  9«  +  4;)r 


W.    (/8  +  7)(7+ «)(«  +  « 

=  (a+i3+7-a)(o+i3  +  7-i8)(o+/8  +  7-7) 

=  (-/>  -  «)(-P  -  3)(-p  -  -y) 

=  -(P  +  «)(P+i3)(p  +  7) 

=  -  [P*  +  (a  +  i8  +  7)p2  +  (ai8  +  /87  +  ya)p  +  0/87] 


«        /8       7 


^/3V  +  7^^  +  tt^ig^ 
oi37 

_  (gg  +  /B7  +  7a)'  ~  2  «/37Ca  +  jS  +  7) 

0^7 
_q^  —  2pr 

—  r 
^2£r--^ 

r 
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18.  ^iJ?+:^±i^+^±^ 

0y  ya  a$ 

afiy 
oBy 
—  r 

r 

19.  ^+y^  I  V'  +  «'  I  «'  +  g' 

/8  +  7        7+«        tt  +  /5 
^(/B  +  7)'-2g7  ^  (7+a)^-27tt  ^   (a  +  /3)«-2ajS 
3  +  7  7+0  o  +  jB 

=  2(.+  |S  +  ^)-2(-^  +  ^  +  -^) 

Vi8  +  7      7  +  a      0  +  /5/ 

/a^$y  +  3270  +  7^«i8  +  3V  +  iSS'a  +  r^afi+ ya^fi  +  tSA 

=  ,2p-2(  +7^a3  +  a2^7+a3^  +  ft2i82] 

^  \  (a+/8)(i3  +  7)(7+a)  / 

^      Op      2^  3afl7(a  +  i8  +  7)+«^g^+i3V  +  7^a2  \ 

\(tt+a  +  7-7)(a+;8  +  7-a)((»4-/ei+7-3)/ 

-      2p      S  /3pr  +  Ca/B  +  ^7  +  7a)^-2a37Ctt  4-  j8  +  7)\ 
\  (-f>-7)C-p-«)(-p-3)  / 

=  -2«  +  2f V  +  ?'-2pr \ 

Vf»«+  (a+  /B  +  7)p«+  (a^  +  /B7  +  7«)P  +  «37/ 

=  -2;>  +  2(3     r\f  \ 

_  — 2pgg'  +  4pr  +  2<7« 

In  the  equation  x^  + px^-^qx  +  r  =  Ot  find  the  condition  that : 

90.  One  root  is  the  negative  of  one  of  the  other  two  roots. 

Let  a  =  —  $ 

Then  p  =  ~a  —  jS  —  7^  —  7 

q=:afi-\-fiy  +  ya^^0^ 
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ElimlnatiDg  ;8  and  7  from  these  three  equations,  we  hare 

pq=^r 
This  condition  is  sufficient.    Ft>r  if  we  put  pq  for  r  im  the  equation, 


we  have 
or 


afi  +  px^  -^  gx-\-  pq  =  0 


21.  One  root  is  double  another. 


Let 

a  = 

=  2/B 

Then                     p-=_«-^-^  =  -»3/B-y 

(1) 

9  =  oi3+i87  +  7«  = 

=  2i8a  +  3)87 

(2) 

r  =  — aj9y  = 

=  -2i3ay 

(3) 

Eliminate  /9  and  y  from  these  three  equations. 

from  (1),                                      7  = 

=  -p-3i3 

Substitute  the  ralue  of  7  in  (2)  and  (8), 

9  = 

=  2/32-3i8/)-9i9^ 

=  -73-2_33p 

(4) 

r  = 

=  2i32;?f  ai3« 

(6) 

(4)  is                        7/3»+3;)^  +  y  = 

=  0 

iBX(4)ii             7^-{-Sp0i+q&  = 

=  0 

iB«X(4)ii           7  i8*  +  3pi88  4-^/82  = 

=  0 

(6)  is                       6/88  +  2j9i82-r  = 

=  0 

iBX(5)  is             6/3*  +  2;);88-rfl  = 

=  0 

From  these  5  equations  eliminate  $^,  ^,  $^,  and  fi. 

The  result  is : 

0     0       7      8p       a 
0      7     3p      ^        0 

7    Sp     q       0        0 

=  0 

0      6      2p      0      -r 

6    2p      0      -r      0 

r, 

0      0         7        3/)      qr 
0      7        3p        9       0 
7    Sp        q         0        0 
0      6        2p        0      -r 
0  — 4»  — 6g  — 7r    0 

=  0 

Or, 

0         7 
7        8p 
6        9p 
-4/)  -69  ■ 

0      -r 
-7r    0 

=  0 

Or, 


0  7  Sp  q 

7  3p  qr  0 

Qq     2pq-\-7r   Spr  0 

-4/>       —Qq      -7r  0 


=  0     Or, 


7  Sp  q 

Qq     2pq-^7r    Spr 

—  4p      —Qq       — 7r 
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This  redacet  to 

Or,  182/>^-343r»  +  367«-.36p«r+8pV  =  0 

Or,  36/>»r  -  8pV  -  l^^pqr  ^SQ^  +  343r»  =  0 

which  IB  the  required  condition. 

2S.  The  three  roots  are  in  arithmetical  progression. 
Let  fi  he  the  middle  root. 


Then  /5  =  5L±J' 

2 


...  r  =  ^.-/8~y  =  -^('  +  'y)  (1) 


2 

V  =  ai8+i87  +  7«  =  ^^^^~^  +  «?  (2) 

r  =  -.gy  =  -<"+T)«y  (8) 

Eliminate  a  and  y  from  these  three  equations. 
From(l).  «  +  ^  =  -.^ 

Substitute  yalue  of  a  +  7  in  (3), 

3 

3r 
.'.  «7  =  — 

P 
Substitute  yalue  of  a  +  7  and  ay  in  (2), 

3/       8r 

•••'^ 2— +7 


( 


2p^     3r 

...  9pq^2p^  —  27r  =  0 
which  is  the  required  condition. 

S8.  The  three  roots  are  in  harmonical  progression. 

Let  0  be  the  middle  root. 

Then  -  =  -  +  i 

fi     a     y 

0  =  1^ 

tt  +  7 

ojS  +  /87  =  2o7 
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/.  »  =  — a  — i3  — 7=  — (a+7) "p- 

q  =-.  afi  •{■  $y\-  ya  =  Soy 

r  =  — ai37= -^ 

a  +  7 

Eliminate  a  and  7  from  these  three  equationi. 

From  (2), 

Substitute  value  of  07  in  (3), 


^     3 


_  27« 

9(a  +  7) 


.•.«+7  =  -^ 


Substitute  values  of  a^  and  a  +  7  in  (1), 


2q 


•2g2  ,    3 

9r 
=  22-%  3r 
Or       5- 


which  is  the  required  condition. 
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(1) 

(2) 
(8) 


Exercise  71. 
Construct  the  graphs  of  the  following  functions : 
1.  x^  +  Sx-lO. 
Puty  =  a:«+3x-10. 


x  = 

y= 

x  = 

y  = 

0 

-10 

-i 

-111 

i 

-81 

-1 

-12 

1 

--6 

-1 

-121 

i 

-3i 

-2 

-12 

2 

0 

-f 

-111 

i 

3f 

-3 

-10 

3 

8 

-J 

-81 

-4 

-6 

-f 

-31 

-6 

0 

-¥ 

3f 

-6 

8 

4S8 
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The  curve  craiMt  the  axis  X'Xat  the  points  for  which 

or  (ar  +  6)(r  — 2)=0 

/.  X  =  2,  or  —  5 


2.  *»- 

-2x^+1. 

Put  y  = 

=  aJ»-2*«+l 

• 

x  = 

y= 

x  = 

y  = 

0 

1 

-J 

t 

i 

» 

-I 

-2 

1 

0 

-f 

-«l 

i 

-t 

-2 

-17 

2 

1 

» 

4* 

3 

10 

■<■■»' 


-i^ 


The  curre  crosses  the  axis  X'X  at  the  points  for  which 

a?«-2a^+l  =  0 
or  (x-l)(«a-x-l)  =  0 

l±\/5 


X  =  1,  or 


8.  X*- 20x2 +  64. 
Put  y  =  x*-20x3  +  64. 
x  = 
0 

±1 

d:2 

±t 
:k3 

d:4 
±* 

±5 


-X* 


* 


■ 


t 

/ 
I 


t 


U 


X- 


t  :t" 


■X- 


y  = 

04 

45 

24A 
0 

-41H 

-35 
-30H 
0 

189 

The  corye  cuts  the  axis  X'X  in  the  points  for  which 

x4-20x3  +  64  =  0 
or  (xa-16)(x2-4)  =  0 

.-.  X  =  ±  2,  or  db  4 
The  curve  is  evidently  symmetrical  with  respect  to  the  axis  Y^T. 
In  the  figure  the  curve  has  been  shortened  vertically.    Each  division 
on  the  T^  Y  axis  represents  10  units. 
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4.  x^  ^4x^10, 


Lei 


y  =  af2«4a.4.ia 


x  = 
0 
1 
2 
3 
4 
6 


y  = 

10 
7 
6 
7 

10 
16 


x  = 
-1 
-2 


y  = 

16 
22 


r 

- 

\ 

/ 

•x- 

vy  : 

-X- 

1 

• 

— 

The  curye  doe$  not  cut  the  axis  X'JT. 
iV)r     a^»-4x+10=(x-2)2  +  6, 
and  this  is  nerer  negative. 

6.   X*  — 6ar3  +  4. 

Let  y=:x*  — 6x2  +  4 

a:=  y=5: 

0  4 

±}  3H 

±1  0 

J:2  0 

The  curye  cuts  the  axis  X'Xin  the  points 

for  which 

x4-6a:3  4.4  =  0 

OP  (ar2-l)(xa-4)=0 

.-.  ar  =  ±  1,  or  ±  4 

The  curve  is  evidently  symmetrical  with  respect  to  the  axis  F'  T. 

In  the  figure  the  curve  has  been  magnified  horizontally  and  shortened 
vertically. 

Thus  4  divisions  of  the  X'X  axis  represent  1  unit,  while  1  division 
of  the  T'  Y  axis  represents  10  units. 


6.    a:»  — 4ar2  +  x 
Let 

x  = 
0 

i 
1 


-1. 


y  =  ofl-^43fl-\-x^l 


y  = 
-1 

-3 


x=. 

-J 

-1 

-1 


-^ 

-7 
-14* 
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7  = 

f 

2 

i 

8 


-7 
.  -7 


x  = 

} 
4 

i 


y  = 

3 
13| 


-T"- 


The  curre  cuts  the  axis  JT^Xin  the  points  "^ 

for  which 

aJ»  — 4x«  +  ar— 1  =  0 

'  From  the  figure  it  appears  that  two  of 
thete  points  are  imaginary,  while  the  third 
lies  between  }  and  4. 

The  figure  is  magnified  horizontally. 
Two  divisions  of  the  X}X  axis  represent  1 
unit 

Exercise  72. 


/ 


ff 


V 


-iX- 


1^ 

r 


Find  the  deriyatives  with  respect  to  or  of : 
1.  xa.        2.  x*.        8.  i-        4.   x-^.        5.  jr*. 


2x. 


8x8.  - 


-2x-«. 


4x«. 


3 

X* 


7.  x^. 
-4x-*. 


8.  x«  +  x. 

(j.|,A)a-|.j:4-A"xg-x_2Ax4-A^  +  A 
A  A 

=2x+A+l 
Put  '  A  =  0 

Then  the  derivative  =  2  x  +  1. 

9.  x«  +  2xa. 

Cx  +  A)»-f  2Cx  +  A)g-x»-2xg^3Ax8  +  3A«x  +  A8  +  4Ax  +  A» 
A  A 

=  3x3  +  3Ax  +  A2  +  4x  +  A 
Put  A  =  0 

Then  the  derivative  =  3  x^  +  4  x. 

10.  (x+a)2. 

(x  -H  A  +  o)g  -  (x  4-  g)^  _  2  A  (x  +  g)  +  Aa 
A  A 

=  2  (x  +  a)  +  A 
Put  A  =  0 

Then  the  derivative  =  2  (x  -f  a). 
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U. 


:t2-3 


A[(ar  +  A)2-3](x3-3) 

->2Ax  +  A8 
A[(:r  +  A)2-3](*3-3) 
2x4- A 


[(x  +  A)a-3](a:3-3) 
Put  A  =  0 

Then  the  derivatiye  =  —  -— — — -• 

(x2  -  3)2 

IS.    (x +!)-«. 

V(a:  +  A+1)«      (a: +1)2/  A  (a:  + A+ l)2(a:+ 1)3 

_     -2A(x4-l)-A^ 
A  (x  +  A  +  l)2(x  +  1)3 

^      -.2(x+l)  +  A 
(ar  +  'A  +  l)a(x+l)« 
Pttt  A  =  0 

Then  the  deriratiYe  =  -  ^C^  +  |}  =  -  t"^' 

(a:  +  1)*  (*  +  1)» 

Exercise  73. 

Write  the  derivatiyeB  with  respect  to  x  of : 

L  2^  +  4.  4.  sfi  —  Sx^-k-i^. 

2x.  6a:*  — 12ar»  +  3a:*. 

8.  a:»  +  3a«— 1.  5.  4jr*  +  6j:«  +  2. 

8a:3  +  6x.  16ar»+18a:*. 

8.  a*  +  x«  +  2.  6.  6a*-.7a:2  +  7x. 

4j:«  +  2a:.  30x*  — 14a:+7. 

7.  Sa:*  +  4x*  +  j:«  — a:3-6j:+6. 

16ar*+16a:«  +  3x2«2x-6. 

8.  4x*-2x*-.x«  +  6a;^-7. 

20r*  — 8j:«-3x3+12ar. 
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9.   (x-2)(x  +  3). 

(x-2)  +  (x+3)  =  2x+l. 

10.  (x-l)(x-2)(*-3). 

(ar-.l)(x-a)  +  (x-l)(*-3)  +  (j:-2)(i'-3)  =  3x«-12x+ll. 

11.  (x-3)2(x  +  4)- 

(x-3)2  +  2(x-3)(x  +  4)  =  (x-3)(3x+5). 

12.  (x-4)«(x-2)(x+l). 

(a.-4)2(x-2)  +  (x-4)2(x+l)+2(x-4)(x-.2)(x+l) 

=  (x-4)(4x«-ll4t). 

18.   (x  -  a)2(x  -  i3)«. 

2(x-a)2(x-i8)  +  2(x-a)(x-i8)«  =  2(x-a)(x-i»)(2x-o  — i8). 

14.  (x  — o)(x  — i3)(x  — 7). 
(x-«)(x-/8)  +  (x-«)(x-7)  +  (x-«(x-.7) 

=  3xa-2(a+ /8  +  7>  + «i8  +  a7+ i87. 

15.  (x-2)(x-3)(x  +  6)(x  +  4). 

<x-2)(x-3)(x+6)  +  (a:-2)(x-3)(x+4)  +  (:r-2)(x  +  5)(x  +  4) 

+  (x  — 3)(x  +  6)(x  +  4)  =  4x»  +  12x2  — 38x  — 46. 

16.  (xa  +  2)(x3-4x  +  «). 

(xa+2)(2x-4)  +  ax(xa-4x  +  8)=s4x«-12x2  +  20x-8. 


Exercise  74. 
Write  the  saccessire  deriyatiTes  with  respect  to  x  of : 


1.  x»-4xa  +  2. 

fx     =x»  — 4x«  +  2 
fx    =3x«  — 8x 
/"x  =6x-8 
/'"x=6 
/i^x  =0 

2.  x»  +  4a?2  — 5x. 

fx     =x*  +  4xa  — 5x 
fx   =3x2+8x  — 6 
/"x  =6x  +  8 
/'"x  =  6 

/i^X=0 


8.  2x»  +  2x3-4x+l. 

fx      =2x«  +  2x3— 4x+l 
fx    =6x^  +  4x  — 4 
/"x  =12x  +  4 
/'"  X  =  12 
/J^x=0 

4.  3x*+3x«  — x3  +  x. 

fx      =3x*  +  3x»  — x«  +  x 
fx    =cl2x»+9x«-2x  +  l 
/"x  =36x2+ 18x- 2 
/'"x=72x+18 

f^x  =:72 

/^*   =0 
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6.  ar»+3&r2  +  3ca:  +  </. 


+  d 


fx      =  00:84- 36jr2  +  3cx  + 
Px    =3ajc2+66x  +  3c 
/"or  =6aa;+66 

/*▼«  =0 

/a?      =ajf*  +  46aH»  +  6ca:24.4rf^^^ 

/'a:    =  4aa:«  +  126x2  +  12car  +  4rf 
/"a:  =12aa:3  +  246x+12c 
/'"ar  =  24ax  +  246 
p'x  =24a 
/»      =0 

7.  (x  — a)2(x-/8). 

/x      =  (x  -  «)2(x  -  /8) 

/'x    =(x-a)2  +  2(x-«)(x-/3) 

=  (x  — oX3x— o  — 2j8) 
/"x  =3(x-a)  +  3x-a-2i8 

=  6x-4a  — 2i3 
/"'xrrG 
/i^x  =Q 

8.  (x  — o)(x-/8)(x  — 7). 

/x      =(x-o)(x-i8)(x-'y) 

/'x     =(2— a)(x-/8)  +  (x-«)(x-7)  +  (x-«(x-7) 

/"x  =  (ar-a)+(ar-^)+(x-a)+(x-7)+(^-/8)+(^-7) 

=  6x-2(a+/3  +  7) 
/'"x  =  e 

/i^x=0 

9.  (x  -  a)2(x  - /8)2. 

/x      =(x-a)a(x-/8)^ 

/'x     =2(x-a)3(x-)8)  +  2(x-a)(x-;8)2 

/"x   =2(x-a)2  +  4(x-a)(x-i8)  +  4(x-a)(x-/8)  +  2(x-/8)3 

=  2(x-«)2  +  8(x-«)(x-)8)  +  2(x-)8)a 
/'"x  =  4(x-a)  +  8(x-a)  +  8(x-/3)  +  4(x-/8) 

=  12(2x-a-/3) 
/*^x  =24 
Px    =0 
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10.  x^-ara+l  2. 
/(2-)  =  aH»-ar3+l 
/'(x)  =  3x«-2jr 

/./'(2)  =  8 

,-.  /  (x)  is  increaBing. 

11.  a:*-ar3  +  6x-l  4. 
/  (r)  =  x*  — x2  +  6x— 1 
/'(x)=4a:«-2x  +  6 

.-.  /  (4)  =  264 

/.  /  (x)  ia  increasing. 


12.  2x*  +  3x2-.6x        1. 
/(x)    =2x*  +  3x3-6ar 
fix)    =8x8  +  6x-6 

.-./(l)    =8 

•*•  /  (ar)  is  increasing. 

18.  4x*~3xa  +  4x-6  —3. 
/(x)  =4x*-3x24-4x-6 
/'(x)    =16x«-6x  +  4 

./(-3)  =  -.410 

.  /  (x)  is  decreasing. 


Exercise  75. 

The  following  equations  hare  multiple  roots.    Find  all  the  roots  of 
each  equation : 

1.  x«-8x9+18x-6  =  0. 

/(x)  =  x«-8x2+l3x-6 
/'(x)  =  3xa-16x+13 
Put  fx  =  0 

8x2-16x4-13  =  0 
(x-.l)(3x-13)  =  0 

.*.  X  =  1  or  -^ 
Substitute  xs  1  in/(x), 

1-8+13    -6 
1-7+6 

1    -7    -|.   6    +0 

1  is  therefore  a  double  root  of  /(x)  =  0,  and  there  can  be  no  other 
double  root. 
We  find  /x  =  (x  -  l)2(x  -  6) 

.*.  The  three  roots  are  1, 1,  and  6. 


«.  x«- 


Put 


7x8  + 

16x- 

- 12  =  0. 

/«  = 

=  X»- 

.7x2+16x 

/w= 

=  3x2 

-14X+16 

/(x)  = 

=  0 

8x9 

-14x+16  = 

=  0 

(^f- 

2)(3x-8)  = 

=  0 

.'.   Xr 

=  2  or 

f 

-12 
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Substitute  x  =  2  in/(a:), 

1    -7    +16    -.13 
2    -10    +12 

1-6+6+0 

/.  2  is  a  double  root  of /(x)  =  0 

We  find  fx=(x-  2)2(x 

.'.  The  three  roots  are  2,  2,  aud  3. 


-8) 


8.  ar*  — 6a:2«8jf_3=o. 

/(jr)  =  ar*-6T2-8jr-3 
/'(x)  =  4x«-12jr-8 

Find  the  H.C.F.  of/(r)  and/' (a:). 

4)4  4.  0  _  12  -  8 

H-O-   3-2 
1  +  2+    1 

-2-   4-2 
-2-   4-2 


1  +  0- 
1  +  0- 

-6-8-3 
-8-2 

-3)- 

■3-6-3 

1  +  2+1 

1  +  0 


1-2 


/.  a:a  +  2x+ lis  the  H.C.F. 
.•.  a:  =  —  1  is  a  triple  root. 

/r=(x+l)8(ar-3). 
.'.  The  four  roots  are  —  1,  —  1,  —  1,  and  3. 


-54 


4.  x*-7x«+9ar34.27x-64  =  0. 

/(a:)  =  x*-7x»+9a:a  +  27x- 
/'(x)  =  4x»-21jr2+i8x  +  27 

Fmd  the  H.C.F.  of/(ar)  and/'(x). 

4-21  +  18  +  27      1-   7+      9+    27-   64 

A  cxA     .     **a  A  no     I        QA     I     inQ  01« 


4-24  +  36 


3-18  +  27 
3-18  +  27 


1—      /+        V-t-i6/—     O* 

4_28+    36+108-216 
4-21+    18+    27 

-  7+    18+    81-216 
-28+    72  +  324-864 

-  28  +  147  -  126  -  189 


-76)-    76  +  460-676 


1-7 


1-     6+     9l4  +  3 

««  — 6j:  +  9i8  the  H.C.F. 

X  =  3  is  a  triple  root. 

/(x)=(x-3)8(x  +  2). 

The  fourth  roots  are  3,  3,  3,  and  —  2. 


446 


OOI.LE6E  ALaBBRA.. 


5.  x*  +  6x«  +  2^  — 24jr+16  =  0. 

/(a:)  =  a:*  +  6aj»  +  ar3  —  24x+ 16 
/'(ar)  =  4«»  +  18x2  ^  2x -  24 

Find  the  H.C.F.  of/(x)  and/'(x). 


2)4-f  18  4-2-24 

2+   9+1-12 
2+   6-8 

3  +  9-12 
3  +  9-12 


1+6+  1-24+  16 
2+12+  2-48+  32 
2+   9+    1-12 


34.  1^36+  82 
6+  2-72+  64 
6  +  27+    3-   36 


-  26)-  26  --76+100 


1  +  3 


1+   3-     4    2  +  3 

jr>+  3x  —  4  is  the  H. C.F. 
jt«+3a:-4=(r-l)(r  +  4). 
1  and  —  4  are  double  roots, 
/x  =  (X  -  l)3(x  +  4)2. 
.*.  The  four  roots  are  1,  1,-4,  and  —4. 

6.  *»-.lla:*  +  19x»  +  115ar3-.200T-600  =  0. 

/(t)  =  *»-11z*+19x«+116x2-200x-500 
fix)  =  6x*  -44x»  +  67x2  +  230x-  200 

Find  the  H. C.F.  of /(x)  and/'(x). 


5     44  +  67  +  280-200 
5  «  40  +  26  +  260 

-   4  +  32-   20-200 

1-11+    19+    116-   200-     600 
6-66+    96+    676-1000-   2600 
6-44+    67+    230-   200 

-   4  +  32-   20-200 

-11+    38+    346-   800-    2600 
-66+190+1726-4000-12600 
-66  +  484-   627-2680+    2200 

-  294)  -  294  +  2362  -  1470  -  14700 

1-       8+       6+       60 

1-11 


6  —  4 


.-.  x»  —  8x2  +  6x  +  50  is  the  H.  C.  p. 
jfS- 8x2  +  6x  +  60  =  (x  +  2)(x- 6)» 
.*.  —  2  is  a  double  root. 

—  5  is  a  triple  root, 
/(x)  :^  (x  +  2)2(x  -  6)« 
The  fire  roots  are  -2,-2,  5,  5,  and  6. 

7.  Resolye  into  linear  factors 

x«  —  6  x«  +  6x«  +  Ox*  —  14x2  —  4x  + 9. 

/(x)  =  x«-6x*  +  6x*  +  9x«-14x«-4*  +  8 
/'(a?)  »=  6x»^  26x*  +  20x«  +  27x«-.2ax- 4 


1 


\ 
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Find  the  H.  C.F.  off(x)  and/'(x). 


6-  26+  20+  27-  28-  4 
390-1626+1300+1755-1820-  260 
390-1572+ 1206+ 1660-1608 


1-  5+  5+  9-.  14-  4+  S 
6-30+  80+  64-  84-  S4+  48 
6-26+  20+  27-  28-    4 


1-5 


63+     »4+  196-  212-  260 
63+  742-1749-  212+2332 


648)-  648+1944+      0-2592 
-      1+      3+      0-      4 


-  6+  10+  27-  66-  20+  48 
.30+  60+162-336-120+288 
-30+125-100-136+140+  20 


-  65+262-201-260+268 

-  534.  94+195-212-260 


12)- 


12+168-396-  48+^6 

1+  14-  38-    4+  44 
1+     34.    0—    4 


-6 

1-11 
53 


11-  33+    0+  44 
11-  33+    0+  44 


/.  a:"  — 80:24.  4  ig  the  H.  C.F. 

jf«  -  3  a:3  4.  4  =,  (a:  +  1 )  (a:  -  2)  a 
.*.  -^  1  in  A  double  root. 

2  is  a  triple  root. 
/(a')  =  (x+l)«(ar-2)8(x-l) 

8.  Show  that  the  equation  of  the  form  a^  =  a*  can  hare  no  multiple 

root. 

/  (x)  =  a:»»  —  a» 

f  (x)  =  rut^-^ 

If  /'(:r)  =  0 

a:n-i  =  0 

But  0  is  not  a  root  of     ar«  —  a*  =  0, 
.*.  /(x)  hafl  no  multiple  roots. 

^.  ^ow  that  the!  condition  that  the  equation 

i*  +  3^x  +  r=r0 
shall  lliT#  a  double  ifoot  is  4<jr8  +  r^  =  0. 

/  (x)  =  aH*  +  3  gar  +  r 
/'(x)  =  3a:2  +  35r 

If  /  (ar)  =  0  has  a  double  root^ 

/  W  =  0  (1) 

/'W  =  0  (2) 

simultaneously. 
The  required  condition  is  found  by  eliminating  x  from  these  two 

equations. 
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From  (2),  x  =  V^ 

Substitute  value  of  x  in  (1), 

—  7  V— 9  +  Zqy/—q  +  r  =  0 

29V— 9  =  — r 

10.  Show  that  the  condition  that  the  equation 
shall  haye  a  double  root  is  r(4/)'  —  r)  =  0. 

If  /  (j:)  =  0  has  a  double  root, 

/  (^)  =  0  (1) 

/'(x)  =  0  (2) 

simultaneously. 

-  The  required  condition  is  found  by  eliminating  x  from  these  two 
equations. 
From  (2),  a:  =  0  or  x=  — 2/> 

Substitute  these  values  of  r  in  (1), 
r  =  0  or  — 8/>«  +  12jt>«  +  r  =  0 

4jt>«  +  r  =  0 
Hence  x«  +  Zpa^  +  r  =  0 

has  a  double  root  if  r  =  0,  or  if  4/)'  4-  r  =  0 
That  is,  if  r(4jt>«  +  r)  =  0 

exercise  76. 

In  the  following  quantics  put  for  x  the  expression  opposite,  and 
reduce : 
1.  x«-3x24.4ar-6  x  +  2.       2.  x*  — 2x24.ej._8  x+4. 

1    _8    +4  -6L2  1+0-2+     6-     3U 

+  2    -2  +4  4    +16    +66    +248 

1-1+2-2  1+4+14+62+246 

4-2    +2  4    +32    +184 

1+1+4  1+8+46+246 

+  2  4+48 

1+3  1+12+04 

x»+8x9  +  4x-2  1 


1+16 
X*  +  1 6  x8  +  04  x9  +  246  X  +  246 
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3.  3x*-2x8  +  2a:2-.x-4   ar  +  3.  4.   2j:*-3x8+6ar2-.7x-8         r-2. 

3-2+     2-     1-      4[3  2-3+6-     7-   8|-2 

9+21+69+204  -4+14-40+94 

8+7+23+68+200  2-7+20-47+86 

9+48+213  -4+22-84 

8+16+71+281  2-11+42    -131 

9+76  -4+30 


3+26+146  2-16+72 

9  -   4 

3    +34  2-19 

8a?»  +  34««+146ar3  +  281:r  +  200         2x*- 19x8+ 72a:a- 131x+ 86 

5.  2a:*--2ar»  +  4x2  — 6x  — 4         a:  — 3. 

2-2+     4-     6-     4|-3 
-   6    +24    -   84    +267 


2 

-  8 

-  6 

+    28 
+    42 

-   89 
-210 

+  263 

2 

-14 
-  6 

+    70 
+    60 

-299 

2 

-20 
-   6 

+  130 

2    -26 

2  j^  -  26  jH»  +  130x2  -  299ar  +  263 

Exercise  77. 

Multiply  the  roots  of  each  of  the  following  equations  hy  the  number 
placed  opposite  the  equation. 

1.  a*-3x2  +  2x-4  =  0  -1. 

x8  +  3x2  +  2x  +  4  =  0 

2.  x*+8x2-2x-l  =  0  -2. 

x*  +  3x22x2  +  2x28x-24  =  x*+12x2+16x-16  =  0 

8.  2x*-3x»  +  x2-6x-4=0  -3. 

2x*  +  3x3x8  +  32x2  +  6x38x-4x3*=2x*  +  9x«+9x2+162x-324  =  0 
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4.  2a:*-3jt«  +  6r-8  =  0     -2. 
2x*-3x2«x«-6x2«x-8x2*  =  2a:*-12a:a-48x-128  =  0 

or  X*  — 60:^  — 24x  — 64  =  0 

5.  3ar»-4x«-2x  +  7  =  0     -2. 
8ar»-4x2«x«-2x2*x-7x26  =  3*»-16x«-32jp-224  =  6 

Transform  to  eqoations  with  integral  coefficients  in  the  p  ioirm  the 
equations : 


e.  12x«-4x«+6x+l  =  0. 

Mnltiply  the  roots  by  6,      x«-?a:a  +  — *+— =  0 

o  2  12 

:c«_2jt«+18x+18  =  0 


7.  6x«+ 10x8-7*+ 16  =  0. 

Diride  by  6,  x^  +  fa:*  —  Jx  +  J^O 

Multiply  the  roots  by  6, 

8  6  3 

x«+10x«  —  42x  + 676  =  0 

8.  10x*  +  5x«-4x2  +  26x-30  =  0. 

Dirideby  10,  x*  +  ix«-|x2+ Jx-3  =  0 

Multiply  the  roots  by  10, 

2  5  2 

x*  +  5x«-40  +  2600x- 30000  =  0 


9.  6x84-3x*4-4x*-2x34.6x-18  =  0. 

DiTide  by  6,  x*  +  Jx*  +  Jx« -  Jx^  +  x-3  =  0 

Multiply  the  roots  by  6, 

:r5  +  ?*»  +  ?4^z«-??xa  +  6*x-3x66  =  0 
2  3  3 

x»  +  3x*  +  24  x»  -  72x4  +  1296x  -  28328 
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Write  the  equations  which  haye  for  their  roots  the  reciprocals  of  the 
roots  of  the  following  equations : 

10.  3a:*-2«»  +  6a^-6jr  +  7  =  0. 

7a*-6aH»+5j:«  — 2x  +  3  =  0 

11.  2j*-4jt«-5a:2«7a.^8=0. 

8x*  +  7aH»  +  5ar3+4jr  — 2  =  0 

12.  a:«-a:*  +  2x24.4a.«i  =  o. 

a4_4-p6_2a:»  +  a:a«i  =  o 

Diminish  the  roots  of  each  of  the  following  equations  hy  the  nomher 
opposite  the  equation : 

18.  :r»-llx«  +  3il*-12  =  0     1.      15.  ar«+ 10x3^:133: -24  =  0    -2. 

1    -11     +31    -12  Li  i     +10    +13    -24  1-2 

-   2    -16    +6 


1 

-10 

+  21 

1 

-10 

1 

+  21 
-  9 

+  9 

1 

-  9 
1 

+  12 

1  +  8 
-  2 

-  3 
-12 

-18 

1  +  6 
-  2 

-16 

1-8  1+4 

3*~Sx^+l2x'k-9  =  0,  x«  +  4x«-16x-18  =  0. 

14.  a:*-6aH»  +  4ar34.18ar-5  =  0  2.  16.  a:*  +  ar«-16a:2-4ar  +  48  =  0  4. 

1^6+4+18-6[a  1+1-16-     4+48[_4 

2-8-8+20  4+20+16+48 


1 

-4 

2 

-4 

-4 

+  10 
-16 

+  15 

1 
1 

-2 
2 

+  0 
2 

-8 
-8 

-  6 

1 

+  5 
4 

+  4 
+  36 

+  12 
+  160 

+  96 

1 

1 

+  9 
4 

+  13 
4 

+  40 
+  62 

+  92 

+  172 

1+2  1+17 

T*  +  2aJ»- 8x3 -6ar+ 15=0,  ar*  + 17  x«  + 92x2+ 172x+ 96=0. 
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17.  x*  +  *«-3*  +  4  =  0  0.8. 

1    +    0+1-        3+  4  LM 

0.3    +0.09    +0.327    -0.8019 

1    +0.3    +1.09    -2.673    +3.1981 
0.3    +0.18    +0.381 


1    +0.6 
0.3 

+  1.27 
+  0.27 

-2.292 

1    +0.9 
0.3 

+  1.64 

1     +1.2 

j^  +  1.2z»  +  l.Mar*  -  2.292  jr  +  3.1981  =  0. 

18.  a:*-3«»-Jt«  +  4x-5  =  0  -0.4. 

1-8-1+        4-  6  1-0.4 

-0.4    +t.36    -0.144    -1.6424 

1     _3.4    +0.36    +3.866    -6.6424 
-0.4    +1.62    -0.762 

1    -3.8    +1.88    +3.104 
-0.4    +1.68 

1    -4.2    +3.66 
-0.4 


1    -4.6 

ar*  -  4.6  jH»  +  3.66  a:*  +  3.104  x  -  6.6424. 

19.  Form  the  equation  which  has  for  its  roots  the  squares  of  the  roots 

of  the  equation 

T  a^  — 2a:a  +  3x  — 6  =  0. 

Let  y  be  a  root  of  the  required  equation. 
Then  y  =  3^ 

.*.  x=±  y/y 
If  we  substitute  this  value  of  x  in  the  given  equation,  the  result  is 
irrational  in  y. 

But,  if  we  write  the  equation  in  the  form 

ar8  +  3ar  =  2jc2+5 

and  square  both  sides 

ar6  +  6a:*  +  9a:2=  4x*  +  20ar3  +  25 


r 
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a:8^2x*-llar2-26  =  0 
we  haye  an  equation  which  contains  only  powers  of  x^. 
Fatting  in  this  equation  y  =  x^  we  have  the  result 

90.  Form  the  equation  which  has  for  its  roots  the  squares  of  the 


(1) 


differences  of  the  roots  of 

j^_4ar2_2a?-3  =  0. 
Let  y=(a-/8)2 

=  aa+)S*  +  72-72-.2ai3 

'       y 

=  12 -.y»-? 

7 
Put  7  =  x 

Then  y=12-ar2-.? 

^  X 

or                                  aH»  +  (y  -  l2)x  +  6  =  0  (2) 

But                               jH»-4.T2  +  2a:-3  =  0  (1) 

Subtract                 4  a:^  +  (y  -  U)x  +  9  =  0  •                   (3) 

Multiply  (3)  by  x,  (1)  by  4  and  subtract 

(^  +  2)^2  +  ^+12  =  0  (4) 

Eliminate  x  between  (3)  and  (4) 

4  y-14         9  0 

0  4y-.i4  9_rt 

y  +  2         1  12  0-" 

0  y  +  2  1  12 

From  4  times  second  row  subtract  3  times  fourth. 

4  y-14  9 

0       -3y+  10    4y-69   =0 
y  +  2  1  12 

which  reduces  to  y*  —  20y2  +  100  y  —  647  =  0,  the  required  equation. 

81.  Giyen  the  equation 

ar8  — 2a:2-j.4ar-4  =  0, 
find  the  equation  in  y  where  y  =  2  ar2  —  3. 

Write  the  given  equation  in  the  form 

a:8  +  4ar  =  2x2  +  4 
Square  both  sides, 

a*  +  8ar*  +  16a:2  =  4ar*  +  16x2  +  16 
««  +  4x*-16  =  0 
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But  y  =  2jr3^3 

2 
Substitate  the  ralue  of  2^  in  the  equation  just  obtained* 

(^)%S  (4-7-16  =  0 

a!!±M±2IjL±2Z  +  2(y«  +  6y  +  9)-16  =  0 

y«+26y2+128y  +  43  =  0 
which  is  the  required  equation. 

Exercise  78. 

All  the  roots  of  the  equations  given  below  are  real ;  determine  their 
signs. 

i.  x*+4:t«-43x«- 58* +  240  =  0. 

'the  order  of  signs  is        +     +    —    —    + 

There  are  two  variations  and  two  permanences. 

.*.  There  are  two  positive  roots  and  two  negative  roots. 

9.  x«-22a:a4-166x-360  =  0. 

The  order  of  signs  is        +    —    +    — 

There  are  3  variations.        .*.  There  are  3  positive  roots. 

8.  ar*  +  4aH»-35x«-78*  + 360  =  0. 

The  order  of  signs  is        +    +    —    —    + 

There  are  two  variations  and  two  permanences. 

.*.  There  are  two  positive  roots  and  two  negative  roots. 

4.  x«-123:a-43a:-30  =  0. 

The  order  of  signs  is        +     —    —    — 

There  is  one  variation  and  two  permanences. 

.*.  There  is  one  positive  root  and  two  negative  roots. 

5.  *8-3x*-5jH»+15ar3+4x-12  =  0. 

The  order  of  signs  is        4-    —    —    +    +    -" 

There  are  three  variations  and  two  permanences. 

.'.  There  are  three  positive  roots  and  two  negative  roots. 
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The  order  of  signs  is        +    —    +     — 

There  art  three  yariatioDs.        .*.  There  are  three  positire  roots. 

The  order  of  signs  is        +    —    —    +    — 

There  are  three  yariations  and  pqe  permanence. 

.*.  There  are  three  positiye  roots  and  one  negative  root. 

S.  a^-a:*-187z»-369a:2|i8ajr  +  3(J0  =  0. 

The  order  of  signs  is        +    —    —    —    +     + 

There  are  two  yariations  and  three  permanences. 

.*.  There  are  two  positive  roots  and  three  negative  roots. 

9.  a:»-10jr:6+19a:*  +  110ar«-636x3  +  800x-384  =  0. 

The  order  of  signs  is        +    —     -|-    +     —    +    — 

There  are  five  yariations  and  one  permanence. 

.'.  There  are  five  positive  roots  and  one  negative  root. 

10.  If  an  equation  involves  only  even  powers  of  x,  and  the  signs  fM 
all  positive,  the  equation  has  no  real  root. 

For,  if  there  were  a  real  root,  its  even  powers  would  all  be  positive, 
and  when  these  are  multiplied  by  the  positive  coefficients  and  the  results 
added,  the  sum  will  be  positive,  and  therefore  cannot  be  equal  to  0, 
unless  the  root  is  itself  0.  With  this  exception  there  can  therefore  be 
no  real  root. 

11.  If  an  equation  involves  only  odd  powers  of  x,  and  the  signs  are 
all  positive,  the  equation  has  the  root  0,  and  no  other  real  root. 

For  the  equation  is  divisible  by  r,  so  that  x  =  0  gives  one  root.    But 
in  the  quotient  all  the  powers  of  x  are  even,  and  since  the  coefficients 
all  positive,  there  is  no  other  real  root. 


19.  ^^ofim  that  the  equation 

a4_3<p3_ar+l 
has  at  least  two  imaginary  roots. 

The  order  of  signs  is        4-OOO    —    —    + 
If  we  take  the  0  te^ms  as  all  positive,  we  haiw 

+    +    +    +    —    —    +        2  yariations, 
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80  that  there  are  not  more  than  two  positive  roots  ;  and  if  we  take  the 
first  two  negative  and  the  third  positive,  we  have 

+    —    —    +    —    —    4-        2  permanences, 

so  that  there  are  not  more  than  two  negative  roots. 

.*.  There  are  then  not  more  than  two  positive  roots,  and  not  more 
than  two  negative  roots. 

/.  There  are  at  lea«t  two  imaginary  roots. 

18.  Show  that  the  equation  * 

a:*+  16x2  +  72r  — 11  =  0 
has  two  imaginary  roots,  and  determine  the  signs  of  the  real  roots. 

The  order  of  signs  is 

+    0    +    +    - 
We  may  write  the  signs 

either  +    +    +    +    —    one  variation, 

or  +    —    +    +     --    one  permanence. 

.'.  There  is  not  more  than  one  positive  root,  and  not  more  than  one 
negative  root. 

.*.  There  are  at  least  two  imaginary  roots. 

There  cannot  be  four  imaginary  roots.  For  if  a  +  fiit  «  —  /3t,  y  +  St, 
and  7  —  dt  are  roots,  their  product  is  (a*  +  iS2)(72  +  5*),  which  is  posi- 
tive, whereas  —  11  is  negative. 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 

14.  Show  that  the  equation  oH^  +  gar  +  r  =  0  has  one  negative  and  two 
imaginary  roots  when  q  and  r  are  both  positive ;  and  determine  the 
character  of  the  roots  when  q  is  negative  and  r  positive. 

If  p  and  q  are  both  positive  the  equation  has  no  positive  root. 

It  must  therefore  have  either  one  real  negative  root  and  two  imagi- 
nary roots,  or  three  real  negative  roots. 

But  in  the  latter  case  the  sum  of  the  three  negative  roots  would  also 
be  negative,  whereas  in  the  equation  the  coefficient  of  :jfl  is  0,  that  is 
the  sum  of  the  roots  is  0. 

There  must  therefore  be  one  negative  and  two  imaginary  roots  in 
this  case. 

If  9  is  negative  and  r  positive,  the  order  of  the  signs  is 

+    0    -     + 
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which  we  may  take 

either  +    +    —    +    one  permanence,  two  variations, 

or  +    —    —    +     one  permanence,  two  yariations. 

.*.  There  is  not  more  than  one  negative  root,  and  not  more  than  two 
positive  roots. 
There  may  therefore  be  one  negative  and  two  positive  roots, 

or  one  negative  and  two  imaginary  roots, 
or  one  positive  and  two  imaginary  roots. 
The  last  case  cannot  occur.     For,  if  the  two  imaginary  roots  are 
a  +  fii  and  a  —  fit  their  product  is  a^  +  0^,  which  is  positive.     So  that 
the  product  of  the  three  roots  would  be  positive.    But  r  is  positive, 
hence  the  product  of  the  three  roots  must  be  negative. 
.-.  There  are  either 

one  negative  and  two  positive  roots, 
or  one  negative  and  two  imaginary  roots. 

15.  Show  that  the  equation  j:*  —  I  =  0  has  but  two  real  roots,  +  1 
and  —  1,  when  n  is  even;  and  but  one  real  root,  +  1,  when  n  is  odd. 

The  order  of  signs  is 

+    00    - 

!  If  we  take  the  zeros  all  positive  we  have  ^ 

+    +    +     +    - 

This  gives  only  one  variation  and  consequently  only  one  positive 
root,  namely  +  1. 
If  n  is  even,  the  equation  is  unchanged  when  we  put  —  x  for  x. 
There  will  therefore  be  only  one  negative  root,  namely  —  1. 
But  if  n  is  odd,  the  sign  of  x**  is  changed  when  we  put  —  x  for  x,  and 
the  order  of  signs  becomes 

-000---- 
which  we  may  take 

Here  there  is  no  variation  and  consequently  the  equation,  a:**  —  1  =  0, 
has  no  negative  root  in  this  case. 

16.  Show  that  the  equation  a:*  +  1  =  0  has  no  real  root  when  n  U 
even;  and  but  one  real  root,  —  1,  when  n  is  odd. 

The  order  of  signs  is        +00    + 

This  may  be  taken  as      +    +     +     +     + 

There  is  then  no  variation,  and  therefore  no  positive  root. 
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Or,  if  ji  IB  eren,  we  may  take 

+    -    +    -^    +    ^    ^    + 

There  is  then  no  permanence,  and  consequently  no  negative  root. 
Bttt|  if  a  IB  odd,  we  have 

+    -    +    -    +    -    -    +    + 

There  is  only  one  permanence,  and  therefore  only  the  one  negatiye 
root,  —  1. 

Exercise  79. 

Find  superior  limits  to  the  positiTe  roots  of  the  following  equations  s 

1.  x«-2a^  +  4x  +  8=:0. 

xa(x-2)  +  4x  +  3  =  0 

The  left  member  is  positire  if  x  >  2. 
.*.  2  is  a  superior  limit. 

S.  2x*-xa-x+l  =  0. 

xa(xa-x)  +  x(x»-l)  +  l  =  0 

The  left  member  is  positire  if  x  >  1. 
.'.  1  is  a  superior  limit. 

9.  3x*  +  6x»-12xa+10x-18  =  0. 

3xa(x3-l)  +  5x2(x-2)+xa+10(x-2)+2  =  0 

The  kft  member  is  positive  if  x  >  2. 
.*.  2  is  a  superior  limit 

4.  4x*-3x«-a«+7x+6  =  0. 

3x«(x-l)  +  xa(x3-l)  +  7x  +  6  =  0 

The  left  member  is  positive  if  x  >  1. 
/.  1  is  a  superior  limit. 

5.  x*-x»-2x«-4x-24=0. 

4x*- 4x»- 8x3- lOx- 96  =  0 
a:S(;P_4)4.a.3(a^.8)^.a.(^_16)+a4_96=0 

The  left  member  is  positive  if  x  >  4. 
.*.  4  is  a  superior  limit. 

6.  4x»-8x*  +  22x«  +  90xa-e0x+l=0. 

4x*(x-2)  +  22x»  +  96x(x-l)+3dx+lsi0 

The  left  member  is  positive  if  x  >  2. 

.'.  2  is  a  sapArior  limit.  1 
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Exercise  80. 

Find  the  commensurable  roots,  and  if  possible  all  the  roots,  of  each 
of  the  following  equations : 

1.  x*-4x»-8x  +  32  =  0. 

Try  2,  32    -   8    +0    -4    +1L2 

16    +4    +2    -1 


Try  4. 


8    +4    -2    +0 

16    +4    +2    -1L4 
4    +2    +1 


8    +4    +0 
The  depressed  equation  is 

a:2  +  2a:  +  4  =  0 

arrr-liVITS 
/.  The  four  roots  are  2,  4,  and  —  1  ±  V— 3. 

8.  x»  — 6a?«+10x  — 8  =  0. 

Tiy4,  -8    +10    -6    +1L4 

-2+2-1 

8-4+0 
The  depressed  equation  is 

x3-.2x  +  2  =  0 

x=i±  v=n: 

.*.  The  three  roots  are  4  and  1  ±  V— 1. 


8.  ar*  +  2x»  — 7a:3«8a.+  12  =  0. 

Tryl,  12    -   8    -7    +2    +1L1 

12    +4    -3    -1 

4    -3    -1    +0 

Try2,  12    +4    -3    -IL? 

6    +6    +1 

10    +2    +0 
The  depressed  equation  is 

a:2+6a:  +  6  =  0 

x  =  — 2,  or— 3 

.'.  The  four  roots  are  1,  2,  —  2,  and  —  3. 
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4.  x»  +  3jra-.80x+36  =  0. 

Try  3,  36    -30    +3    +1L3 

12    -6    -1 


-18    -3    +0 
The  depressed  equation  U 

:ca  +  6x-12  =  0 

*  =  -3±  v^ 

.'.  The  three  roots  are  3  and  —  3  ±  v^. 

6.  **-12x»+32xa  +  27x-18  =  0. 

Try-1,  -18    +27    +32    -12    +1|-1 

18    -46    +13    -1 

45-13+1+0 

Try  6,  18    -45    +13    -1[0 

3-7+1 


-42    +6+0 
The  depressed  equation  is 

xa-7x  +  3  =  0 
7±  V37 


x  = 


2  _ 

7±V37 


.*.  The  four  roots  are  —  1,  6,  and 

2 

6.  **-9*»+17xa+27x-60  =  0. 

Try  4,  -60    +27    +17    -9    +1L4 

-15    +3    +5    -1 

12+20-4+0 

Try  5,  -16    +3    +5    -1|_6 

"3    +0    +1 

0    +6    +0 
The  depressed  equation  is 

xa-3  =  0 

x=±V3 

.*.  The  four  roots  are  4,  5,  and  ±  V3. 

7.  a:«-6x*  +  3x«+17x2-28x+12  =  0. 

Tryl,  12    -28    +17    +3    -6    +1U 

12    -16    +1    +4    -1 

-16+1+4-1+0 
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Tiyl,  12-16+1+4-lLl 

12    -4    -3    +1 

-4-8+1    +0 

Tiy2,  12    -4    -3    +1L2 

6    +1    -1 


2    -2  +0 
The  depressed  equation  is 

X  =  3,  or  —  2 
.*.  The  five  roots  are  1, 1,  2»  3,  and  —  2. 

8.  T*-.10a:«  +  36a;2-50a:  +  24  =  0. 

Tryl,  24    -60    +86    -10  +1  Li 

24    -26    +9  -1 

-26    +9    -   1  +0 

Try  2,  24    -26    +9  -1L2 

12    -7  +1 


-14    +2    +0 
The  depressed  equation  is 

a:3  — 7x+12  =  0 

a:  =  3,  or  4 

.'.  The  four  roots  are  1,  2,  3,  and  4. 

9.  a*-8ar*+lla:8  +  29a^-36ar-45  =  0. 

Try  3,     -46    -36    +29    +11    -8    +1U 

-16    -17     +4    +6    -1 

-61     +12    +16    -3    +0 

Try  6,  _i5-17+4+6-l|_5 

-3-4+0    +1 


—  20    +0    +6  +0 

Try-1,  -3    -4    +0  +1|-1 

3    +1  -1 

-1+1  +0 
The  depressed  equation  is 

:r»-:r-3  =  0 

1±\/13 


0:=: 


/.  The  five  roots  are  3,  6,  —  1,  and 


2 
liViS 
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10.  a:*  — X*  — 6J:«  +  9a^2  +  a:-4  =  0. 

Tryl,  -4    +1    +9    -6    -1    +1U 

-4    -3    +6    +0    -1 

_3    +6    +0    —1     +0 
.'.  1  is  a  root. 

There  are  no  other  commensurahle  roots. 

11.  2x*-3««-20x2  +  27a:+18  =  0. 

Try  2,  18    +27    -20    -3    +2|^ 

9    +18    -1    -2 


36-2-4+0 

Try3,  9    +18    -1    -2[3 

3    +7    +2 

21     +6    +0 
The  depressed  equation  is 

2ar2  4.7a:  +  3  =  0 

X  =  —  J,  or  —  3 

.'.  The  four  roots  are  2,  3,  —  J,  and  —  3. 

12.  2x*-9a:8-27x2+134a:-120  =  0 

Try  2,  -120    +134    -27    -9    +2[^ 

-   60    +37     +5    -2 

74    +10    -4    +0 

Try  6,  -60    +37    +    6    -2[5 

-12    +5    +2 

26    +10    +0 
The  depressed  equation  is 

2x2  +  6x-12  =  0 

a:  =  I,  or  —  4 

/.  The  four  roots  are  2,  6,  f ,  and  —  4. 

13.  a:«  +  3a:6-2.T*-16x8_.i5:c2+8x+20  =  0. 

Tryl,        20    +   8    -15    -15    -2    +3    +1L1 

20    +28+13-2-4-1 

28+13-2-4-1+0 

Try2,  20    +28    +13    -2    -4    -l|-2 

-10    -9    -2    +2    +1 


18+4-4    -2    +0 
.••  1  and  —  2  are  roots. 

There  are  no  other  commensurable  roots. 
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14.  18x«  +  32:a-.7ar-2  =  0. 

Multiply  the  roots  bj  6, 

18x«+182:»-252ar-432  =  0 
x»  +  a:^  _  14a;  _  24  =  0 

Try  4,  -24    -14    +1    +1[4 

-6-5-1 


-20    -4    +0 
The  depressed  equation  is 

xa  +  6x  +  6  =  0 

ar  =  —  2,  or  —  3 

.*.  The  three  roots  of  the  glyen  equation  are  |,  —  },  and  —  { ;  or  }, 

-J,  and -J. 

16.  24x«-34x2-5ar  +  3  =  0. 

Multiply  the  roots  by  12, 

24  x«  -  1 2  X  34  ar2  -  6  X  144  a:  +  3  X  1 728  =  0 

x8-17a:a-30x  +  216  =  0 

Try  3,  216    -30    -17    +1L3 

72    +14    -1 

42-3    +0 
The  depressed  equation  is 

a^_14.T-72  =  0 

a:  =  18,  or  —  4 

.*.  The  roots  of  the  given  equation  are  ^,  |f,  and  —  ^;  or  },  }, 
and  —  }. 

16.  27a*-18a^-3ar  +  2  =  0. 
Multiply  the  roots  by  3, 

27ar»-3xl8ar2-3x  9a: +  2X27  =  0 

aH»-2a:2_a.  +  2  =  0 


Tiyl, 


2    -1    -2    +1Q 
2    +1    -2 


1    -1    +0 
The  depressed  equation  is 

a:3_a._2  =  0 

ar  =  2,  or  —  1 

.'.  The  three  roots  of  the  given  equation  are  i,  i,  or 


-h 
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17.  18x*  +  9x»+10x»-8x  +  l  =  0. 

Multiply  the  roots  by  6, 

18**  +  9x6a:8+10x36xa-8x216ar+  1296  =  0 

X*  +  3a:8  +  20a:2  -  96a:  +  72  =  0 

Tiyl,  72    -96    +20    +3    +1U 

72    -24    -4    -1 

-24    -   4    -1 

Try2,  72    -24    -4    -1L2 

36    +6    +1 

12+2 

The  depressed  equation  is 

x2+6ar  +  36  =  0  

ar  =  -3±>/^r27  

—  3i  V— ^7 
.*.  The  roots  of  the  given  equation  are  J,  j,  and =--^ — —,  or  ^,  J, 

and-^^^^. 


18.  36ar*  +  48x«-23x«-.17a:  +  6  =  0. 
Multiply  the  roots  by  6, 

86  x*  +  48  X  6  a:8  -  23  X  36  ar2  -  1 7  X  2 1 6  X  +  6  X  1296  =  0 

x*  +  8x«-23x2-102x  +  2W»=0 

Try  2,  216    -102    -23    +   8    +1L2 

108    +3    -10    -1 

6    -20    -2+0 

Try  3,  108    +3    -10    -1|_3 

36    +13    +1 

39    +3    +0 
The  depressed  equation  is 

x3+13x  +  36  =  0 

X  =  —  4,  or  —  9 

.*.  The  four  roots  of  the  giv^i  equations  are  {,  {,  —  f ,  and  —  { ;  or  |, 
J,  -  },  and  -  f . 
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Exercise  81. 

Determine  the  first  significant  figure  of  each  real  root  of  the  follow- 
ing equations : 

1.  a:8_a.2«2ar+l  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

/(0.4)     =  0.104  .-.  one  root  is  +  0.4  + 

/(0.6)     =  0.125 

/(I)        =  - 1 

/(2)        =  +  1  .'.  one  root  is  +  1.  + 

/(-I)  =1 

/(—  2)    =  —  7  .*.  one  root  is  —  1.  + 

2.  x»  — 6«-.8  =  0. 

There  are  not  more  than  two  negative  roots  and  not  more  than  one 
positive  root. 

AO)        =-3 

A^)       =-6 

/(3)       =  9  .-.  one  root  i«  +  2.  + 

yi;- 0.6)  =  -0.216 

jr^-  0.7)  =  0.157  .-.  one  root  is  -  0.6  + 

/(— 2)    =  —  1  .'.  one  root  is  —  1. + 

3.  x»-6aF2+7  =  o. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

AO)        =7 

A^)        =3 

/(2)        =  —  6  /.  one  root  is  +  !•  + 

/(3)       =  - 11 

A4)        =-9 

/(6)        =  7  .*.  one  root  is  +  4.  + 

/(-I)  =1 

/(—  2)    =  —  21  .'.one  root  is  —  1.  + 
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4.  x»  +  2x«-30x  +  39  =  0. 

There  are  not  more  than  two  positire  roots  and  not  more  .than  one 
negative  root 

AO)        =  89 

f(2)       =  —  6  /.  one  root  is  +  1.  + 

A3)        =-6 

Jl4t)       =  16  /.  one  root  is  +  3.  + 

yX-1)  =70 

J[^2)  =99 

Jl-S)  =120 

yX-4)  =127 

/(-5)  =114 

yX-6)   =76 

yi-7)    =4 

/(—  8)    =  — 106  /.  one  root  is  —  7.  + 

5.  «•  — 6jr«  +  3a:  +  6  =  0. 

There  are  not  more  than  two  positire  roots  and  not  more  than  one 
negatire  root. 

/(O)        =6     . 

/(I)        =  3 

/(2)        =  —  6  .•.  one  root  if  +  !•  + 

/(3)        =  - 18 

•      /W        =  - 16 
/(6)        =-6 

/(6)        =  23  /.  one  root  if  +  6.  + 

/(-I)    =-6 

/(- 0.7)  =  -0.383 

/(—  0.6)  =  +  0.824  .•.  one  root  if  —  0.6  + 

6.  x»  +  9x«+24x+17  =  0. 
There  is  no  positive  root. 

:    /(O)      =  17  . 
/(-I)   =1 

/(-  2)    =  -  3  .-.  one  root  is  - 1.  + 
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/(-3)    =-1 

/(—  4)    =1  .*.  one  root  ig  —  3.  + 

/(—  6)    =  »  3  .'.  one  root  is  —  4.  + 


7.  x»-162:a  +  63ar-50  =  0. 
There  is  no  negp.tiye  root. 


/(O) 

=  -50 

/(I) 

=  -1 

/(2) 

=  24 

/(8) 

=  31 

/(4) 

=  26 

/(6) 

=  16 

/(«) 

=  4 

/(7) 

=  -1 

.*.  one  root  it  + 1.  + 


.*.  one  root  is  +  6.  + 
/(8)        =  6  .-.  one  root  is  +  7.  + 


8.  x*-8x»+14ar2  +  4ar-8  =  0. 

There  are  not  more  than  three  positire  roots  and  not  more  than  one 
negative  root. 

/(O)        =  -  8 

/(0.7)     =  -  0.8439 

/(0.8)  =  +  0.4736    .-.  one  root  is  +  0.7  + 

/(I)  =  3 
/(2)  =  8 
/(3)    =  —  6       .*.  one  root  is  +  2.  + 

/(4)  =-24 
/(6)  =  - 13 
/(6)   =  88        .-.  one  root  is  +  6.  + 

/(- 0.7)  =  -.9659 

/(-  0.8)  =  +  2.2666    .'.  one  root  is  -  0.7  + 
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Exercise  82. 

Compute  for  each  of  the  following  equations  the  root  of  which  the 
first  figure  is  the  number  in  parenthesis  opposite  the  equation.  Carry 
out  the  work  to  three  places  of  decimals : 


1.  x»  +  3x-5  =  0               (1). 

1+0                       +3 
+    1                       +1 

-6  11.154  + 

+  4' 

+    1 
+    1 

+  4 
+  2 

-1000 
+    631 

+   2 
+    1 

+  600 
+    31 

^369000 
+  339875 

+  30 
+    1 

1 

+  631 
+    32 

-  29125000 
+  27925264 

+  31 
+    1 
+  32 
+    1 

+  66300 
+    1675 

+  67075 
+    1700 

-   1199736 

+  330 
+     5 
+  335 
+     6 

+  6967500 
+      13816 

+  6981316 
+      13832 

+  340 
+      6 

6995148 

+  3450 
+       4 
+  3464 
+       4 
+  3458 
+       4 

- 

+  3462 
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8.  a:«-.6x-12  =  0 


(3). 


+  0          -  6 
+  3          +9 

-12  3.134  + 
+  9 

+  3 
+  3 

+  3 

+  18 

-3000 
+  2191 

+  6   1 
+  3   ( 

+  2100 
+   91 

-809000 
+  693297 

+  90 
+  1 

+  2191 
+  92 

-116703000 
+  93713104 

+  91 
+  1 
+  92 
+  1 

+  228300 
+  2799 

+  231099 
+   2808 

-  21989896 

+  930 
+  3 

+  933 
+  3 

+  23390700 
+   37676 

+  23428276 
+   37692 

+  936 
+  3 

+  23466868 

+  9390 
+   4 
+  9394 
+   4 
+  9398 
+   4 

+  9402 
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8.  x«  +  xa  +  x-.  100  =  0 


+  1 

+  i 
+  6 

±i 
+  9 
+  4 


+  130 
+  2 
+  132 
+  2 
+  134 
+  2 


+  1360 
+ 6 

+  1366 
+ 6 

+  1372 
+   6 


+  13780 

+ 4 

+  13784 

+ 4 

+  13788 

+ 1 

+  13792 


+  1 

+  20 

+  21 
+  36 


+  5700 
+  264 

+  5964 
+  268 


(4). 


+  623200 
+  8196 

+  631396 
+  8232 


+  63962800 
+   55136 

+  64017936 
+   55152 


+  64073088 


-100  14,264  + 

+  84 


-16000 
+  11928 


-  4072000 
+  3788376 


-  283624000 
+  256071744 


-  27552256 
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4.  ««+10x3  +  6a:-120  =  0 


(2). 


+  10 
+    2 

+  12 
+    2 


+  18490 

+ 3 

+ 18493 
+  3 
+  18496 

+ 3^ 

+  18499 


+   6 
+  24 

+  30 

+  28 


- 120  I  2.833+ 
+   60 


-  60000 
+    57152 


+  14 
+  2 

+  5800 
+  1344 

-  2848000 
+  2582187 

+  160 
+  8 

♦.7144 
+  1408 

-  265813000 
+  260046537 

+  168 
+   8 
+  176 
+  8 

+  855200 
+   5529 

+  860729 
+   5538 

-   6766463 

+  1840 
+   3 
+  1843 
+   3 

+  86626700 
+   55479 

+  86682179 
+   55488 

+  1846 
+   3 

+  86737667 
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5.  x«  +  9x»  +  24x+17  =  0  (-4). 

Change  the  sign  of  the  roots. 

The  resulting  equation  is  x*  ~  9  x'  +  24  x  — 17 


=  0. 


-9                          +24 

+  4                           -20 

a 

-17    4.ft32+ 
+  16 

-6 

+  4 

+   4 
-  4 

-   1000 

+      875 

-1 

+  4 

000 
+  175 

-125000 
+  116677 

+  30 
+    6 

+  175 
+  200 

-     8423000 
+     8063768 

+  36 
+    6 
+  40 
+    6 

+  37500 
+    1359 

+  38869 
+    1368 

-       369232 

+  460 
+     3 
+  463 
+     3 

+  4022700 
+       9184 

+  4031884 
+       9188 

+  466 
+     3 

+  4041072 

+  4690 
+       2 
+  4692 
+       2 
+  4694 
+       2 

Boot  is  -  4.632+ 

+  4696 
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6.  a:*-12a*+12a:-3  =  0 

Change  the  sign  of  the  roots. 
The  resultiDg  equation  is  o:^  + 


I 


12 
1 


+  13 
+    1 


+   0 
+  13 

+  13 
+  14 


(-1). 


12ar»-12a:-3  =  0. 

-12 
+  13 


-3  I  1.064+ 

+  1^ 


+    1 

+  27 


-  200000000 
+  183466896 


+  14 
+  1 

+  27 
+  15 

+  28000000 
+  2677816 

-  165331040000 
+  133572625216 

+  16 
+  1 

+  42000( 
+  963( 

) 

+  30677816 
+  2636848 

-  31758514784 

+  1600 
+   6 
+  1606 
+   6 

+  4296;^ 
+  ,9672 

+  439308 
+  9708 

+  332136640 
+   1794673 

+  333931313 
+   1797262 

00 
04 

04 

72 

+  1612 
+   6 
+  1618 
+   6 

+  44801600 
+   64976 

+  44866576 
+   64992 

+  33672857576 

+  16240 
+    4 

+  44931668 
+   66008 

+  16244 
+    4 
+  16248 
+    4 
+  16252 
+    4 

+  44996£ 

>76 

+  16256 
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7.  x*-8x»+14jra  +  4jr-8  =  0 
Change  the  sign  of  the  roots. 
The  resulting  equation  is 


(-0). 


+ 
+ 


80 

7 


+ 

+ 


87 
7 


+ 
+ 


94 

7 


+  101 
+      7 


+  1080 

+ 3 

+  1083 

± 3 

+  108(5 

± 3 

+  1089 
+       3 


+  10920 

± 2 

+  10922 

+ 2 

+  10924 

+ 2 

+  10920 

± 2^ 

+  10928 


+  1400 
+   609 

+  2009 
+   658 

+  2667 
+    707 


-4x-8  =  0. 

-  4000 
+  14063 

+  10063 
+  18669 


+  337400 
+      3249 

+  340649 
+      3258 

+  343907 
+     3267 


+  34717400 
+       21844 

+  34739244 
+       21848 

+  34761092 
+       21862 


+  34782944 


+  28732000 
+  1021947 

+  29753947 
+  1031721 


+  30785668000 
+   69478488 

+  30855146488 
+   69622184 


+  30924668672 


-80000  I  0.7^  + 
+  70441 


-95590000 
+  89261841 


Root  is  -  0.732  - 


-63281590000 
+  61710292976 


-   1571297024 
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Exercise  83. 

Calculate  to  six  places  of  decimals  the  positive  roots  of  the  following 
equations : 

1.  ar»-3ar-l  =  0. 

There  is  not 
The  poeitire 

1    +0 
±1 

+  1 
±i 

+  2 
+  1 


more  than  one  positive  root, 
root  lies  between  1  and  2. 


+  30 

±J. 
+  38 
+  8 

+  46 
+  8 


+  640 
+  7 
+  547 
+  7 
+  554 
+   7 


+  6610 

± ? 

+  5619 

± ? 

+  6628 
+   9 


+  5687 
+  56 
+  1 


-3 
+  i 
-2 
+  2 


000 
+  304 

+  304 
+  368 


+  67200 
+  3829 

+  71029 
+  8878 


+  7490700 
+  50571 

+  7541271 
+   50652 


+  7591923 
+  769192 
+   168 

+  769360 
+   168 


+  759528 
+  75953 

+ 8 

+  75961 

+ 8 

+  75969 
+  7597 


-1  I  1.879386  + 
-2  


-3000 
+  2432 


-668000 
+  497203 


-  70797000 
+  67871439 


-  2926661 
+    2278080 

-  647481 
+  607688 

-  39793 
+  37986 

-  1808 
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2.  x»+2xa-4ar-43  =  0. 

There  is  onlj  one  positiye  root.    It  lies  between  3  and  4. 


+  2         -  4 
+  8         +15 

-43  1  3.263389  + 

+  3:^ 

+  6 
+  3 

+  11 
+  24 

-10000 

+  7448 

+  8 
+  3 

+  3500 
+  224 

-  2552000 
+  2413176 

+  110 
+   2 

+  3724 

+  228 

-  138824 
+  122877 

+  112 
+   2 
+  114 
+   2 

+  395200 
+   6996 

+  402196 
+   7032 

- 16947 
+  12297 

-3650 
+  3280 

+  1160 
+   6 
+  1166 
+   6 
+  1172 
+   6 

+  409228 
+  40923 
+   36 

+  40959 
+   36 

+  40995 

-370 
+  369 

-1 

+  1178 
+  12 

+  4099 
+  410 
+  41 
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There  is  only  one  positive  root.    It  lies  between  1  and  2. 

Q  I     Q  I        Q  _  QO       I      1   KCr 


+  3 

±i 

+  6 

±i 

+  9 
+  3 


+ 
+ 


8 
6 


-32 
+  14 


1.580947  + 


+  14 
+    9 


+  120 
+    15 

+  135 
+    15 

+  160 
+    15 


+  2300 
+    675 

+  2975 
+    760 


+  372600 
+    13392 

+  386892 
+    13684 


- 18000 
+  14875 


-3125000 
+  3087136 


+  1660 
+ 24 

+  1674 
+ 24 

+  1698 
+     24 


+  399476 
+  39948 
+  3995 
+  399 
+  40 


-  37864 
+  36965 

-1909 
+  1696 

.  -313 
+  280 

-33 


+  1722 
+      17 


4.  2x»- 26x2 +  131  a: -202  =  0. 

There  is  only  one  positive  root.     It  lies  between  2  and  3. 
2  -26  +131  -202    12 


26 
+  4 
-22 
+  4 
-18 
+   4 


-  44 

+    87 

-  36 


-202    I    2.656116  + 
+  174 


-  28000 
+  26992 


-140 
+  12 
-128 
+  12 
-116 
+    12 


+  6100 

-  768 

+  4332 

-  696 


-1040 
+  10 
-1030 
+ 10 

-1020 
+      10 


+  363000 

-  6160 

+  368460 

-  5100 


+  363350 
+  36335 
-       60 


-  2008000 
+  1792260 


-1010 
-10 


+  36275 
- 60 

+  36215 
+  3621 
+  362 
+  35 


-215750 
+  211650 

-4100 
+  3621 

-679 
+  352 

-227 
+  210 

-17 
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5.  r*-12x+7  =  0. 

There  are  two  positive  roots,  one  between  0  and  1,  and  one  between 
2  and  S. 


+  00      +000      -12000 
+  5      +25      +   125 

+  70000  f  0.693685+ 
-  59376 

+  6      +25 
+  6      +50 

-11875 
+   375 

+  106250000 
- 102132639 

+  10 
+  5 

+  75 
+  76 

-11500000 
+   151929 

+  4117361 
-  3351^63 

+  15 
+  6 

+  15000 
+  1881 

-11348071 
+   169587 

+  766698 
-  669882 

+  200 
+   9 
+  209 
+   9 

+  16881 
+  1962 

+  18843 
+  2043 

-  11178484 
627 

-1117221 
627 

-  95816 
+  89304 

-6512 
+  6580 

+  218 
+   9 
+  227 
+   9 

+  20886 
+  209 

+  2 

-1116594         -932 
12 

- 111647 
12 

+  236 

1    +0 
+  2 

-111636 

+  0      -12 
+  4      +8 

+  7  1  2.047275 
-8 

+  2 
+  2 

+  4 

+  8 

-  4 

+  24 

-100000000 
+  83891456 

+  4 
+  2 

+  12 
+  12 

+  20000 
+  972 

000 
864 

- 16108544 
+  15493758 

+ 
+ 

+ 
+ 
+ 

6 
2 

+  24000 
+   321 

0 
3 

+  20972864 
+   985792 

-  614786 
+  446296 

800 
4 

804 

+  243216 
+   3232 

+  246448 

+  21958656 
+  2195866 
+   17528 

-168490 
+  156205 

- 12285 
+  11156 

+  4 

+   3248 

+  2213394 

+ 
+ 

+ 
+ 

808 
4 

+  249696 
+  2497 

+   17677       -1130 
+  2230971 

812 

1 

+   7     +  223098 
+  2504     +    50 
+   7     +  223148 
+  2511     +22316 
4.   7     +  2231 

+  2518 
+  25 
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6.  a:*-5x«  +  2a^  — 13ar+55  =  0. 

There  are  two  positive  roots,  one  between  2  and  8,  and  one  between 
4  and  6. 


1    -6                     +2                     -13 
+  2                     -6                     -   8 

+  65  1  2.381966+ 
-42 

-3                     -4 

+  2                     -2 

-21 
-12 

+  130000 
- 101709 

-1 

+  2 

-6 

+  2 

-33000 
-     903 

+  282910000 
-276123186 

+  1 
+  2 

-400 
+    99 

-33903 
-     679 

+  6786864 
-  8462069 

+  30 
+   3 
+  33 
+   3 

-301 
+  108 

-193 
+  117 

-  34482000 

-  83392 

-  34616392 

-  6488 

+  3334805 
-  3106827 

+  227978 
-207120 

+  36 
+   3 
+  39 

-7600 
+  3424 

-4174 

-  34520880 

-  3452088 
+           29 

+  20868 
-20712 

+  146 

+   3 

+  3488 

-34620^ 

)9 

+  420 
+     8 

-   686 
+  3662 

+           29 
-  3462030 

+  428 
+     8 
+  436 
+     8 
+  444 
+     8 

+  2866 
+  29 

-  346203 

-34620 

-3462 

+  462 
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-6         +2         -13 

+  4         -  4         -  8 

+  65  4.618035+ 

-84 

-1         -  2 

+  4         +12 

-21 
+  40 

-290000 
+  275856 

+  3 

+  4 

+  10 
+  28 

+  19000 
+  26976 

- 141440000 
+  77944941 

+  7 
+  4 

+  3800 
+  696 

+  46976 
+  31368 

-  63496059 
+  63216592 

+  110 
+  6 
+  116 
+  6 

+  4496 
+  732 

+  5228 
+  768 

+  77344000 
+   600941 

+  77944941 
+  602283 

-278467 
+  238524 

-  39943 
+  39756 

+  122 
+  6 

+  699600 
+   1341 

+  78647224 
+   47352 

-   188 

+  128 
+  6 

+  600941 
+   1842 

+  7902074 
+   48416 

+  1340 
+   1 

+  602283 
+   1343 

+  7950490 
+  79606 

+  1341 
+   I 

+  60S&2( 
+   8 

3 

+    3 
+  79508 

+  1342 

+   1 

+  6044 
+   8 

+    3 
+  79611 
+  7961 

+  1343 
+   1 

+  6062 
+   8 

+  1344 

1 

+  6060 
+  61 
+  1 
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7.  ««  =  85,499. 

There  is  odIj  one  real  root.  It  lies  between  30  and  40. 

1+0           +0           -  36499  1  32.866383  + 
+  30           +900           +  27000 

+  30 
+  30 

+  900 
+  1800 

-  8499 
+  5768 

+  60 
+  30 

+  2700 
+  184 

-  2731000 
+  2519652 

+  90 
+  2 

+  2884 
+  188 

-211448000 
+  194005666 

+  92 
+  2 
+  94 
+  2 

+  307200 
+   7744 

+  314944 
+   7808 

- 17442344 
+  16199170 

-1243174 
+  972108 

+  960 
+  8 
+  968 
+   8 

+  32275200 
+   59076 

+  32334276 
+   59112 

-271066 
+  259232 

-11834 
+  9720 

+  976 

+  8 

+  32393388 
+  3239339 

-  2114 

+  9840 

+    495 

+   6 
+  9846 

+  3239834 
+    495 

+   6 
+  9852 
+   6 

+  3240329 
+  324033 
+    8 

+  9868 
+  99 
+  1 

+  324036 
+     3 
+  324039 
+  32404 
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8.  ««  =  242,070,624. 

There  if  onlj  one  real  root    It  lies  between  600  and  700. 


+   0      +0 

+  660      +S60000 

-  242970624 
+  216000000 

+  600 
+  600 

+  360000 
+  720000 

-  26970624 
+  22328000 

+  1200 
+  600 

+  1080000 
+  36400 

-  4642624 
+  4642624 

+  1800 
+  20 

+  1116400 
+  36800 

0 

+  1820 
+  20 

+  1153200 
+   7466 

+  1840 
+  20 

+  1160666 

+  1860 
+   4 

624 


+  1864 


0.  x*  =  707,281. 

There  if  only  one  positire  root.    It  lies  between  20  and  30. 
There  is  only  one  negatire  root.    It  lies  between  —  20  and 

-707281    I  29 
+  160000 

-  647281 
+  647281 


-30. 


+  0 
+  20 

+   0 
+  400 

+  400 
+  800 

+  1200 
+  1200 

+    0 
+  8000 

+  20 
+  20 

+  8000 
+  24000 

+  40 

+  20 

+  32000 
+  28600 

+  60 
+  20 

+  2400 
+  801 

+  60600 

+  80 
+  9 

+  3201 

+  89 


±  29  are  the  only  real  roots 
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10.  :t»  = 
There  is 


+ 
+ 


0 
40 


+   40 
+    40 

+   80 
+   40 

+  120 
+    40. 

+  160 
+   40 


147,008,443. 

only  one  real  root    It  lies  between  40  and  60. 

+       0        +  0        +  0 

+  1600        +    64000        +    2660000 


+  200 
+  3 
+  203 


+  1600 
+  3200 

+  4800 
+  4800 

+  9600 
+  6400 


+  16600 


+    64000 
+  192000 

+  256000 
+  384000 


+  640000 
+   49827 


+  16000      +  689827 
+     600 


+    2560000 
+  10240000 


+  12800000 
+    2069481 

+  14869481 


- 147008443  143 
+  102400000 — 


-   44608443 
+    44608443 


There  is  oaly  one  veal  root.    It  ties  between  —  2  and  ^  3. 


+  0 

+  3 


+  720 
+ 6 

+  726 
+  6 
+  732 
+  6 


+  738 
+  7 


+  2 
+  4 


+  201548 
+  20155 
+   63 


+  20218 
+ 63 

+  20281 
+  2028 
+  203 
+  20 


-  20  I  2.469547+ 
+  12' 


+  2 

+  3 

+  6 
+  8 

-8000 
+  6624 

+  4 
+  3 

+  1400 
+  256 

- 1376000 
+  1182936 

+  60 
+  4 
+  64 
+  4 
+  68 
+  4 

+  1656 

+  272 

-  193064 
+  181962 

+  192800 
+  4356 

+  197166 
+   4392 

- 11102 
+  10140 

-962 

+  812 

-150 
+  140 

-    10 


The  real  root  is  -  2.469547+ 
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W.  «»-10xa  +  8*+ 120  =  0. 

There  is  only  one  real  root.    It  lies  between  *  2  and  —  3. 


+  10 
+   2 


+  1810 
+ 6 

+  1816 

+ 6 

+  1822 
+       6 


+  1828 
+  18 


+    8 
+  24 


+  860528 
+  86053 
+      144 


+  86197 
+      144 

+  86341 
+  8634 
+  863 
+  86 


120  I  2.768346+ 
64  ' 


+  12 
+  2 

+  32 
+  28 

-  56000 
+  50183 

+  14 
+  2 

+  6000 
+  1169 

-5817000 
+  5097576 

+  160 
+  7 
+  167 
+   7 
+  174 
+   7 

+  7169 
+  1218 

-  719424 
+  689576 

+  838700 
+  10896 

+  849596 
+  10932 

-29848 
+  25902 

-  3946 
+  3452 

-494 
+  430 

-  64 


The  real  root  is  -  2.768345+ 


^ 
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18.  aJ»-3a;2-4a:+18  =  0. 

This  equation  has  two  roots  between  2  and  3. 


~3                          -4 
+  2                            -2 

+  13    2.3568958 
-12 

-1 

+  2 

-6 
+  2 

+   1000 

-     903 

+  1 

+  2 

'400 

+    99 

+  97000 

-  86625 

80 

3 

-301 
+  108 

+  10375000 

-   9048984 

33 
3 

36 
3 

• 

-19300 

+    1975 

-  17825 
+    2000 

+    1326016 

-   1184408 

+  141608 
- 132948 

890 
5 

395 
5 

- 1532500 

+      24336 

- 1508164 
+      24372 

+  8660 
-7385 

+  1275 
-1184 

400 
5 

- 1483792 
- 148379 

4060 

+       328 

6 
4056 

- 148061 
+       328 

6 

4062 
6 

-  1477i 
- 14775 
-1477 

1  J  o 

)o          ^0  SIX  places  tb.oooow 

4068 
41 

— 148 

4M 
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2  ^  TOOO 
The  roots  are  separated  after  the  first  transf ormatioD,  for :  —^ 

400  ^^ 

ffiyes  6,  and gires  6  for  the  next  figure  of  the  root.    By  trial  4 

2x3^ 
is  too  large.    We  therefore  try  3  as  aboTe. 
The  greater  root  after  the  first  transformation  as  follows : 


30 
6 


6070 
2 

6072 
2 

6074 


-400> 

+  2I61 


+  1000  I  2.692021 
-1104 


36 
6 

-184 
+  252 

-104000 
+  100809 

42 
6 

6800 
4401 

-  3191000 
+  3166888 

480 
9 

489 
9 

498 
9 

11201 
4482 

-34112 
+  31772 

16683( 
101^ 

16784^ 
101^ 

M) 
14 

14 
L8 

-  2340 
+  1689 

-  761 

1688692 

16886 

1689 


The  change  of  sign  in  the  last  terra  shows  that  we  haye  passed  over 
a  root,  yIz.  :  the  less  root  calculated  above. 
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14.  2a:*  +  8x«-35x2-36a:  +  117  =  0. 

The  two  nearly  equal  roots  lie  between  2  and  3. 


+  8 
+  4 


+  240 
+  2 
+  242 
+  2 
+  244 
+  2 
+  246 
+   2 


+  2480 

+ 4 

+  2484 

± 4 

+  2488 

+ 4 

+  2492 
+   4 


+  2496 
+  2 


-36 
+  24 


+  6342 
+  244 

+  6586 
+  246 


+  683200 
+  4968 

+  688168 
+  4976 

+  693144 
+  4984 


+  698128 
+  6981 

+ 2 

+  6983 

± 2 

+  6986 
+ 2 

+  6987 
+  70 
+  1 


-36 
-22 


+  12 
+  4 

-11 

+  32 

+  21 
+  40 

-58 
+  42 

+  16 
+  4 

-16000 
+  6342 

+  20 
+  4 

+  6100 
+  242 

-  9658 
+  6586 

-  3072000 
+  1376336 

-  1695664 
+  1386288 


+ 


309376 
30938 
6983 


+ 

23956 

6985 

+ 

16970 
1697 
210 

+ 

1487 
210 

+ 

1267 
127 
2 

+ 

126 
2 

-   123 


+ 117 1  2.121320+ 
-116^ 


+  10000 
-  9658 


+  3420000 
-  3891326 


+  28672 

-  23956 

+  4717 

-  4461 

+  256 
■*  250 

+  6 


+  2 


+  6981 

± 6 

+  6987 

± 6 

+  6993 
+  7 


-  30938 
+  20961 

-  9977 
+  20979 

+  11002 
+  1100 

+ 7 

+  1107 

+ 7 

+  1114 
+  111 
+  11 


+  28672  I  2.123113+ 

-  39931 

-  1259 
+  1107 

-162 
+  111 

-  41 
+  33 

-  8 
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1ft.  x«+lla:«-102ar+ 181  =  0. 

The  two  nearly  equal  roots  lie  between  3  and  4. 


+  11                          - 102 
+   3                           +42 

+  181  1  3.213127  + 
-180 

+  14 
+   3 

-  60 
+    51 

+  1000 
-   992 

+  17 
+   3 

-900 
+  404 

+  8000 
-6739 

+  200 
+      2 

-496 
+  408 

+  1261000 
-  1217403 

+  202 
+      2 
+  204 
+      2 

-8800 
+  2061 

-6739 
+  2062 

+  43597 
-34183 

+  9414 
-6788 

+  2060 
+       1 
+  2061 
+        1 

-467700 
+    61899 

-  405801 
+    61908 

+  2626 
-2373 

-263 

+  2062 
+        1 

-  343893 

-  34389 

+  20630 
+         3 
+  20633 
+         3 
+  20636 
+         3 

+      206 

-  34183 
+     206 

-  33977 
-3398 
+       4 

+  20639 
+  206 
+  2 

-3394 
+       4 

-3390 
-339 

1 
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1        +  2060               -  8800 
+       2               +  4124 

+  8000    3.229521  + 
-  9352 

+  2062 
+        2 

-4676 
+  4128 

-  1362000 
+  1180989 

+  2064 
+        2 

-    64800 
+  186021 

-171011 
+  163835 

+  20660 
+         9 

+  131221 
+  186102 

-7176 
+  6768 

+  20669 
+         9 
+  20678 
+         9 

+  317323 
+  31732 
+    1036 

+  32767 

-4oa 

+  339 
-69 

+  20687 
+  207 
+  2 

+    1036 

+  33802 
+  3380 
+       4 
+  3384 
+       4 
+  3388 
+  339 

Exercise  84. 

Determine  by  Sturm's  Theorem  the  number  and  situation  of  the  real 
roots  of  the  following  equations : 

1.  a*-4xa-llar  +  43  =  0. 

/  (a:)=a:8-4x2-lla:  +  43 
/'(a:)  =  3a:2-8ar-ll 


3-   8-11 
6-16-22 
6-21 

1- 
3- 
3- 

.   4-11+    43 
.  12  _  83  +  129 

■  8-n 

1- 
3 

-4 

6-22 
10-44 
10-35 

.      -    9 
+    9 

■    4-22+129 
- 12  -  66  +  387 
-12  +  32+    44 

-  98  +  343 
2-     7 

« 

X=—  00 

.'.f(ix)  =  x^- 
f(x)  =  Bx^ 

/3(X)=9 

+ 

4a72--llx  +  43 
-8x-ll 

-7 

-             + 

3  variations. 

x=0 

+              - 

-             + 

2  variations. 

X=  +  00 

+              + 

+              + 

0  variations. 
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.'.  There  is  one  negatire  root  and  two  positive  roots. 
Again  /(-  4)  =  -  41,  /(-  3)  =  +  13 

/.  The  negative  root  lies  between  —  3  and  —  4. 

/(3)  =  +  1.  /(4)  =  - 1.  /(5)  =  +  13 

.*.  One  positive  root  lies  between  3  and  4,  the  other  between  4  and  5. 

2.  x«  — 6x2+7jr-3  =  0. 

/(T)=jr»  — 6x»+7x  — 3 
.      /'(ar)  =  3x»-12a:+7 


3-12+  7 
6-24+14 
6-   3 


-21+14 
-6+4 
-6+3 


+    1 
-   1 


1- 

3- 
3- 

6+    7- 
18  +  21  - 
12+7 

3 
9 

— 

6+14- 
6  +  24- 

9 
14 

-10  + 
2- 

5 
1 

1^2 


3-3 


/.  /  (x)  =  jr»  —  6a:3  +  7x  — 3 
/'(x)=3a:3-12a:+7 
/,(t)=2x-1 

/«        /W        /«W       /sW 

-  •  +  -  - 

-  +  -  - 
+               +               +              - 

.*.  There  is  one  positive  root  and  no  negative  roots. 
Again  /(4)  =  -  7,  /(6)  =  +  7 

.'.  The  only  real  root  lies  between  4  and  5. 

3.   x*  — 4jr»  +  x2  +  6x  +  2  =  0. 

/(x)  =  x*-4x«  +  x2  +  6x  +  2 
/'(x)=4x«-12x2  +  2x  +  6 


X=  —CO 

x  =  0 

X=  +  GO 


2  variations. 
2  variations. 
1  variation. 


4- 

-12  + 

2  + 

6 

:l: 

-   6  + 

1  + 

3 

-30  + 

5+16 

10- 

-20- 

14 

— 

-10+19  +  15 

- 

-10  +  20  4-  14 

— 

1  + 

1 

1- 

1 

1 

2- 

2 

-4+1+   6+ 
-  8  +  2  +  12  + 
-6+1+    3 

2 
4 

-2+1  + 
-2  +  6- 

9  + 
1- 

4 

3 

-6+10  + 
6  -  10  - 
6-    5 

7 
7 

I 

5- 

5  + 

7 
6 

12 
+  12 

I'-l 


2-2 

6-6 
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/./(a:)  =  ar*-4x8  + 

a:2  +  6 

x  +  2 

/'(a:)=4ar8-12a:5 

'  +  2x. 

4-6 

/3(r)  =  6ar2-10x 

-7 

/3(X)  =  X-1 

/*  W  =  +  12 

/C^)       y^W       /2W 

/sW 

/4W 

X=  — 00 

+             -             + 

— 

+ 

4  variations. 

x  =  0 

+             +             - 

— 

+ 

2  yariations. 

X=  +  00 

+             +             + 

+ 

+ 

0  yariations. 

.*.  There  are  two  positiye  roots  and  two  negatiye  roots. 
Again,  A0)  =  2,   /(-})  =  -VV,   /(-I)  =  2 

.*.  One  negatiye  root  lies  between  0  and  —  i,  and  one  between  —  } 
and  —  1. 
Also,  /C2)  =  2,   yiC2J)  =  - 0.1876,   A3)  =  2 

.*.  One  positive  root  lies  between  2  and  2^,  and  one  between  2 J  and  8. 


4.  x* 


-6x»+ 10x2 -6a: -21  =  0. 


r3-6x-21 


/(x)  =  x*  — 6x»+10x3  — 6x. 
/'(x)  =  4x*-16x3  +  20x-6 


4-16  + 
20-76  + 
20+112- 

m-      6 

100-       30 
1464 

1664  -       30 
7820  -      160 
6236  +  68442 

13056  -  68692 
272+    1429 

./(x)  =  x*-6 
/(x)  =  4x3- 
/,(x)  =  -6xs 
/,(x)  =  -272 

/i  w  =  - 

1-   6+10-     6-   21 
4-20  +  40-   24-   84 
4  -  15  +  20  -     6 

1-6 

-187  + 
-936  + 
-936- 

-   6  +  20-    18-   84 
-20  +  80-   72-336 
-20  +  76-100+    30 

— 

6+    28-366 
-   6-   28  +  366 
-1360-    7616+99662 
-1360+    7146 

-4+187 
+  6 

-  14761  +  99662 

• 

+ 

;aJJ+10x3-6x-21 
16x2  +  20x-6 
-28X+366 
X  + 1429 
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/(')  /'W  fM  Ad-r)  Mx) 

T^  —  Qo           +  —            —            +  —  3  yariations. 

z  =  0                 —  —            +            +  —  2  yariations. 

x=  +  Qo            +  +            —            —  —  1  variation. 

.'.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 

Again,  JXP)  =  -  21,  y^r^  i)  ==  +  5 

.*.  The  negative  root  lies  between  0  and  —  1. 
Also,  /(3)  =  -  3,  /(4)  =  +  51 

.'.  The  positive  root  lies  between  3  and  4. 


6.  a:*  — x»  — xa  +  6  =  0. 


/(T)  =  ar*-a:«  —  a^  +  6 
/(x)  =  4x8-3ar2-2x 


4-      3-        2+        0 
44-   33-     22+        0 

44-|.      8-384 

-  41+    362+       0 

-  461  +  3982  +        0 

-  451  -     82  +  3936 

4064  -  393(5 
-    127+    123 


X=  —00 

2=  +  OD 


1-1- 

4-4- 
4-3- 

-  1  +  0+  6 
.  4  +  0  +  24 

-  2  +  0 

-1- 
-4- 

-4-f 

-  2+0  +  24 

.  8  +  0  +  96 

-  3+2+  0 

1397  + 
1397 

.11-2  +  96 
11  +  2-96 
264  - 12192 

1363 

1607  -  12192 

+ 

+ 
+ 
+ 


:.  /  (ar)  =  ar*  -  T«  —  x^  +  6 
/'(x)  =  4a:«-3x2-2x 
/,(a:)=lla:2  +  2x-96 
/,(x)  =  - 127  X  +  128 

-  + 


0 
+ 


+ 
+ 


AW 

+ 

+ 
+ 


Ther9  are  four  imaginary  roots. 


1-1 


4-41 
-11 


2  variations. 
2  yariations. 
2  variations. 
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6.  x*-2j:8-3ar2+10a:-4  =  0. 


/(T)  =  r*-2a:8-3x2+ 10a:  —  4 
/(j:)  =  4jr8-6.r2-6ar+  10 

4«   6-   6+10  l_2-34-10-   4 

2-3-3+6  2-4-6  +  20-8 

18-27-27  +  46  2  -  3  -  3  +    6 

18  -  64  +  22 


27  -  49  +  46 
27  -.81  +  33 

32  +  12 
-   b-   3 


1-1 


-1-3+15-   b 
_  2  -  6  +  30  -  16 

-2  +  3+    3-    6 


-9+27-11 
9-27  +  11 
72-   216+      88 

72+      27 


-  243+  88 
-1944+  704 
-1944-    729 


+  1433 
-1433 


2  +  3 
-9  +  243 


/. /(z)  =  ar*-2x«-3a:2+10:r-4 

/'(a:)  =  4x« -6a:2-6a:  +  10 

fi(x)  =  dx^-27x  +  ll 

/3(r)  =  -8T-3 

/,(a:)  =  -1433 

/W       f'W      fM      /sW      AW 

*=-00 

+            -            +            +            - 

3  variations 

*  =  0 

-            +             +            -            - 

2  variations 

X=  +  00 

+             +            +            -            - 

1  variation. 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 

Again,  /(-  2)  =  -  4,  /(-  3)  =  +  74 

.*.  The  negative  root  lies  between  —  2  and  —  3. 
Also,  /(0)  =  -4,  /(I)  =  +  2 

/•'...Thei. positive  root  lies  between  0  and  1. 

7.  x»+2a:*  +  3a:8  +  3x2-l  =  0. 

/(r)=j:6^.2.r*  +  3T8  +  3r»  —  1 
/'(ar)  =  6a^  +  8ar8  +  9x2  +  6x 

Bothyi^ar)  and/' (a:)  vanish  when  r=:  — 1. 
«r=  —  1  is  therefore  a  double  root  off(x)  =  0. 
Divide  yX^r)  by  (x  +  1)2. 
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The  depressed  equation  is 

a^  +  2x-l  =  0 

Now  let 

/(r)  =  x»  +  2x-l 

Then 

/'(x)  =  3xa+2 

3+   0+   2 

1+0+2-1 

12+0+8 

3+0+6-3 

1 

12-9 

9+    8 

3  +  0  +  2 

-3- 

4-3 

-9 

36  +  32 

-4  +  3 

36-27 

+  69 

-69 

/./(x)  =  jr»  +  2a:-l 

/'(T)  =  3:r2  +  2 

/,(x)  =  -4x+3 

/,Cr)  =  -69 

A')       /W       fM      /sW 

X=  — 00 

-            +            +            - 

2  variations. 

x=0 

-            +            +            - 

2  variations. 

Jf  =  +  00 

+ 

+            - 

— 

1  variation. 

.*.  There  is  one  positive  root  and  two  imaginary  roots. 

Again,  /(0)  =  -l,       /(!)  =  + 2 

.'.  The  incommensurable  real  root  lies  between  0  and  1. 


S.  ar«  +  x»-2x2  +  3ar-2  =  0. 


/  (a:)  =  j:6+aJ_2i:«  +  3r-2 
/  (ar)  =  6x*  +  3x3  _  4a:  +  3 


6+   0  + 
5-16  + 


3- 
30- 


4  + 
25 


16 

-   27+    21  + 

•6 

16 

-   45+    90- 

lb 

18-   69  + 

78 

-     6+23- 

26 

-  210  +  806  - 

910 

-  210  +  372 

433- 

910 

16166- 

31860 

16165  - 

26896 

1  +  0+1-  2+  3-  2 
6  +  0  +  6-10+16-10 
6  +  0  +  3-  4+    3 


2-  6+12-10 
1+  3-  6+  6 
6+18-36  +  30 
6  +  23-26 


6-10  +  30 
6-12  +  36 
6  +  23  —  26 


-36  +  62 
36-62 


-5-16 
1  +  1 


-6  +  483 
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/  (r)  =  .r5  +  x« - 2a:2  +  3a: - 2 
/' (t)  =  5x*  +  3a-2  -  4a:  +  3 
f^lx)  =  -  x^  -^  Sx^  -^6x  -{-  6 
/j  (x)  =  -6a^*  +  23ar-26 
/,(a:)  =  36x-62 

/W   /'W   /2W   /sW   ./iW    /bW 
ar  =  -.a)  -  +  +  --  + 

x  =  0  -        +        +        --        + 

x=  +  <»  +  ^:  -  -  +  + 

/.  There  is  one  positive  root  and  four  imaginary  roots. 
Again  /(0)  =  -2,  /O)  =  +  1 

/.  The  real  root  lies  between  0  and  1. 

Exercise  85. 
Solve  the  equations : 

1.  x^  +  lx^-lx-'l^O. 

a:*-l  +  7a:(a:2-l)  =  0 


3  variations. 
3  variations. 
2  variations. 


.•.  X  =  db  1,  or 


-7±3V5 


Divide  by  a^. 


Put 
Then 


x  +  -  =  ^ 


z2-2  +  2«+l  =  0 

2  =  — Idb  V2 

x+-  =  -l+ V2  •  ^ 


+  i  =  -l-.  V^ 


—  14-  V2db  V-2V2- 


a-2  +  (1  +  \/2)  X  +  1  =  0 


...x=^^ 


•   ■  •*»  ^— 


—  1  — v^db  V2V2--I 


8.  a:8-3x6  +  5x*-5x2  +  3x-l  =  0. 

aJ»-l-3x(x*-l)  +  6x2(x2-l)  =  0 

Divide  by  x2  —  1, 

a44.a:2  4.i_3a:(a:2+l)  +  5x2  =  0 

a:4  _  3a:8  +  6x2  -  3x  +  1  =  0 
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DiTide  hy  afl,  jfl^  l^s(x •{■-]-{■  6  =  0 

X*         \        xj 

Put  X-{'\  =  Z 

X 

«2-3«  +  4  =  0 

3±  V=^ 

2 

^  .  1_84- V=^                                        i_3-VI^ 
*+-  = r ar  +  -= 


^J(3±^).^a=o      «^-(;^) 


3+vCTiV-14+6v^  3_>/i:7±  V-14— dv^ 

4  4 


4.  a:*  — 5a:»  +  6ar2  — 5ar  +  l=0. 

Divide  byar^,  x2+--5fx+-W6  =  0 

x^         \        a:/ 


Put 


X  +  l  =  . 

«3. 

-2- 

-5«  +  6  =  0 

«2- 

-6«  +  4  =  0 

z  =  1,  or  4 

x+l  =  4 
x2-4ar+l  =  0 

^_i±  v::r3 

x  =  2±  V3 

Divide  by  x*,        2[x2  +  i ^  -  S^x  +  M  +  6  =  0 

Put  X  +  1  =  z 

2(z2_2)-6z  +  6  =  0 
222-6z  +  2  =  0 

.'.  z  =  2,  or  J 

x+-=2  x+-=- 

X  X      2 

x2-2x+l  =  0  x2-.Jx+l  =  0 

x=l,l  .=  Uv^II 
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6.  x^-'4x^-{-x^  +  x^-4x+l  =  0, 

aJi  +  1  -  4a:(x8  +  1)  +  J:2(a:  +  1)  =  0 

Divide  by  x+1, 

a:4  «  aJJ  +  J.2  _  a:  +  1  -  4  X  (a:2  -  a:  +  1 )  +  a:2  =  0 

a^  _  5  j:3  4.  6  x2  -  6ar  +  1  =  0 
Divide  by  0^,  (^  + ^2) -^  (^  +  ^) +^  =  ^ 

Put 


X  +  i=« 
X 

«?■ 

-2-6«  +  6  =  0 
;22_5«4.4=0 

z  =  1,  or  4 

a:  +  i  =  l 

x+i  =  4 

X 

a:3-x+l  =  0 

aJJ-4x+l  =  0 

1± 

r  — r  

v= 

15 

x  =  2±  V3 

7.  X*- 10x8  + 26x2- 10x  + 1  =  0. 

Divide  by  x2,       ^x^  +  iU  10  f  x  +  1  j  +  26  =  0 

Put 


Z2. 

X  +  i  =  «. 

X 

-2-102  +  26  =  0 
z2- 102  +  24  =  0 

2  =  4,  or  6 

x  +  i  =  4 

X 

-4x  +  l  =  0 

x  =  2± 

V3 

x  +  i  =  6 

X 

x2-6x+l  =  0 

x  =  3±2v^ 

8.  x«  +  mx2  +  mx  +  1  =  0. 

x8  +  1  +  mx(x  +  1)  =  0 
Divide  by  x  +  1,  a:2  -  x  +  1  +  mx  =--  0 

x2  +  (m  -  l)x  +  1  =  0  

1  —  m  ±  Vw2  _  2  7«  —  3 
.*.  x  = r 


-      1  -  m  db  \/to2 -2_m--3 
/.  X  =  —  1, 
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9.  ar«  +  a:*  — jr»  — a:«4.x+l  =  0. 

Jfi  +  l  +  x{x»+l)^3^(^x+l)  =  0 
Divide  by  x  +  1, 

ar4-.x»  +  ««-x+l  +  x(x2-.*+l)-x2=0 


Divide  by  afi, 

««+ 

1 

x^ 

1  =  0 

Put 

*  + 

1 
-  =  z 

X 

«2- 

-2- 

-1  =  0 

z=±VS 

*  +  i=V3 

1         ^ 

a:  +  -  =  -V3 

ac*- V5x+1  = 

V3±  V-l 

0 

x2+  >/3x+l  =  0 
,    ^     -V3±V-1 

a    •     X  —^ 


2 


•  '     2 '  2 


10.   8x»  — 2a:*  +  5jr»  — 5a:2  +  2x-3  =  0. 

3(x6-.l)-2x(x»-l)  +  6x2(x-l)=0 
Divide  by  x  —  1, 

8  (x*  +  x«  +  xa  +  X  +  1 )  -  2  X  (x2  +  X  +  1 )  +  5  x2  =  0 
3x*  +  x»  +  6x2  +  x  +  3  =  0 


Divide  by  x*            3  ( x^ 

■*i} 

+  ar  + 

-  +  6  =  0 

X 

Put 

x  +  i  =  « 

X 

3(za 

-2)  + 

«  +  6  =  0 

3- 

?2  +  2:=0 

.'.  «  =  0  or  —J 

X 

'+i-i 

xa+l  =  0 

xa  +  Jx  +  l  =  0 

x=±  V-1 

^_-l±  V-35 

6 
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Exercise  86. 


Solve  the  binomial  equations : 


1.  a*+l  =  0. 
Put 


But 


8.  x8-l  =  0. 


Let 


Let 


X2  = 
8  J,  1  _ 


/.  y«  +  1  = 


y 

0 


•••  y 


=  —  1,    —  <Of    —  0>* 


=  Of 


±  V—  1,  ±  V— «,  ±  v—ft? 

4 


.'.  V— «  =  V— «* 


•      •         IW      ^^~ 


0^2  V-1 


(^-l)(a:*  +  l) 
/.  X 


0 
0 
0 

:  ±  1,    ±  V^a 

0 


(-iT- 


2  =  0 


=  ±V2 


a:^  — V2jr+1  =  0 

V2±vCr2 


ar  = 


2 


x  +  -  =  -V2 

a:2+ V2x  +  1  =  0 

-\/2±V^ 

X  =  ■ 


3.  x»-l  =  0. 
Let 

Let 


X*: 

.-.  y 

.-.    X8 


y 

0 

1,  W,  ftl^ 

1 

1, »,  «^ 


400.  OOhLBQ^  ALGE3BA* 


Let  3fl=  a 

Let  jr»=«2^ 

.',  0?=  1,  «,  •»•,  \/«,  «Va,  fip^Va,  \/»^^  wVw^,  eg^y/t?. 

4.  x»-243  =  0. 

(x-.3)(z*  +  3:r«+9ara  +  27x+81)  =  0 

.-.  x  =  S 
or  a:4  +  3j»  +  9x2+27ar  +  81  =  0 

DiTide  by  9  *a,  ^%  ^  +  ?  +  ?  + 1  =  o 

9      x-*      3      X 

Pnt  f  +  -  =  * 

3      X 

z3  +  z  —  1  =  0 

.'.  z  = 


X     3^-l-V6 


X     8_-l  + VS 

3     X  2  3x2 

x.+  8-3V5^  +  9  =  0  ^  +  ^±p^^+9  =  0 
2  2 


_~3  +  3V6j:V--90-18\/6       .      _-3-3V6±V-90-18V6 


=  t(-l  +  \/6  +  VlO  +  2V6v<=n[)       =J(-l--v/6  +  VlO  +  2>/6V^) 

6.  Find  the  quintic  on  which  the  solution  of  the  equation  x^  =  l 

depends. 

xii  - 1  =  0 

(x  —  l)(arW  +  x»  +  x8  +  x7  +  x6  +  x«  +  X*  +  ar»  +  x2  +  X  +  1)  =  0 

.'.  X  =  1 
or  xio  +  x»  +  x8  +  x7  +  x«  +  aHi  +  a^  +  ar»  +  x2+x+l  =  0 

Divide  by  x*, 

x6+i  +  x*  +  -i4-x8  +  i  +  x2  +  i  +  x  +  ?^+l  =  0 

X*  X*  X**  X^  X 

Add  6x8+10x  +  i5  +  ^ 

X         X* 

and  4x2  +  6  +  4 


x2 


to  both  sides  of  the  equation. 
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Then 


X      x^     or  x^     x^ 

afi  x^  X 

=  5x»+10a:  +  ^  +  A  +  4a:2  +  6  +  i 

XX*  x^ 

\        x/        \        a:/  ar  a^*  a: 

=  6x»  +  10  a:  +  —  +  ^  +  4x2  +  6  +  i 

...(,.!)V(..iy..(^;.).,(..i)-,(,.i)-.=. 

12 
Again,  subtract- 12  x  H and  6  from  both  sides  of  the  equatioB. 

X 

Then 

=  _12(x+i)-6 


1 


x+  -  =  « 

'    X 


Put 

Then  «5^.24_4;j3_3;j2_j.22  +  l  =  0 

and  this  is  the  required  quintic. 

6.   Show  that  x*  ±  y^  =  (ar  ±  y)  (x  ±  «y)  (x  +  <i^y), 

x8±y8  =  yM-±lj 

Let 


X 


y 


Then 


a*±y^  =  y^(jfi  ±  1) 

=  x8(«  +  \){z  ±a>)(z±  ft)2) 

-''(^■)(^-)(^-) 

=  (x  ±  y)  (x  ±  <ay)  (x  ±  «2y) 

7.   Show  that 

x^  +  y2  -J.  a;a  —  ya:  —  ac  —  xy  =  (x  +  «y  +  ^^)  (jc  +  «^y  +  ««). 
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+  •**! 

+  «»« 

r 

+  o.2y«  +  ««za 

But  «« =  1 

.'.   c»^  =  c» 

and  «  +  o^  =  — 1 

/.  The  product  it 

3^ -^  y^ -^  3^ -^  xy -^  yz  ^  xz, 

S.  If  a  U  an  imaginary  root  of  o:^  —  1  =  0,  show  that 

(1  -  a)(l  -  o2)(l  -  a»)(l  -  a*)  =  5. 

If  ar6-l  =  0 

(x  —  1)  (a:*  +  jr»  +  x^  ^.  jp  +  1)  -_  0 

/.  X  =  1 
or  x*  +  x»  +  ar2  +  a:+l  =  0 

The  four  imaginary  roots  are  the  roots  of  this  latter  equation. 
Since  a  is  one  root,  a^  a?,  and  a^  are  the  other  three  roots,  denote 
these  three  roots  bj  /3,  7,  and  S. 

Now  (l-a)(l-i8)(l~7)(l-8) 

=  l-.(a+i8+7+8)  +  (oi8  +  a7  +  a8  +  iB7  +  i8«  +  7a) 

—  (0^7  +  oi88  +  a78  +  ^878)  +  a/878 
But  a+iB4-7+«  =  —  1 

oj8  +  a7  +  tt8  +  187  +  /88  +  78  =  1 
0)87  +  oi85  +  ayl  +  i878  =  —  1 

0/875  =  1 
/.  (1-.«)(1-)8)(1-7)(1-«)  =  1  +  1  +  1  +  1  +  1 

=  5 


Exercise  87. 

Find  the  three  roots  of : 

1.  x»  +  6xa  =  36. 

a=l,  6=2,  c=0,  rf  =  — 36 

/.  J7=-4,  Gt=-20 
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J4 

v  =  -:?^*  =  4,  orl6 
u 

,\  The  values  of  z  are 

And  the  values  of  x  are 

-.2  +  2\^+v'4,    -2  +  2«v^+«2v^4,   -2  +  2«2v^2+«\^ 

2.  3ar«- 6x2-2=0. 

a  =  3,  fe  =  -2,  c  =  0,  rf  =  -2, 

/.  H=  -  4,  g  =  -  34 

.^^34Wll66-256^2or32 

t;  =  -:??  =  32or2 
u 

The  values  of  z  are 

^+2^/4,  a,^/2+^«2^,  «2v/2  +  2a,v/i 

And  the  values  of  x  are 
J(2+^/2  +  2v^),     J(2  +  a,v^-H2«2v^),    J(2  + -^v^  +  2a,v^) 

8.  a:»-3x2  — 6x-4  =  0. 

a=l,    6=:-l,    c  =  -2,    rf  =  -4 
.-.  fi-=  -  3,     G  =  -12 

^^12W144-108^3^^^^ 

v  =  -:^  =  9,or3 

.•.  The  values  of  z  are 

^+v^,    «v^  +  «2^/9,    «2^3  +  «\/9 
And  the  values  of  x  are 

l+</3+v/9,     l  +  «\/3  +  a;a{/9,     1  +  „2  ^3  +  «  v^ 

4.  9a;« - 64x2 +  90x- 50  =  0. 

a=9,    6  =  -18,    c  =  30,    rf  =  -50 
/.  fi-=-64,     G^  =  -1134 


t*  = 


1134  i:V9*X  142 -9^X96  ^  ^^^g^  ^^  ^73 


V  =  -  :5!  =  972,  or  162 


ti 
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.*.  The  TRlues  of  z  are 

yJ\m-\-y/Wl,    «  >yi62  +  «2  ^972,     fl,2'v/i62  + <»  v^972 
or  3\/6  +  3v/36,    3  «  v^B  +  3  «2  ^86,     3  «2  v^6  +  3 «  v^36 

And  the  values  of  x  are 
2  +  Kv^^+\^36).    2  +  |(«  v^6  +  «2  v^36),    2  +  i  («*  v^6  +  «  v'Se) 

5.  a»  +  3jiw3  =  in2(m+l)^. 

a=l,  6  =  m,  c  =  0,  rf  =  -  jn2(„,  ^.  i)a 

m*  +  m2  ±  Vm'*  +  2  m**  +  m*  —  4  m® 

11  = ■ ■ ■ 

2 

~  2 

=  m*,  or  m2 

»  =  -  — 

u 

=  m2,  or  m* 
.*.  The  values  of  z  are 

m  Vm  +  Vm*,  <»in  y/m  +  o>2  \/w2,  o>'m  y/m  +  «  >/in2. 
And  the  values  of  x  are 
^m^m  v^+  v^m2,  -m  +  «m  v^  +  «,2^w2^  -  m  +  •2^^+ .•'^^. 

6.  In  the  case  of  the  cubic,  putting 

X  =  o  +  »i3  +  »^7,    i/  =  a  +  ^^  +  «»7, 
■how  that : 

X8+ilf8=25a8-35o2i3+  12aj87 


^      27  g 

/>2 


Z»  -  ilf  8  =  -  3  V:r3(i8  -  7)  (7  -  o)<a  -  i8) 
(«  +  wiS  +  «a^)»  =  a»  +  «»i38  +  «V  +  3«a2i3  +  3«2a32  +  3  «2aiy  +  8  •*o7« 

+  3  «*/827  +  3  w^iSy*  +  6  »«aj87 
=  o«+i38  +  7'  +  3  «a2i3  +  36»aa0a  +  Scpajj^  +  8^^^ 
+  8«j827  +  3  6»a^  +  6ai37 
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(o  +  «23  +  «7)^  =  a8  +  «®3*  +  «V  +  3  w^a^/S  +  3  a>*aj32  +  3  wa^y  +  3  a^ay^ 

+  3«6327+  3«*372  +  Qafia^ 
=  a«  +  i88  +  78  +  3«Vi3  +  3«oj82  -^-Zdoc^y  +  3«2a72 

/.  i8+  3/*  =  2(a8  +  38+  78)  +  3(«+  «2)(aaj3+  a32+  aa^H-  aT^ 

+  0^y  +  iSr^)  +  12  a&y 
=  22a8-32o2i3+12ai37 

Wehave  a+i8  +  7  =  — — 

a 

o/B  +  ^87  +  7»  =  — 

a 

afiy  = 

.-.  «^fi  +  0f^a-{-a^'\-(iy^+0^y'{-fir^=(a$  +  $y-^ya)(a  +  fi  +  y)-Sa$y 

—  —  ^^  4.  3^ 
d^  a 

_8arf  — 9fec 

«^  +  i8»+78  =  (o+i8  +  7)8-3(a2i8  +  oi82+aa7+a72+j8«7r+/^ya).6a;87 

a^  a^  a        a 

_27abc-3a^d-^27b» 
a8 
.  £g  .  j^g^64a6c~6a2rf~5468--9a2fl?  +  27a^>c-12agrf 

a8 
_  81  gftc -- 27  g^c/- 54  68 
a3 


-  27  (ggc/ -  3  gJcH- 2  &8) 
27  fit 


a8 


a8 

X3f  =  (o  +  arj3  +  a;*>)(o  ■{- tur^fi -{■  wy) 

=  a^  +  0^-{-y»-a$  —  &yya 

=  (a+3  +  7)^-3(ai8  +  ;87  +  7a) 
^96^_9c 

g2         g 

_  9(62 -egg) 

a2 
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=  Sy/^S  [di8(a  -  /8)  -  (a  +  /3)  (a  -  jB)^  +  (o  -  jB)^*] 
=  3  V^(a  —  3)  (ai3  —  07  -  i87  +  y) 

=  3  V-"lS(o  -  3)  (a  -  7)  (3  -  7) 
=  -  3  V=r3(a  -  i8)(i3  -7)(7-  o) 

7.  From  Ex.  6,  and  the  relation 

(A»  -  J/ 8)2  =  (X8  4.  M^y  -  4  Z,8M «, 
■how  that 

«*  (3  -  7)"^(7  "  a)^(a  -  /8)^  =  -  27  (6^2  ^  4  ^8)^ 

and  thence  deduce  the  conditions  of  §  513. 
We  have 

0-7)(7-«)(«-/8)=^*-*'* 


-3^-3 
...  (0  -  -yj'Cy  -  «)»(«  -  /8)'  =  ^^'jgf  >' 

«»  (/S  -  7)^(7  -  .)V  - /3)-^  =  5^^^;^=^ 

-27 

-27 
^272g2  4.4x272ir8 

-27 

= -27  ((^2+ 41^2) 

Now,  if  o,  $f  and  7  are  all  real  and  unequal,  (o  —  i8)^Xj8  —  7)2(7  —  a)'- 
will  be  real  and  positive. 

6r2  +  4  £f8  ig  therefore  in  this  case  negative. 

If  two  roots  are  equal,  then  one  of  the  quantities  a  —  /8,  3  —  7,  7  —  a 
isO. 

In  this  case  GP  +  4H^  must  be  0. 

If  two  of  the  roots  are  imaginary,  say  3  and  7,  denote  them  by  a  +  61 
and  a  —  61.  Then  a  —  JB  =  o  —  a  —  6/,  a  —  7  =  a  —  a  4-  6/,  and  /8  —  7  =  2  61. 
a  —  $  and  a  —  7  are  therefore  conjugate  imaginaries,  and  their  product 
is  therefore  positive,  and  its  square  is  positive.  But  the  square  of  ;8  — 7 
is  negative.  Hence  in  this  case  (o  —  ;8)2(i3  —  7)2(7  —  0)2  is  negative, 
and  therefore  G^  +  4  IT*  is  positive. 
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Exercise  88. 
Find  the  four  roots  of : 
1.   x*  — 12a:8  +  60x2  — 84j:  +  49  =  0. 
Put  z=x  —  S 

Diminish  the  roots  of  the  given  equation  by  3. 

1     _12     +60    -84    +49 
+    3     -27     +69    -45 


-   9 
+    3 

+  23 
-18 

-16+4 
+  16 

-  6 
+    3 

-  3 
+    3 

+    6 

-  9 

-  4 

+    0 

0 
.*.  The  equation  in  z  is 

.-.  z2  =  2,  2 

z=±  \/2,  db  y/2 
.-.  j:  =  3  ±  v^,  3  ±  v/2. 

2.   jr*-17x2-20a:-6  =  0. 

Compare  the  equation  with 

(x2  4-  px  +  9-)  (x2  —  par  +  9')  =  0 
We  have  q-hq'-p^=  —  n  (1) 

P9'-pg  =  — 20  (2) 

qq'^-6  (3) 

From  (1),  ^  +  9'  =  p2_i7 

From  (2),  qi^q  =  S^ 

P 
.'.  29  =  p2_n  +  20 

P 

29'  =  p2-17-?5 

p6  _  34^4  +  289p2  -  400  =  -  24p2 
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p8  _  34^4  ^  313^2  -  400  =  0 

(jt,2_  16)(;,4».  18;,2  +  25)  =  0 

/.  />  =  ±  4  are  two  roots. 
Hence  we  have 

2q  =  4 

9  =  2 

2g'  =  -6 

.-.  X*  -  17  x2  -  20  a:  -  6  =  (ar2  +  4  a:  +  2)  (j:2  -  4  z  —  3) 

But  x2  +  4j:  +  2  =  0 

gives  x  =  —  2  -fc  V^ 

And  x2-4t-3  =  0 

gives  X  =  2  ±  V? 

.-.  The  four  roots  are  —  2  ±  V2,  2  ±  V7. 


8.   a:*-8z»+16x-21  =  0. 

Let  z  =  T  —  2 

Diminish  the  roots  of  the  given  equation  by  2. 

1     -  8     +20    - 16    -  21  i_2 
+  2    -12    +16    +0 


-6 

+  2 

+    8 
-   8 

+    0 
+   0 

-21 

• 

-4 

+  2 

+    0 
-   4 

+   0 

-2-4 

+  2 

0 
.'.  The  equation  in  z  is 

;r4_4;j2_21  =  0 

.-.  gg  =  -  3,  or  7 

2  =  ±  V—  3,  or  ±  \/7 

x  =  z  +  2 

=  2  ±  V^,  or  2  ±  V7 

4.  x*-llx«  +  46x2  — 117x  +  46  =  0. 

a=l,    6  =  -y,    c=V,    cf  =  -Hi,    e  =  46 

Gf  =  -  ^F  +  ^1-  -  4  P  =  -  W 

/=  46 --Li^  +  aj^  =  -  J^JA 
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Euler's  cubic  is 


,3  +  A,2  +  6435^_310l^ 
16  162         168 


Multiply  the  roots  of  this  equation  by  16. 
The  resulting  equation  is 

««  +  6s2  + 6435s -310  =  0 
or  (»-9)(s2+Us  +  38)  =  0 

.-.  8  =  9 

or  s2+ 14s +  6561  =  0  

.-.  5  =  -7±4VI^407 

t=:^     -7:b4\/-407      -7-4vCr4Q7 

16'  16  '  16 

tt=V^=±|___ 

^^^^J-7  +  4\/I="407^  ^2\^=nT+ V37 
^16  -      4 


^^^^_7-4V-i07^ 


2\/iriT-\/37 


ax 


16  4 

,.      3,  2V^=ni  + V37      2V=ni-V37     3  ,  \/37 
+  o  =  -H =7  H — r— 


^^.A     3     2>/-ll  +  \/37  .  2vCnT-V37      3      \/37 
or  ax  +  0  = = h  =  -  — 

4  4  4  4         2 

.,-.^h          3  .  2  V^=Ti  +  V37  .  2\/:nT  -  V37  3,^/— :rr 

or  ax +  6  =  —  -+ — ! J. =—     4.V— 11 

4  4  4  4 

or  a.  +  6  =  -§-^^^=^^+^^^^^^-^^  =  -g-^rTi 

4  4  2  4 

These  are  the  only  allowable  combinations,  since  Vw  Vv  Vw  =  —  — . 

2 

From  these  we  have 

a:=2+V^^ni,    2-VinT,     i  +  jV37,     ^-J\/37 

6.   ar*-7aH»-60ar2+22U-169  =  0. 

a=l,    6  =  -J,    c  =  -10,    rf=^Ji,    6  =  -169 

.-.  ^=-io-tf  =  -w 

/=  - 169  +  I2<221  .  300  =: 2071 

4  4 

/.  Euler's  cubic  is 

^     627  ^     97907  ^     65025  ^  ^ 

16  162  168 
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Multiply  the  roots  by  16. 
The  resulting  equation  is 

««-.  627  «2  +  97907  «- 65026  =  0 
Or  (s  -  289)  C«2  -  338  »  +  225)  =  0 

.-.  8  =  289,  or  169  ±  4  vTttI 

289       169  +  4  vTttI       169  -  4  VIttI 

16  16  16 

/-      17       ,/-     2\/23+V77         /-     2V2S -Vff 
Vu  =  — ,      Vi;  = f- ,      y/w  = 

4  4  4 

^^^17^  /2V23+  V77\  ^  /2V23~  Vfi\ 

But  from  the  equation 

r   r   /-        ^     .255 

2  64 

it  appears  that  the  order  of  the  signs  must  be  one  of  the  following  form : 

+  +  + 

+  -  - 

-  -  + 

-  +  - 

.    ^      17  .  2V25+  >/77  .  2\/23- V77      17  .      /.^ 

••'  =  T  + 4 + 4— —=4-+ ^^3 

17  2\/23  4-V77      2V23- V77      17         rrry 
or              z:= ■ = V  2o 

4  4  4  4 

17     2\/23  4- V77  ,  2v^- V77         17      V77 
or  z  =■ ■ = 

4  4  4  4         2 


or 


_^      17      2\/23+V77      2v^-\/77^      17      V77 
""44  4  42 

...x  =  6+v^,    6-V23,    =ll+^^,    -^"^ 

2*2 

6.   Show  that  the  biquadratic  can  be  solved  by  quadratics  if  (?  =■  0. 
If  (?  =  0,  the  Eulerian  cubic 


reduces  to 


<3  +  3£ri2+  /3//2-^V  =  0 
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One  root  of  this  equation  is  0,  and  the  other  two  roots  satisfy  the 
quadratic  equation 


«2+3^<+  (sH^'-—\  =  0 


Of  the  three  quantities  u,  v,  and  t&,  u  is  therefore  0,  and  v  and  w  are 
the  roots  of  a  quadratic  equation,  x  is  then  obtained  hy  extracting  the 
square  root  of  v  and  w,  and  combining  the  results. 

Hence  the  process  of  obtaining  x  involves  only  the  solution  of  quad- 
ratic equations. 

7.  Show  that  the  two  biquadratic  equations 

ax*-^6cx^±4dx-\-e  =  0 

have  the  same  reducing  cubic. 

Since  6  =  0,  we  have 

H=ac,  G=±a^d,  I=ae-\-Sc^ 

But  since  the  Eulerian  cubic  involves  G  only  in  the  second  power, 
it  will  make  no  difference  whether 

G  =  +  a2c?  or  -  a^d 

8.  Solve  the  biquadratic  for  the  two  particular  cases  in  which  7=0 
and  J=  0. 

(1)  /=0 

In  this  case  the  reducing  cubic  reduces  to 

.'.  the  three  values  of  a$  are  the  three  cube  roots  of  —  -• 

By  §  616,  u  =  a\--'^ff,  etc.; 

whence. the  four  values  of  x  are  easily  found. 
If  «/"=  0,  the  reducing  cubic  becomes 

4 

.-.  t-^  11=0 

or  ((4.j3-)2_^  =  0 

.'.  t'\-H=±-Vl 
2 

2  2 
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9.  Show  that  if  ^  is  positiye,  the  biquadratic  has  either  two  or  four 
imaginary  roots. 

In  the  Eulerian  cubic 

the  last  term  is  always  negative,  since  G^  is  always  positire. 
Ji  H  is  positiye,  the  order  of  signs  is  therefore 

+  +  +  - 

+  +  -  - 

2  T 

according  as  3  H^ is  positiye  or  negative. 

4 

In  either  case  the  cubic  has,  by  Descartes'  Rule  of  Signs,  not  more 
than  one  positive  root,  and  not  more  than  two  negative  roots. 
It  may  therefore  have  , 

one  positive  root  and  two  negative  roots, 
or  one  positive  root  and  two  imaginary  roots, 

or  one  negative  root  and  two  imaginary  roots. 

The  last  case  is,  however,  excluded,  because  the  product  of  the  roots 

must  be  positive,  since is  negative. 

4 

But  the  first  two  cases  are  Case  II.  and  Case  III.  of  Art.  616.  Hence 
the  biquadratic  has  either  two  or  four  imaginary  roots. 

10.  Find  the  reducing  cubic  of 


a:*  —  6aar2  +  8ar  Va^  +  &»  +  €»  -  3a6c  +  (126c  -  Sa^)  =  0. 

Let  6c'=-6o,  id'  =  SVa*  +  b^  +  c»-3a6c,  and  e'  =  126c  — Sa^. 

Then  for  the  biquadratic 

X*  +  16c'x2  +  4c/'a:  +  €'  =  0 
we  have 

/=e'  +  3c'^=126c 

J^=  cV  -  cf'2  -  c'3  =  -  468  -  4c« 

.'.  The  reducing  cubic  is 

4«8-  I26c<  -  4  (68  +  c«)  =  0 
or  ^3  __  3  ^^  _  (58  4.  c8)  =  0 
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11.  Prove  that  J  yanishes  for  the  biquadratic 

3a(a:  — 2a)*  =  2a(a:  — 3a)*. 

Expanding    3(x*  —  8  ax*  +  24  a^x^  -  32  a^x  +  16  aS) 

==  2(x*  -  12aar»  +  64a2z«  -  108a«ar  +  81a*) 
x*  —  36a2x2  +  I20a8a:  —  114ar  =  0 
.-.  fl'=-6a2,     G^=30a3,    /=  3^2_ii4o4  =  _6a* 
J"=  36  a«  -  900  a6  +  864  a«  =  0 

12.  If  the  roots  of  a  biquadratic  are  all  real,  and  are  in  harmonical 
progression,  prove  that  the  roots  of  Euler's  cubic  are  in  arithmetical 
progression. 

In  the  case  of  harmonic  division  \^'~  *^)\y^   )  =  i 

(a-5)(i8-7) 

(a-i8)(7-5)  =  (o~5)(i8-7) 
By  (7),  §516, 

a(a  —  /3)  =  2(\/u—  y/v)  _ 

a(7-5)  =  — 2(\/m+  Vy) 
a2(a-;8)(7-5)=-.4(M-tO 

a(a  -  8)  =  -  2(\/w  +  y^) 

a(i8-7)  =  2(\/i;-\/u;) 
a2(o  -  8)  (3  -  7)  =  -  4  (t;  -  w) 

.*.  v  —  w  =  u  —  r 

.*.  u,  V,  w  are  in  arithmetical  progression. 

Exercise  89. 

1.    (a  +  60*  +  («  -  ^0*- 

(a  +  60*  =  a*  +  4  oSfci  -  6  a262  _  4  afcSi  +  fci 
(a  -  60*  =  a*  -  4a86t  -  6a262  +  4a6«f  +  6* 

Add,  (a  +  60*  +  (o  -  60*  =  2  a*  -  12  a262  +  2  6* 

2.  JL+L  +  JLui. 

l  +  2t      l-2i 

1-f-t  ^  (1  +  0(1-20  ^3-t 
l  +  2i      (1  +  20(1-20         6 

\-i  ^  (1-^0(1  +  20  ^  3  +  t 
l-2i      (1-20(1  +  20         6 

.    ^  +  *..+   l-*  -^ 


l  +  2t      l-2i      6 
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3    2  +  36t      7-26i 
'    6  +  8t       3-41* 

24-36t^(2  +  360(6-80^800  +  200i^3     q^. 
6  +  81        (6  +  8i)(6-8i)'  100 

7~26i^  (7 -260(3  +  40^125-601^^      o^. 
S-4i       (3-40(3  +  40  ii6 

2  +  36t      7-26t^g 
6  +  8»       3-4i 

4.  Show  that  [(  VS  +  1)  +  (  V3  -  l)i]8  =  16  +  I61. 

[(V3+1)  +  (V3-1)08 
=  (V3+l)8  +  3(V3  +  l)2(\/3-l)i-3(V3+l)(\/3-l)2-(V3-l)»i 
=  3V3  +  9+3V3+l+(6V3  +  6)i-(6V3-6)-(3V3-9+3V3-l)t 
=  16+16t 

5.  If  Vx  +  yi  =  a  +  61,  show  that 

4(a2-62)=,?^| 
a      6 

Cube  both  sides  of  the  equation. 

:r  +  yi=(a  +  60'*  =  a^  +  3a26i-3a62-W 
Equate  the  real  parts  and  the  imaginary  parts. 

:r  =  a8  -  3a62  y  =  3a26  —  6» 

-  =  a2-362  ^  =  3a2-62 

a  0 

.-.  -  +  |  =  4(a2-62) 

6.  Find  the  modulus  of  5^""^?.?."^  I'l' 

(6-40(16  +  80 

Modulus  (  3-40  =  6 
Modulus  (  2  +  3«)  =  VT3_ 
Modulus  (6-40  =  2  Vl3 
Modulus  (16 +  80  =  17 
.,  Modulus  .(3-40(2  +  30  ^.6XVIL^  6 
(«-40(16  +  80      2VI3X17      34 
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7.  Find  the  three  cube  roots  of  1  +  i. 

tan  <^  =  1 

Modulus  (1  +  0  =  V'2 
.'.  The  three  cube  roots  are   . 

\/2(co8 15°  +  i  sin  16°),  v'2  (cos  136°  +  « sin  135°), 

v^(cos2650  +  t  sin  265°), 


or 


or 


V    2V2  2V2    /  \      \/2         \/2/ 

\   2\/2  2\/2    / 

-[l+V3  +  t(V3-l)],      -i-(-l  +  0. 


2^2-  ^  "       ^/2 


8.  Find  the  five  fifth  roots  of  1. 

The  five  fifth  roots  are 

1  =  1 

cos   72o  +  tBin   72°  =  0.3090  +  1 0.9551 

cos  1440  +  i  sin  144°  =  -  0.5878  +  i  0.8090 

cos  216°  +  I  sin  216°  =  -  0.5878  -  i  0.8090 

cos  288°  +  I  sin  288°  =  0.3090  -  i  0.9551 

Or  by  the  rule  for  inscribing  a  regular  decagon, 


cos  720  =  ^^inl,  sin  72°  =  VlO+^V5 

4  4 

from  which  the  roots  may  be  expressed  by  radicals. 

9.  Find  the  four  fourth  roots  of  3  +  4 1. 

tan  <^  =  f 
.-.  <^=63°8' 
Modulus  3  +  4 1  =  5 
.'.  The  four  fourth  roots  are 

v^(cos   13°  17' +  t  sin   13°  170  =  "v^  (cos  13°  17' +  i  sin  13°  17') 
v^  (cos  103°  17'  +  I  sin  103°  17')  =  ^/b  (-  sin  13°  17'  +  t  cos  13°  17') 
v^  (cos  193°  17'  +  i  sin  163°  17')  =  y/b  (-  cos  13°  17'  - 1  sin  13°  17') 
\/l  (cos  283°  17'  +  t  sin  283°  17')  =  v^  (sin  13°  17'  -  i  cos  13°  17') 
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log  5     =  0.6990  log  cos  13^  1 7'  =  9.9882 

/.  log  v^  =  0.1747  log  sin  13°  17'  =  9.3614 

.-.  log  (\/5_co8 13°  17')  =  0.1629 

v^6  cos  130 17'  =  1.456 

log  (v^  sin  130 17')  =  9.6361 

\/6  sin  130 17' =  0.3436 

.*.  The  four  roots  are 

1.455   +»0.3436 

-0.3436  +  11.456 

-1.455   -10.3436 

0.3436-11.455 


Bj  the  formulas  for  sin  l.  and  cos  $  we  find, 

2  2 


sm^  =  -V/ »  cos-  =  -v/-4- 

4      >'2     o^m  4      ^2^ 


2VIO  4       "^     2VIO 

from  which  the  roots  may  be  expressed  hy  radicals. 

10*  Solre  the  equation  ar«  — 12  x  +  3  =  0. 

a  =  l,  6  =  0,  c=-4,  rf  =  8 

.-.  fl^=-4,  G  =  S 

log  7  =  0.8451 
log  VE  =  0.3456 
colog  3  =  9.5229 

.'.  log  tan  ^=0.7125 
<p  =  790  2' 

^  =  26°  21',  146^21',  266^21' 

8 

cos  ^  =  0.8961,  -0.8325,  -0.0636 

3 

The  three  values  of  x  are 

2\/4cos  26^21' =  3.5844 
2\/4  cos  146° 21'  =  -  3.3300 
2  Vi  cos  266°  21'  =  -  0.2544 

Check:  3.5844 

-  3.3300 

-  0.2544 

0.0000 


teachers'  edition.  517 


11.   Solve  the  equation  2x8+3x2  —  3a:— 1=0. 

a  =  2,  6=1,  c=-l,  rf=-l 


tan»=^-(^«- 
4 

•108) 

\/23 
2 

log  y/2S  =  0.6806 

colog  2  =  9.6990 

.-.  log  tan  ^  =  0.3796 

0  =  24°  40' 

*  =  8°  13',           128°  13', 

248°  13' 

log  cos  ^  =  9.9955,            9.7915, 
3 

9.5694 

pee  values  of  x  are 

-  }  +  V3  COS  8.13',    -  J  +  VS  cos  128°  13',    -  }  +  V3  008  248^13' 
or  1.212,  -1.571,  -1.1427 

Check:  1.212 

-1.571 
-1.143 

- 1.502 
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Wentworth's  Trigonometries. 

^piIE  aim  has  been  to  furnish  just  so  much  of  Trigonometry  as 
is  actually  taught  iu  our  best  schools  and  colleges.  The  prin- 
ciples have  been  unfolded  with  the  utmost  brevity  consistent  with 
simplicity  and  clearness,  and  interesting  problems  have  been 
selected  with  a  view  to  awaken  a  real  love  for  the  study.  Much 
time  and  labor  have  been  spent  in  devising  the  simplest  proofs  for 
the  propositions,  and  in  exhibiting  the  best  methods  of  arranging 
the  logarithmic  work.     Answers  are  included. 

Plane  and  Solid  Geom&try,  and  Plane  Trigonometry, 

12mo.    Half  morocco.    490  pages.    Mailing  Price,  $1.55;  Introduction, 
$1.40;  Allowance  for  old  book,  40  cents. 

Plane  Trigonometry, 

12mo.   Paper.  80  pages.   Mailing  Price,  35  cents;  Introduation,  30  cents. 

Plane  Trigonometry  Formulas. 

Two  charts  (30  x  40  inches  each)  for  hanging  on  the  walls  of  the  class- 
room.   Introduction  Price,  $1.00  per  set. 

Plane  Trigonometry  and  Logarithms. 
8vo.    Paper.  160  pages.   Mailing  Price,  65  cents ;  Introduction,  60  cents. 

Plane  and  Spherical  Trigonometry, 

12mo.     Half  morocco,    iv  +  151  pages.    Mailing  Price,  80  cents;  for 
introduction,  75  cents. 

Plane  and  Spherical  Trigonometry,  with  Tables, 

8vo.    Half  morocco,    vi  +  269  pages.    Mailing  Price,  $1.26;  for  intro- 
duction, $1.12.    Allowance  for  old  book,  35  cents. 

Wentworth's  Plane  and  Spherical  Trigonometry 

and  Surveying,  with  Tables. 

8vo.    Half  morocco.    307  pages.    Mailing  Price,  $1.40;  Introduction, 
$1.25 ;  Allowance  for  old  book,  40  cents. 

Surveying, 

8vo.    80  pages.    Paper.    Mailing  Price,  35  cents;  for  introduction,  30 
cents. 

Went  worth's  Plane  and  Spherical  Trigonometry, 

Surveying,  and  Navigation, 

12mo.    Half  morocco.    359  pages.    Mailing  Price,  $1.25 ;  Introduction, 
$1.12;  Allowance  for  old  book,  35  cents. 
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FTIHE  object  of  the  work  on  Surveying  and  Navigation  is  to  pre- 
8ont  these  subjects  in  a  clear  and  intelligible  way,  according 
to  the  best  methods  in  actual  use ;  and  also  to  present  them  in  so 
small  a  compass,  that  students  in  general  may  find  the  time  to 
acquire  a  competent  knowledge  of  these  very  interesting  and 
important  studies.     Answers  are  included. 


8.  J.  Kirkwood,  Prof,  of  Mathe" 
matics,  University  of  Wooster,  0,: 
Wentworth's  Algebra,  Geometry, 
and  Trigonometry  are  excellent  text- 
books.   (Dec.  15,  1883.) 


Otis  H.  Sobinson,  Prof  ofMaihe^ 
maticSj  University  of  Rochester:  I 
think  Wentworth's  Surveying  an 
admirable  introduction  to  the  study 
of  the  subject.    {May  28,  1883.) 


Wentworth  &  Hilt's  Fiue-P/ace  Logarithmic  and 

Trigonometric  Tables. 

By  G.  A.  Wentworth,  A.M.,  and  G.  A.  Htll,  A.M. 

Sev«n  Tables  (for  Trigonometry  and  Surveying):  Cloth.  8vo.   79  pages. 
Mailing  Price,  55  cents;  Introduction,  50  cents. 

Complete  (for  Trigonometry,  Surveying,  and  Navigation) :  Half  mo- 
rocco.   8vo.    158  pages.    Mailing  Price,  $1.10;  Introduction,  $1.00. 

rpHESE  Tables  have  been  prepared  mainly  from  Gauss's  Tables, 
and  are  designed  for  the  use  of  schools  and  colleges.  They 
are  preceded  by  an  introduction,  in  which  the  nature  and  use  of 
logarithms  are  explained,  and  all  necessary  instruction  given  for 
using  the  tables.  They  are  printed  in  large  type  with  very  open 
spacing.  Compactness,  simple  arrangement,  and  figures  large 
enough  not  to  strain  the  eyes,  are  among  the  points  in  their  favor^ 


Wentworth  &  Hill's  Exercises  in  Arithmetio. 

I.  Exercise  Manual.  12mo.  Boards :  vi  +  282  pages.  Mailing  Price, 
55  cents;  for  introduction,  50  cents.  II.  Examination  Manual.  12mo. 
Boards.  148  pages.  Mailing  Price,  40  cents ;  Introduction  Price,  35  cents. 
Both  in  one  volume,  80  cents.    Answers  to  both  parts  together,  10  cents. 

rpHE  first  part  (Exercise  Manual)  contains  3869  examples  and 
problems  for  daily  practice,  classified  and  arranged  in  the 
common  order;  and  the  second  part  (Examination  Manual)  con- 
tains 300  examination-papers,  progressive  in  character. 
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Wentworth  &  Hill's  Exercises  in  Algebra. 

I.  Exercise  Manual.  12mo.  Boards.  232  pa^es.  Mailing  Price,  40 
cents;  Introduction  Price,  35  cents.  II.  Examination  Manual.  12^o. 
Boards.  159  pages.  Mailing  Price,  40  cents;  Introduction  Price,  35 
cents.  Both  in  one  volume,  70  cents.  Answers  to  both  parts  together, 
25  cents. 

rpiIE  first  part  (Exercise  Manual)  contains  about  4500  problems 
classified  and  arranged  according  to  the  usual  order  of  text- 
books in  Algebra;  and  the  second  part  (Examination  Manual) 
contains  nearly  300  examination-papers,  progressive  in  charac^ 
ter,  and  well  adapted  to  cultivate  skill  and  rapidity  in  solving 
problems. 


Britiah  Mail:  All  engaged  in  the 
practical  work  of  education  will 
appreciate  these  Manuals,  as  they 
are  calculated  to  save  the  master 


much  precious  time  and  lahor,  and 
to  give  his  students  the  benefit  of 
progressive  and  carefully  thought- 
out  exercises. 


Wentworth  &  H ill's  Exercises  in  Geometri/. 

12mo.    Cloth.    255  pages.    Mailing  Price,  80  cents ;  Introduction  Price, 
70  cents. 

rpHE  exercises  consist  of  a  great  number  of  easy  problems  for 
beginners,  and  enough  harder  ones  for  more  advanced  pupils. 
The  problems  of  each  section  are  carefully  graded,  and  some  of  the 
more  difficult  sections  can  be  omitted  without  destroying  the  unity 
of  the  work.  The  book  can  be  used  in  connection  with  any  text- 
book on  Geometry  as  soon  as  the  geometrical  processes  of  reason- 
ing are  well  understood. 


select  propositions  from  it  to  supple* 
ment  every  stage  of  our  work. 


Amelia  W.  Flatter,  High  School, 
IndianapoliSt  Ind. :  I  find  the  sub- 
ject so  carefully  graded,  that  I  can 

Anali/tic  Geometry. 

By  G.  A.  Wbntworth.  Revised  edition.  12mo.  Half  morocco,  xii  + 
301  pages.  Mailing  Price,  $1.35;  for  introduction,  $1.25;  allowance  in 
exchange,  30  cents. 

rpilE  aim  of  this  work  is  to  present  the  elementary  parts  of  the 
subject  in  the  best  form  for  class-room  use. 
The  connection  between  a  locus  and  its  equation  is  made  per- 
fectly clear  in  the  opening  chapter. 
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The  exercises  are  well  graded  and  designed  to  secure  the  best 
mental  training.  ^ 

By  adding  a  supplement  to  each  chapter  provision  is  made  for  a 
sliorter  or  more  extended  course,  as  the  time  given  to  the  subject 
will  permit. 

The  book  is  divided  into  chapters  as  follows  :  — 

PART  L    Plane  Geometry.      I.   Loci  and  their  Equations; 

II.  The  Straight  Line;  III.  The  Circle;  IV.  Difeerent  Systems  of 
CoK)rdinates ;  V.  The  Parabola;  VI.  The  Ellipse;  VIL  The  Hyper- 
bola; VII L  Loci  of  the  Second  Order;  IX.  Higher  Plane  Curves. 

PART  n.    SoUd  Gteometry.     L  The  Point;  IL  The  Plane; 

III.  The  Straight  Line ;  IV.  Surfaces  of  Revolution. 


Bascoxn  Greene,  Prof,  of  Mathe- 
matics and  Astronomy,  Rensselaer 
Polytechnic  Institute^  Troy,  N.Y.: 
It  appears  to  be  admirably  adapted 
to  the  use  of  beginners,  and  is  espe- 
cially rich  in  examples  for  practical 
application  of  the  principles  of  each 
chapter.  The  full  and  clear  explana- 
tion of  first  principles  given  in  the 
opening  chapter  is  a  new  and  highly 
commendable  feature  of  the  work. 
{Nov.  11, 1886.) 

Geo.  D.  Olds.  Prof,  of  Mathematics, 
University  of  Rochester^  N.  Y. :  It  is 
a  most  admirable  little  book.  The 
author  falls  into  line  with  what  I 
believe  to  be  the  best  modem  ten- 
dency in  text-books, — the  avoidance 
of  bulk  and  complexity. 
(Nov.  11,  1886.) 

J.  L.  Patterson,  Teacher  ofMathe- 
maticSt  Lawrenceville  School,  N.J. : 
I  do  not  know  of  any  text-book  for 
beginners  in  this  subject  which  can 
compare  with  it  for  class-room  use. 

E.  A.  Paul,  Prin.  of  High  School, 
Washington,  D.C. :  I  think  it  is  to  be 
commended  for  the  same  clearness 
of  statement  and  simplicity  of  ar- 


rangement for  which  the  author's 
other  works  are  noted,  and  believe 
it  to  be  especially  adapted  for  ad- 
vanced pupils,  in  high  schools  and 
academies,  who  wish  to  know  some- 
thing of  the  mysteries  of  loci  and 
conic  sections,  and  who  have  only  a 
limited  time  for  the  work. 
{Nov.  12, 1886.) 

Jos.  J.  Hardy.  Prof,  of  Mathe^- 
maticSy  Lafayette  College,  Easton, 
Pa. :  The  professor's  experience  has 
taught  him  what  are  the  points  which 
the  boys  find  obscure,  and  he  has 
generally  been  successful  in  devising 
a  good  way  of  elucidating  these 
points.  .  .  .  Teachers  will  find  it  a 
very  helpful  manual. 
{Jan.  4, 1887.) 

E.  Miller,  Prof,  of  Mathematics^ 
University  of  Kansas,  Lawrence : 
As  a  book  for  beginners,  it  is  admi- 
rable in  all  its  arrangements  and 
features.  The  great  number  of 
problems  scattered  through  it  will 
largely  relieve  it  of  that  abstract 
analysis  which  is  so  often  a  terror  to 
students.  The  book  is,  like  the  other 
works  of  Professor  Wentworth,  a 
good  thing.    (Nov.  18, 1886.) 
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